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AN 1 xn MATRIX OF LINEAR FUNCTIONALS OF C*-ALGEBRAS
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We show that any bounded matrix of linear functionals [ fij] : My (A) - My (C) has a
representation fj;j(a) = (Tm(a)x;,x;), a € A, i,j =1,2,...,n, for some representation 7
on a Hilbert space K and an »n vectors x1,x2,...,X, in K.

2000 Mathematics Subject Classification: 47B65.

1. Introduction. Let M, be the C*-algebras of complex n X n matrices generated
as a linear space by the matrix units E;;(i,j = 1,2,...,n) and let B(H) denotes the
algebra of all bounded linear operators on a Hilbert space H. Let A and B denote
C*-algebras and L : A — B be a bounded linear map. The map L is positive provided
L(a) is positive whenever a is positive. The map L is said to be completely positive
if Lel,:A®M, — B®M, defined by L& I,(a®b) = L(a) ® b is positive for all n.
The map L is said to be completely bounded if sup,, [IL®1,|| is finite. We set [[L|.p =
sup, [IL® I, |l, L*(a) = L(a)*. Given S < B(H), and let S’ denote its commutant. An
n xn matrix [ fi;] of linear functionals on a C*-algebra A is positive if [ fij(a;j)] is
positive whenever [a;;] is positive in A ® M.

2. A positive matrix of linear functionals. The following result [7, Corollary 2.3]
is well known.

THEOREM 2.1. Let F be a linear map from a C*-algebra A to M,, and let the func-
tional f : A® My, — C be defined by f(a®E;j) = [F(a)lij. If f is positive, then F is
completely positive.

Depending on the previous result, Suen [8] proved the following theorem.

THEOREM 2.2. Let F = [fij]: A® M, — M,(C) be a positive n x n matrix of linear
functionals on A, then F is completely positive.

In what follows we give a new proof to this result.

PROOF. Define L: (M, (A))® M, — C by
L([an] ®Eij) = (Flax]);; = fij(aij), 2.1)
and a complete positive map 6 : My (A) - Aby 6la;;] = >; ;a;; and put

E11 0
E= . (2.2)
0 Enn


http://ijmms.hindawi.com
http://ijmms.hindawi.com
http://www.hindawi.com

32 W. T. SULAIMAN

Let [aﬁ]i‘,‘kl be a positive element in M, (A) ® M,, we have

L[a’iﬂijkz = L(Z [ak] ®Eij) = ZL([akl] ® Eij)
Y u (2.3)

= fij(aij) = 6<Flai;j] =0,
i

as [aij] = [ag] is positive via its identification with E [aﬁ]l;,-sz which is positive.
Another method, let
d=06oF:M,(A) — M, (C) — C. (2.4)

As F, § are positive maps, then & is positive. Since C is commutative, then by [2]
® is completely positive. The complete positivity of ® and 6 insures the complete
positivity of F. a

Choi [2] showed that any n-positive map from a C*-algebra A to M,, is completely
positive. The following is a generalization of a special case.

THEOREM 2.3. Via the linear functionals F = [ fij] : My (A) — M, (C), any positive
map V¥ : A — M, (C) is completely positive.

PROOF. Define amap y:A — M, (A) by

ylay=|: - |, (2.5)

then y is completely positive. Write ¥ = Foy : A — M,,(C). The positivity of ¥ and y
insures the positivity of F, in fact F = Yoy~!, and

L1
y 1_1125‘(...?)_ (2.6)

Therefore, F is completely positive by Theorem 2.2, which in return gives that ¥ is
completely positive. a

LEMMA 2.4. (a) (See(3].)LetR,S,T € B(H) with T being positive and invertible. Then

T S -
(s* R) >0« R=S*T'S. (2.7
(b) Let T € B(H), then
I s
(:r* 1) >0« T <1. (2.8)

PROOF. (a) This follows from the identity

T S\ /(x X 1/ 1 2 w1
<<5* R) <y)y(y)>=l|T’2x+T PSy|I"+((R=S*T7'S)y,y) (2.9)
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as
R-S*T1S>0= ||[T2x+ T V2Sy|*+ (R-S*T"'S)y,y) >0
T (2.10)
:(S* R)ZO’
and if
T S
(S* R)zo, (2.11)

choose TV2x + T~1/28y = 0 which gives that ((R —S*T~1S)y,y) = 0, that is, R >
S*T-1S.

