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We give a set of axioms to establish a perpendicularity relation in an Abelian group and then study the existence of perpendicularities
in(Z,,+) and (Q,,-) and in certain other groups. Our approach provides a justification for the use of the symbol L denoting relative
primeness in number theory and extends the domain of this convention to some degree. Related to that, we also consider parallelism

from an axiomatic perspective.

1. Introduction

In [1, page 115], Graham et al. made the following suggestion:

When ged(m, n) = 1, the integers m and n have no prime
factors in common and we say that they are relatively prime.

This concept is so important in practice, we ought to
have a special notation for it; but alas, number theorists have
not agreed on a very good one yet. Therefore we cry: HEAR
US, O MATHEMATICIANS OF THE WORLD! LET US NOT WAIT
ANY LONGER! WE CAN MAKE MANY FORMULAS CLEARER BY
ADOPTING A NEW NOTATION NOW! LET US AGREE TO WRITE
“m L n’, AND TO SAY “mm IS PRIME TO #,” IF 11 AND 1 ARE
RELATIVELY PRIME. Like perpendicular lines do not have
a common direction, perpendicular numbers do not have
common factors.

In fact, this cry had been answered even before it was
made. Namely, in studying I-groups (i.e., groups with a lattice
structure), Birkhoft [2, page 295] defines that two positive
elements a and b of an [-group are disjointifa A b = 0
and uses the notation a L b for disjoint elements. He also
remarks that disjointness specializes to relative primeness in
the [-group of positive integers.

A motivation for the present paper is to study how
justified ultimately it is to use the symbol of perpendicularity
to denote relative primeness. Does this practice rely only
on the analogy between having no common direction and
having no common factor or is there a deeper linkage to
entitle this convention? This question leads us to ask which

properties essentially establish the notion of perpendicularity
in the algebraic context and what the most suitable algebraic
context for the axiomatization of perpendicularity actually is;
we have recently studied the axioms of perpendicularity from
an elementary geometric point of view [3].

In an inner product space, perpendicularity obviously
traces back to the inner product being zero. However, certain
features of this perpendicularity can be shifted down to
simpler algebraic structures. We will define perpendicularity
in an Abelian group and examine it in Section 2. In Section 3,
we will focus on perpendicularity in (Z,,, +). Davis [4] defined
perpendicularity in an Abelian group differently. In Section 4,
we will introduce his approach and compare it with ours.
Thereafter, we will consider divisibility in (Q,, -) in Section 5
and parallelism in an Abelian group in Section 6. We will
conclude our paper with a brief discussion and a supplement
to the suggestion cited previously.

2. Axioms and Properties of Perpendicularity

Throughout this paper, G = (G, +) is an Abelian group so
that G # {0}. Unless otherwise stated, L is a binary relation in
G satisfying

(Al)VaeG:3dbeG:a lb,

(A2) Va e G\ {0} : a X a,

(A3)Va,be G:aLb=b1a,
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(Ad)Va,b,ce G:albhralc=al (b+c),
(A5)Va,be G:aLb=a L -b.

We call L a perpendicularity in G. This concept can be
defined also in weaker structures by changing these axioms
appropriately. For example, if G is an Abelian monoid, then
we simply omit (A5). Since the trivial perpendicularity

xlye=Sx=0vy=0 @

always exists, we are mainly interested in nontrivial perpen-
dicularities.

We call L maximal if it is not a subrelation of any
other perpendicularity in G. There always exists a maximal
perpendicularity. This is obvious if G is finite and, otherwise,
it follows from Zorn’s lemma.

Proposition 1 records some elementary properties of per-
pendicularity; we leave the proof for the reader.

Proposition 1. Perpendicularity L has the following proper-
ties:

(a)VaeG: a L0,

(b)Vae G\{0}: a x —a,

() Va,by,....b. € G,y,,...
al (Ylbl + .- +'ykbk),

> Vi €7 :al bl""’bk =

(d)Va,beGuveZ:alb= paLvb

The following characterization is useful in proving that a
given relation is perpendicularity.

Proposition 2. A binary relation L in G is perpendicularity if
and only if it satisfies (A1) and (A2) and

(A6) Va,b,ce G:albhalc=(b-¢) La.

Proof. The “only if”-part is trivial. To prove the “if-part, we
first show that our assumptions imply Proposition 1(a). Let
a € G. By (Al), there is b € G such thata L b. Puttingc := b
in (A6) implies 0 L a; in particular 0 L 0. Further, (A6) with
a:=0,b:=aandc:=0gives (a—-0) L 0, thatis,a L 0. Now
we can verify the remaining axioms.

(A3) Assume a L b. Apply (A6) with ¢ := 0;then b L a.

(A5) Assume a L b. Apply (A6) with b := 0 and ¢ := b.
Then (-b) L a, and so, by (A3),a L —b.

(A4) Assumea L banda L ¢;thena L —c by (A5). Now
(A6) with ¢ := —c implies (b — (-¢c)) L a, that is,
(b +c) L a. Hence, by (A3),a L (b+c). 0

Is there a simple condition under which (A5) follows from
(A1)-(A4)? The answer is positive.

Proposition 3. If all elements of G have finite order and if L
satisfies (A1)-(A4), then it satisfies (A5). If G has at least one
element of infinite order, then there exists a relation L which
satisfies (A1)-(A4) but not (A5).

Proof. For the first part, assume that a,b € G satisfya L b,
and let the order of b be n. Thena L (n — 1)b by (A4). But
(n—1)b = —b and (A5) follows. For the second part, let a €
G have infinite order. Then the subgroup {0, +a, +24,...} is
isomorphic to Z. The relation L defined by

xlye= @uveZ:x=paNy=vaAuv<0)
2)
Vx=0Vvy=0

satisfies (A1)-(A4) but not (A5). O

If@+ A C G, we define the perpendicular complement or
L-complement of A as follows:

At={yeGlyLAl= (] B 3)

G2BLA

Here y L Ameansthat y L xforallx € A,andB L A
means that y L A forall y € B. Thus A" is the maximal set
perpendicular to A. In particular, G* = {0} and {0}" = G. We
also define 0" = G.

Proposition 4. If A C G, then A" is a subgroup of G. If G is
cyclic, then A™ is cyclic.

Proof. The first part follows by applying the subgroup test and
Proposition 2. The second part follows from the fact that any
subgroup of a cyclic group is cyclic. O

The next theorem tells when G has a nontrivial perpen-
dicularity.

Theorem 5. The following conditions are equivalent:

(a) G has a nontrivial perpendicularity L,

(b) G has nontrivial cyclic subgroups H and K satisfying
HNK = {0},

(c) G has nontrivial subgroups H and K satisfying H N
K = {o}.

Proof. (a)=(b). Since L is nontrivial, there exist x, y € G\ {0}
such that x L y. Then H = (x) and K = (y) apply. Here (a)
stands for the cyclic group generated by a.

(b)=(c). Trivial.

(c)=(a). Define L by

xlye(xeHAyeK)V(xeKAy€eH)
4)

Vx=0Vvy=0.
O

Next we consider the maximal perpendicularity in some
examples of groups. In Examples 6-9, the group operation is
addition.

Example 6. Let G = Zg. By Lagranges theorem [5, page
130, Theorem 2], the smallest # such that Z,, has a nontrivial
perpendicularity is 6 = 2 - 3 because n must have at least two
different prime factors. The nontrivial subgroups of Z, are
H = (3) ={0,3}and K = {(2) = {0,2,4}. Since G = H® K,
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it has exactly one nontrivial perpendicularity, defined by 0 L
0,1,2,3,4,5and 3 L 2,4 and vice versa. Consequently, this
perpendicularity is maximal.

Example 7. Let G = Z, x Z,, the Klein four group. Denote
0 = (0,0),a = (0,1), b = (1,0), ¢ = (1,1). The
nontrivial subgroups are A = {0,a}, B = {0,b}, C = {0,c}.
So, there are three nontrivial perpendicularities obtained
as follows: Choose two elements of a, b, and c. Define
that they are perpendicular to each other and to 0. Define
that the remaining element is perpendicular to 0 only. All
perpendicularities arising in this way are clearly maximal. We
alsonotethat G=Ae@B=BaC=Co®A.

Example 8. Let G = Z. For each n > 2, the subgroup (n) =
nZ is nontrivial and there are no other nontrivial subgroups
than those found in this way. Because mn € (m)N(n), thereis
no pair of nontrivial subgroups with intersection {0}. Hence
G has only the trivial perpendicularity.