(b) Follows from the following two identities:

<(TI D (;) (;)> = |+ Ty I+ 112~ ITyI?, .
(e 1)) =i

a

THEOREM 2.5. LetF : M, (A) — M, (Q).IfF is bounded then it is completely bounded.

PROOF. Withoutloss of generality, assume that ||F||<1. Therefore, by Lemma 2.4(b),

I, F
(F* In>zo, (2.13)

this also follows from Lemma 2.4(a) by noticing that ||F|| <1 = ||[F||? <1 = ||F*F|| <
1= F*F <In= (%) =0.Let ® = [¢;;]: Mn(A) — My(C) be defined by

0, i+J,
$ij = Y . (2.14)
ollall, i=j, >0 islarge enough.

Clearly, ® —I,, = 0, so that

d-1I, 0
( 0 <I>—In> >0, (2.15)

which implies that

b-1, 0 I, F ¢ F
( 0 <I>—In>+(F* In)_(F* q;)>0' (2.16)
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By Theorem 2.3,

o F
(F* Cb) i Moy (A) — M2y (C) (2.17)
is completely positive and hence completely bounded. Therefore F is completely
bounded. O

THEOREM 2.6. Let G: A — M, (C) be a bounded map defined by G(a) = [g;j(a)]lij.
Then there is a representation 1t of A, a Hilbert space K, an isometry V : H — K, and
an operator U; € Tt(A)" such that [t(a)VH] is dense in K and g;j(-) = V*Uj;m(-)V
with HUij” <2.

PROOF. Since G is bounded, then by [5, Lemma 6] G is completely bounded. By [6,
Theorem 2.5] there exist completely positive maps ¢ = [¢p;;], ¢ = [@ij]: A - M, (A)
such that the map ¥ : M>(A) — My, (C), defined by

a b ¢p(a) G(b)
v ( d) _ (G* “oc (d)) | 2.18)
is completely positive. Define matrices M;; € M>, (C) by
1, i=j,
M;i = |7 LYiji = (2.19)
i = [ralimi; {O, otherwise.
The map
bii fij) «
, = fx (2.20)
(fji ©jj Jin=1i

is completely positive, as it is identified with the map M;;'¥M;;, which is completely
positive as

r v
(M ¥Mij) @ My = D, (Mij¥M;j) @ Era =Mij( 2. \P®Ek[)Mij > 0. (2.21)
K,i=1 ot
Therefore,
(A) (fjlil (pljjj> (/\> = dii+@jj+Afij+ A" fji (2.22)

is completely positive. By setting ®;; = (¢; + @j;)/2, we have for any A for which
Al =1, ®;; + Re(Af;j) is completely positive. In particular, ®;; + Re(f;;) and &;; +
Im(f;;) are completely positive. If & = St b, @ > ®;j, and the maps ¢ = Re(fi;)
and ¢ +Im(f;;) are completely positive. Let (17,V,K) be the minimal Stinespring rep-
resentation of ®, that is, K is a Hilbert space, V : H — K is an isometry, m: A —
B(K) is a unital x-representation with [1T(A)VH] dense in K and ®(a) = V*mr(a)V.
Since ® — (® + Re(fi;))/2 is completely positive, that is, & = (® + Re(fij))/2 by [1,
Theorem 1.4.2], then there exists a unique positive Q;; in 1w(A)’, Q;; < I such that
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V*QijmtV = (V¥*rV +Re(fi;)) /2. Therefore, Re(fi;) = V*(2Q;j—I)TtV. Also Im(fi;) =
V*(2R;j — )TV, for a unique positive R;; € 1(A)’", R;j < I. Write S;; = 2Qj — I,
Tij = ZRiJ' -1, Ul'j = Sij + iTij, Sij = Si*j' Tij = T;;, HSij” <1, ||Tij|| <1, we have
fij:V*UijTTV, UijEﬂ(A),, HUin < 2. O

The following theorem generalizes [4, Proposition 2.4].

THEOREM 2.7. Let F = [fi;j]: M,(A) — M, (C) be bounded. Then there is a repre-
sentation 1t of A on a Hilbert space K and n vectors xi1,X»,...,Xy in K, an operator
T em(A), ITIl <2 such that fij(a) = (Tm(a)xj,x;),ac A, i,j=1,2,...,n.