Example 9. Let G = R. Since R has infinitely many pairs
of nontrivial subgroups with intersection {0}, it has infinitely
many nontrivial perpendicularities. For example, let H = Q
and K = {xV2 | x € Q} and define L by (4). To see that this
perpendicularity is not maximal, let H;, = {xV/3 | x € Q}and
K, = {xV5 | x € Q} and define 1’ by

xl'ye= (xe HAyeK)V(x e KAyeH)
V(xeH AyeK)V(xeK AyeH) (5)
Vx=0Vy=0.
Thenx Ly = x1'y.

Example 10. Let G = (Q,,-), where Q, denotes the set of
positive rational numbers.
Every ¢ € Q, can be uniquely expressed as

c= Hpvp(c), ©6)

peP
where vp(c) € Z for each p € [P and only a finite number of
them are nonzero. The symbol PP stands for the set of primes.
For example, if ¢ = 8/25, then v,(c) = 3, v;(c) = 0, v5(c) = -2,
v5(¢) =v,(c)=---=0.
Assign now

aJ_b<=>Vp€[P’:vp(a)=0va(b)=O. (7)
In other words, if
m,u,n,v € ”Z,,
ged (m,u) = ged (n,v) = 1,

then

albe gcd(mu,nv)=1. 9)

Hence, for example, 8/9 L 7/5. In particular, for m,n € Z_,
applying (9) to m/1 and n/1 yields that

m L n e ged(m,n) =1 (10)

So, it seems that Graham et al. were prophetically quite
right with their suggestion—and not forgetting Birkhoff
either! We will discuss the perpendicularity of positive
rational numbers in more detail in Section 5.

3. Perpendicularity in Z,,

Studying perpendicularities requires that we know the struc-
ture of G. Next we take a more thorough look at perpen-
dicularity in Z,. To that end, we begin by introducing a
suitable notation to discuss the structure of Z,, and record
two lemmas which are useful in the search for the maximal
perpendicularity. We will also use the notations introduced
in Theorem 11 and the following lemmas throughout the next
sections.

Theorem 11. If

n=pye Py (1
where p,, ..., p, € P aredistinct and o, ..., «, > 0, then
Z,=H,®---&H, (12)
where
H =(e), e=— i=l..,r 13)
b

The decomposition (12) is unique (up to the order of subgroups).

Proof. The claim (12) follows from [5, page 399, Corollary 1]
and from the facts that Zys = H; and H; N H; = {0} for
all4,j =1,...,r,i# j. Uniqueness follows from [5, page 399,
Corollary 2]. O

Although we consider Z,, mainly as an Abelian group, it
is now useful to work with Z,, as a ring.

Lemmal2. Foralli,j=1,...,r,i#j,

e«ZqEO,

1

el'ej =0. (].4)
Proof. It is enough to consider i = 1, j = 2. Regarding e; and
e, as integers, we have

2
n 200,

&= =P, P #0  (mod n),
1
e = n n
2T T w
' PPy (15)
=Py PPy s Py
:pg‘s_..pf'nEO (mod n),

and (14) follows. O



Lemma 13. Let L be a perpendicularity in Z,. Then
Va,b,c,de€Z,:a 1L b= ca L db. (16)

Proof. Let ¢ = y1, d = 61, where y and § are integers with
0 <y, § <n.Sinceca = (yl)a = y(1a) = ya and, similarly,
db = &b, Proposition 1(d) implies (16). O

Now we are ready to introduce a perpendicularity which
turns out to be maximal in Z,,. Let
X=X+ + X, y=y,+-+y, €2, (17)

where x;, 5, € H,i=1,...
by

, 1. The relation L, defined in Z,,

xlyye=Vie{l,...,r}:x;,=0Vy, =0, (18)

is clearly a perpendicularity.

Theorem 14. The perpendicularity 1 is maximal and every
other perpendicularity in Z,, is contained in it.

Proof. Let L be another perpendicularity in Z,,. Our claim is
that x L y = x L, y. By (12), we can express
x=&e +---+&e, y=mne +-+ne, 19)
where the integers &, 7; € {0,..., p;* —1} and the residue class
e = n/pf‘i,i =1,...,r.
Suppose against the claim of theorem that there exist
X,y € Z, such that x L y but x.4j y. Then &, #; # 0 for some

i. Reordering the indices so that i = 1 and applying (16), we
have xe, L ye; which implies that

Giet L e (20)
by (14). Hence, by Proposition 1(d),

M 2 &

— % 2
sdon) g™

that is,
lem (Ep’h)e% L lem (£1>771)e%- (22)

Consequently, lem (&,,7,) € = 0 by (A2). In other words,
regarding also e; as an integer,

2
n

lem (§,7,) €] = lem (&, 7,) ey
b
(23)

2, 2,

=lem (§,my) p3" - ™
=0 (modn),

and p;* divides lem(€,,77;). However, since it divides neither
&, nor 7, this is a contradiction. Hence, x L y. O

Considering the direct sum (12) external, we can identify
x and y in (17) with vectors (x,,...,x,) and (y,...,¥,),
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respectively. So, it is natural to define their “inner product”
by

Gy =x 9+ + XY, (24)

Proposition 15 shows that this operation coincides with the
ordinary multiplication in Z,,.

Proposition 15. Given x,y € Z,,

(x,y) = xy. (25)
Proof. We have

Xy = (;’Q) (;Jﬁ) = ;xiyi + Z XY (26)

ij=1
i#j
But, recalling (19) and (14),
r r
Z XY= Z Eiﬂjeiej =0. (27)
ij=1 ij=1
itj i#j
The claim follows. O

Theorem 16. Let L be a perpendicularity in Z,,. Then
Vx,yeZ,:x L y= xy=0. (28)

Proof. If x L y,then x L, y by Theorem 14. So, xy = 0 by (18)
and (25). ]

Does the converse of Theorem 16 hold if 1 = 1,2 And,
related to Proposition15, is {(x, y) = xy a proper inner
product? Namely, an inner product in a real vector space is
symmetric and bilinear and it satisfies (x,x) = 0 = x = 0.
The operation (x, y) = xy in Z, has clearly the first and
second properties but what about the third one? The answers
to both questions are contained in Theorem 17.

Theorem 17. The following conditions are equivalent:
@ao==a =1,
b)Vx,yeZ,:xy=0=x1,y,
(c)VxEZn:x2:02x:0.

Proof. (a)=(b). Assume that x 47 y. Express x and y as in

(19). We can rearrange the indices so that, for some s €
{1) DY r})

& #0, i=1,...,5
(29)
EiZOV’?iZO, i=s+1,...,r.
By (25),
xy=Eme + o+ Eqel. (30)

IfE i+ +E e’ = 0, then the integer &, 17, e+ - -+E 1,82 =
0 (mod n), that is,
2 2

Elnln_2+...+fsylsn—250 (modn:pl...pr), (31)
P p;
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However, this is impossible because none of p,, . . ., p, divides
the left-hand side. (Namely, p; divides every other summand
except the ith one.) Therefore, xy # 0 and our claim follows
by contradiction.
(b)=(c). If x*> = 0, then x 1, x by (b) and x = 0 by (A2).
(c)=(a). Suppose that (a) does not hold. Then, say, «; > 1.
Let x = n/p,. Since the integer

S A i
I I8 (2)
=P 7R pl =0 (modm),

the residue class x> = 0. But x # 0 and hence (c) does not hold.
Again, our claim follows now by contradiction. O

Corollary 18. If and only if the conditions of Theorem 17 are
satisfied, then

Vx,y€Z,:xLlyy = n|(xy), (33)
where xy is the product of integers x and y.

Example 19. Let G = Z5;. Since 30 = 2 - 3 - 5, the decomposi-
tion (12) is

2= (2)o(2)o(2)
= {0, 15} @ {0, 10,20} & {0, 6, 12, 18,24} .

For example, since2 = 0-15+2-10+2-6and 15=1-15+0-
10+ 0- 6, we have 2 1, 15. Generally, (33) implies that x L, y
if and only if the corresponding integers satisfy 30 | (xy).

Example 20. Let G = Z,. Since 360 = 2° - 3% - 5, we have

7o <360>€B<360>€B<360>
360 — 23 32 5

— (45,90,...,315) @ {40,80,...,320 (3

®{72,144,...,288}.