PROOF. By [8, Theorem 2.2], F is completely bounded, and by [6, Theorem 2.5]
there exist completely positive maps ¢ = [¢;j] and @ = [@;;]: My, (A) - M, (C) such
that the map

F
Y= (;i (p) i M2n (A) — Mpn(C) (2.23)

is completely positive. For [A| = 1, the map

I\ (B B\(I.) _ .
(Mn) ‘I’(B B) (Mn)—<l>(B)+(p(B)+AF(B)+(AF) (B), (2.24)

B € M,,(A), is completely positive. By setting ® = ¢ + @ = [®;;], the maps & +=Re(F)
and ¢ +Im(F) are completely positive. Since ® > (® +Re(F))/2, then by [4, Theorem
2.1] let 1 be the representation engendered by & on a Hilbert space K such that
®;;(a) = (m(a)xj,x;), for some generating set of vectors x1,x2,...,x, for m(A). By
[4, Proposition 2.4], there is a positive operator H in the unit ball of 71 (A)’ such that
(®+Re(F))/2 =[{Hm(-)xj,xi)];; with

Re(F) = 2[(Hm (-)xj,xi)|;; — [{m()xj,xi) ] = [(RQH =D (-)x;,x:0) |- (2.25)

LetR =2H—-I,thenR € m(A)’,R = R*, ||R|| <I,and Re(F) = [{STr(-)x},x;)]. Similarly,
there exists R € r(A)’, R = R*, |[R]| <I such that Im(F) = [{(R1t(-)xj,x;)]. Write T =
S+iR, we have F(-) = [(Tm(:)xj,x;)]. Therefore, fij(a) = (Tm(a)x;,x;), T € w(A),
IT| < 2. |

The following is a generalization of [8, Proposition 2.7].

THEOREM 2.8. If the map [fij]: A® My — B(H) ® My, defined by [ fijl(lai;j]) =
[ fij(aij)], is completely bounded, then there is a representation 1 of A on a Hilbert
space K, an isometry V : H — K, and an operator T;; € 1(A)" such that [Tr(A)VH] is
dense inK and fi;(-) = V*Tijmt(-)V with || Tijl < 2.

PROOF. The proof it follows by the same technique used in the proof of Theorem 2.6.
O

The following generalizes [7, Proposition 4.2] for a special case.

THEOREM 2.9. Via all linear functionals F = [ fij] : My (A) — M, (C), any positive
map ¢ : My, (C) — M, (C) is completely positive.
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PROOF. By the following diagram
AL My (A) L My (©) 2 My (), (2.26)

Y =¢oFoy:A— My(p). The positivity of ¢, F, and y implies the positivity of ¥. By
Theorem 2.3, ¥ is completely positive. The complete positivity of ¥, F, and y insures
the complete positivity of ¢. |

THEOREM 2.10. There is a one-to-one correspondence between the set of all bounded
linear functionals f = [ fij] of a C*-algebra A and the set of all bounded maps F : A —
My (C) given by Fr(a) = [fij(a)].

PROOF. The map f is completely bounded, by [8, Theorem 2.2]. By [6, Theorem
2.5], there exist completely positive maps ¢, @ : My (A) — M, (C) defined by ¢[a;;] =
[¢pij(aij)]and plaij] = [@ij(aij)]such that the map & : M2y, (A) — M2, (C), defined by

q)(Bl Bz)z(d)(Bl) F(B)

Bi e M,,(A), 2.27
By Bi) ” \F*(By) qo(B4>)’ € Mn(A) 2:27)

is completely positive. If we set ®;; = ¢, fij = Pi jin, Pij = Pisn,jrn, 1,J =1,2,...,1,
we have ® = [®y], k,l =1,2,...,2n. The map ¥y : M2 (A) — M>,, (C), defined by

b <Z Z) ) <[[¢;{ “ >)]] [[ii;i(<2)>]]> ’ (2.28)

\Ifq,(‘z Z>=<I>(Ey (f Z) E*), (2.29)

where y : My (A) — M, (A) is defined by

(2 8)-

is positive as

a b
(c d) ® M,
0 0
0 0
0 0

1 0 0 0 0 0
0 0 1 0 0 0
00 0 1 0 0

. _ (2.30)
Eovan=16"1 0000 -+ 0 0
000100 --- 0 0
000000 --- 0 1

By [8, Theorem 2.2], ¥p is completely positive. By [4, Proposition 2.6], there is a one-
to-one correspondence between ¥y and ®. By putting a = ¢ = d = 0, we obtain a
one-to-one correspondence between Fy and F. O
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