For example, 5 1,72 because 5 =1-45+ 840+ 0- 72 and
72=0-45+0-40+1-72. Now (33) is only necessary for L,
but not sufficient. For example, 10 5 36 due to the fact that
10=2-45+7-40+0-72and 36 =4-45+0-40+ 3 - 72.
However, 360 | (10 - 36).

4. Another Definition of Perpendicularity
Davis [4] defined perpendicularity as a binary relation L in G
satisfying

(D1)Va,be G:alb=1b 1 a,

(D2)VaeG:0La,

(D3)VaeG:ala=a=0,

(D4) Va,b,ce G:bLaNncLa= (b+c) La,

(D5) Va,be G:a L b e {a}™* n{b}** = {0}

He assumes that G is an Abelian group, but the definition
applies more generally to an Abelian monoid, too. It is easy to
see that (D1)-(D4) are equivalent to (Al)-(A4). Axiom (D5)
arises from introducing the concept of “disjointness” on a
vector lattice; see [2, page 295], [6]. In fact, © can be replaced
with & in (D5) due to the following observation.

Proposition 21. Assume that L satisfies (D1)-(D3) (or, equiv-
alently, (A1)-(A3)). Then

Va,beG:alb= {a}" n{b}* ={0}. (36)
Proof. We show first thatif 0 # A € G, then
AN At ={0}. (37)

Ifx € AN A*, thenx L yforall y € A. In particular, x L x,
and hence x = 0 by (D3) and (37) follows.

Assume next that a L band let x € {a}™* n {b}**. Since
x L {b}"anda € {b}*,wehavex L a implying that x € {a}*.
Thus x € {a}* N {a}™*. But (37) applied to A = {a}" implies
that {a}* N {a}™" = {0} and x = 0 follows. O

How are these two perpendicularities related? We give a
partial answer. Let us denote by A and D the axioms (Al)-
(A5) and (D1)-(D5), respectively.

Proposition 22. If all elements of G have finite order, then
D = A. If G has at least one element of infinite order, then
there exists a relation L satisfying D but not A.

Proof. The first claim follows from Proposition 3. Concerning
the second one, L defined by (2) establishes a relation
satisfying D but not (A5). O

Proposition 23. Assume that G has elements a,, a,, a;,a, #0
such that {a;) N (a;) = {0} whenever i+ j. Then there exists a
relation L satisfying A but not D.

Proof. The relation L defined by (5) with H = (a,), K = (a,),
H, = {(a;), and K, = (a,) satisfies A. Since {a,}*" N {a;}*"* =
(a;) N {az) = {0} and a, & as, it does not satisfy (D5). O

5. Divisibility in Q,

It will turn out that perpendicularity has got something to do
also with divisibility in @, . To that end, we begin by noticing
that every b € Q, can be said to be a rational divisor of every
a € Q, because a = cb for some ¢ € Q,. So, this divisibility is
trivial. In order to be able to discuss nontrivial divisibilities in
Q,, we have to consider which properties essentially establish
this relation. The following three ones seem quite obvious.
Let | be a relation in Q, satisfying

()VaeQ, :ala,
(ii) Va,b,c € Q, : c|lanc| b= c| (ab),
(iii) Va,b,c € Q, : c|bAb|a=>c]a.

We call | a divisibility in Q. In other words, divisibility is a
reflexive and transitive relation (i.e., a preorder) satisfying (ii).
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Ifb | a, then we say that bis a divisor of a and that a is divisible
byb.Ifd | a,d | bandc | anc| b= c|d,thend isagreatest
common divisor of a and b, denoted by ged,(a,b). All these
notions are meaningful also in any Abelian monoid.

Let us recall that every ¢ € Q, can be expressed as

- 7,(c)
c=[]p"", (38)

peP

where vp(c) € Z for each p € P, and only a finite number of
them are nonzero. If v,,(c) #0, then p is a prime factor of c.

Consider the set S of all sequences (1,,73,...,7,,...),
where the index runs through P, each n, € Z, and only a
finite number of them are nonzero. The mapping

flo) = (vz(c),v3(c),...,vp(c),...) (39)

is an isomorphism from (Q,, -) onto (S, +) where addition is
defined termwise. For example,

f(45)+f<%> = (0,2,1,0,0,...) +(3,0,-2,0,0,....)

= (3,2,-1,0,0,...),
8 72 B
7(s55)=1(5)-r@557)
= (3,2,-1,0,0,...).
(40)

Given a,b € Q,, we define their “inner product” being
the Euclidean inner product of the vectors f(a) and f(b):

(a,b) = (f(a), f(B)) = ) v,(@)v,(b). (41)

peP

Since only a finite number of summands are nonzero, this
sum is finite. For example,

8
<45,£>=0-3+2-0+1-(—2)+0+0+---=—2. (42)

Next we define |c| by setting vp(lcl) = va(c)| forall p €
P or, equivalently, [c| = £ ((%,(lc]), v5(lc]), v5(lc])s . ...)). For
example, if ¢ = 40/63 = 2° - 372 . 5! . 77! then || = 2°-
3%.5'. 7' = 2520. Letting L, be the same relation as the one
defined by (7), it can be characterized now by

al,be (|a|,|b]) =0. (43)
Also the relation 1, in Q,, defined by
al,be (ab)=0, (44)
is a perpendicularity.
We will introduce one more nontrivial perpendicularity
using divisibility. For that purpose, we first notice that the
relation 6 defined by

bda = VpelP: vp(b) < vp(a) (45)

is a divisibility, gcd(a, b) exists and is unique foralla, b € Q,,
and

_ min(v,(a),v, (b))
geds (a>b)—£lbp e (46)

Assume now that m,n,u,v € Z,_ so that gcd(m,u) =
gcd(n, v) = 1. An alternative expression for (45) is

B s nmau |y, (47)
v ou
and that for (46) is
m n ged (m, n)
(mr)-Blnn
g u v Iem (u, v) (48)

For example, ifa = 45/14 = 27 -32.5' .7 Y and b = 33/100 =
272.3".572.11", then gedy(a, b) = 272+ 3" - 572771 = 3/700.
Alternatively,

ged (45,33) 3

b= o 4

geds (@.b) = 1012 100) ~ 700 (49)

Since gedg(|m/ul, [n/v]) = ged(mu, nv), we have by (9)
al,be gcds(lal,b]) =1. (50)

This relation generalizes (10) and answers the cry of Graham
et al. in a slightly wider context than what they, perhaps, had
thought.

Eugeni and Rizzi [7, Section 2] defined divisibility in Q.
by setting the relation y so that

n_m
—y—=n|mAv|u. (51)
v'iu

Then ged, (a, b) always exists and is unique, and

d (m,n)
d (T’ E) = gc— 2
Yy gcd (u,v) (52)
For example,
<§ ﬁ) _ged(45,33) _3 (53)
Y\14’ 100/  ged(14,100) 2

We define now the corresponding perpendicularity by writ-
ing

algpb e gcd, (a,b) =1
(54)
& gcd (m,n) = ged (u,v) = 1.

Summing up, we have at least three nontrivial perpendic-
ularities in Q.. Let us see how they relate to one another.

L1, versus L,. Clearly L, = 1, (i.e, xL,y = x1,y). The
converse does not hold. For example, 6.1,2/3 but 6 ] 2/3.

1, versus Lgg. Clearly 1, = Lgg. The converse does not
hold. For example, 2/31;53/2 but 2/3 7 3/2.

1, versus Lyp. These perpendicularities are independent.
For example, 61,2/3 but 6 £ 2/3. On the other hand,
2/3L5x3/2 but 2/3 4, 3/2.

However, regarding (Z,, -) as a submonoid of (Q,,-), it is
obvious that L, = 1, = Llpz in Z,. Moreover, in Z_, they
yield the very perpendicularity proposed by Graham et al.



International Journal of Mathematics and Mathematical Sciences

6. Parallelism

Parallelism is closely related to perpendicularity. Considering
different geometric contexts we notice soon that, in general,
parallelism does not have any other properties except those
of equivalence. However, any equivalence relation cannot be
said to stand for parallelism in any reasonable way. This leads
us to ask whether it is possible or not to define parallelism
in Abelian groups having a perpendicularity so that it makes
sense.

Let G have a perpendicularity L and let a,b € G. We
say that a and b are parallel and write a | b if {a}* = {b}*.
The relation | is clearly an equivalence. If a# 0, then a # 0,
since {0}* = G by Proposition 1(a) but {a}l* +G by (A2). All
nonzero elements are parallel if and only if 1 is trivial.

If G = Z, and 1 = 1, then, recalling (19),

xly e (Vie{l,...,r}: & =0 n =0)
(55)
== =He eH,

where §; =, = 0 © i € {i},...,i,}. For example, consider
Z5, (see Example 19). Since 2 = 0-15+2-10+ 2 - 6 and
16=0-15+1-10+1-6, we have {2}* = {16}* = {0, 15}, and
so2 || 16.

Now, let G = Q, and let 1, 1,, and Ly be as before.
Denote the corresponding parallelisms by ||, [I,, and [z,
respectively. Then a;b if and only if a and b have the same
prime factors. Further, m/ul|zzn/v if and only if m and n have
the same prime factors and u and v have the same prime
factors.

Let us study how these parallelisms relate to one another.

I, versus |l,. We show that |, = |,. Assume first
that all,b. If a,b, then there exists p, € P such that, say,
vy, (@) = 0and v, (b)#0. But now pyL,a and py4; b, and
so {al*? # {b}*? contradicting the assumption. The converse
does not hold. For example, let a = 6 and b = 12; then al|;b.
If x = 2/3, then x_L,a but x &, b, and hence {a}* # {b}**. In
other words, a,b.

|l versus ||gg. Clearly ||z = ;. The converse does not
hold. For example, 2/3]|;3/2 but 2/3}z3/2.

I, versus ||gr. We show that ||, = |[lzg. Given p;,..., p, €
P, denote by N(py,..., p,) the set of such positive integers
that are not divisible by any p;,i = 1,...,t. Leta = m/u € Q,,
gcd(m, u) = 1. Factorize

m=pl gy, w=a) gl (56)
where pi,..., pq1>-->q € [P are distinct and «y, ...,
&, Bis- - P > 0. (If m = 1 or u = 1, then the corresponding
“empty product” is one.) Now

LR
{a}> = W;|“1EI+"'+“h£h+ﬁl’71
1 k

+"‘+ﬁk11k=0, (57)

%y €N(Prs-s P Gus- - Gk) }

(The “empty sum” is zero.) Assume that b = n/v € Q,,
gcd(n,v) = 1, satisfies al|,b, that is, {a}*2 = {b}*2. Then, by
(57), necessarily

n:p‘fl...pz“’ V:q;’l...qz") (58)

where py,...,p,,015...,0; > 0. Hence alzzb, and the claim
follows. The converse is not valid. For example, 2/3|;z4/3 but

2/34,4/3.

7. Discussion

This paper began with a citation by three established mathe-
maticians and computer scientists who showed a remarkable
intuition by promoting the use of the symbol of perpendicu-
larity in number theory. Indeed, we have previously seen how
this notion settles comfortably in this setting and gains new
meanings at a more general level in the context of Abelian
group theory. We conclude this paper with the following
supplement to their proposal.

Let perpendicularity and parallelism mean here 1, and
l;, respectively. Consider the “direction vector” of ¢ € Q,
by (c(2),¢(3),...,c(p),...), where c(p) = 0 if v,(c) =0 and
c(p) = 1 otherwise. For example, the direction vectors of
45,1,and 8/25 are, respectively (0, 1, 1,0,0,... .), (0,0, ...),and
(1,0,1,0,0,...).

Now, like the directions of perpendicular lines are as
different as possible, the prime factors of perpendicular
(positive rational) numbers are as different as possible; that
is, such numbers do not have common prime factors. In
other words, the direction vectors of perpendicular numbers
are as different as possible in the sense that they have no
common element of value one. Like parallel lines have the
same direction, parallel numbers have the same prime factors.
In other words, their direction vectors are equal.

Finally, we note that perpendicularity can be axiomatized
in a natural way also in many other algebraic structures.
Davis [8] did that in a ring. In a vector space, perpendic-
ularity is customarily defined based on an inner product.
Another possible approach is to supplement (Al)-(A5) with
suitable axioms concerning the multiplication of a vector
by a scalar. It might be interesting to study under which
additional conditions there exists an inner product inducing
this perpendicularity.
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