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We derive explicit stability conditions for delay difference equations in C" (the set of n
complex vectors) and estimates for the size of the solutions are derived. Applications to
partial difference equations, which model diffusion and reaction processes, are given.
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1. Introduction. Stability of systems of difference equations with delays has been
discussed by many authors, for example, see GiL’ and Cheng [7], Zhang [11], Elaydi
and Zhang [5], Pituk [10], Agarwal [1], and the references therein.

In the stability literature, we can find two major trends: stability using the first
approximation Lyapunov method and the direct Lyapunov functional method. For
this latter trend, see Zhang and Chen [12], Crisci et al. [4], Lakshmikantham and
Trigiante [8], and Agarwal and Wong [2]. By this method many very strong results
are obtained. But finding Lyapunov’s functionals is usually difficult.

In this paper, we consider a class of perturbed difference equations with several
delays and, by means of a Gronwall inequality and the recent estimates for the powers
Ak of a constant matrix A established in [6, Theorem 1.2.1] we derive explicit stability
conditions. Further, we apply our main result to an abstract partial difference equation
which models reaction and diffusion processes.

2. Preliminary facts. Let C" be the set of n complex vectors endowed with a norm
|| -1l. Let A be an n X n-complex matrix.
Consider in C" the equation

Ujr1 = Auj +fj(uj,(,l,...,uj,(,p), ] =0,1,..., 2.1)

where p > 1, and 01, 0»,...,0, are nonnegative integers such that0 =0y <02 <--- <
Op, 0y € Z*, and Z* is the set of nonnegative integers, f; maps C"? into C", for
j=0,1,2,....
We consider (2.1) subject to the initial conditions
U;j=Tj, Jj=-0p,—0p+1,...,0. (2.2)

It is assumed that there are nonnegative sequences q; (I =1,2,3,...,p) such that

14
fi(wjmoyse s wjeo )l < D (D uj—o ™, §=0,1,... (2.3)
=1

and m is a fixed positive real number.
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Unlike differential equations, discrete equations with the given initial conditions
always have a solution.

In order to establish our main result, we use the following discrete Gronwall type
inequality.

THEOREM 2.1 (see [9]). Assume that

k-1 p
z(k)y<C+ > >aji)z(i-o)™, kez", (2.4)

i=0j=1
where m>0,0=0, <02 <---<0p,pz1,C>0,ajk)=0 for j=1,2,...,p and

kez*,and z(k) < C fork = -0y, —0p +1,...,0.
@If0<m<1andC <1, then

k-1 14
z(k) < C™ ] [1+Zaj<i)], kez*. (2.5)
i=0 j=1
(b) If m =1, then
k-1 p
z(k)<CJ] [1+Zaj(i)], kez. (2.6)
i=0 j=1
(c) Ifm > 1, then
z(k) < ¢ kez", 2.7)

- A 1/(m-1)’
f1-m-ncm-1. 31057 i}

provided that

k-1 p
I-(m-1)C™ > >aj(i)>0, kez . (2.8)
i=0j=1
Let A1 (A),...,A, (A) be the eigenvalues of A, including their multiplicities. We will
make use of the following quantity hereafter (see [6, Chapter 1]):

n 1/2
g(A):{NZ(A)Z’Ai(AHZ} , (2.9)
i=1
where N (A) is the Frobenius (Hilbert-Schmidt) norm of A, that is, N?(A) = Trace(AA*).
There are a number of properties of g(A) which are useful (see [6]). Here, we note
that if A is normal, that is, AA* = A*A, then g(A) = 0. If A = (a;;) is a triangular
matrix such that a;; = 0 for 1 < j <i <mn, then

gA= 3 ayl” (2.10)

l<i<j<n
To facilitate the description of our main result, we adopt the convention that 0! = 1,
0° = 1, and that empty sums are zero. Further, the binomial coefficient C} is given by

i il

CJZW, OS_]SI (211)



ESTIMATES FOR THE NORMS OF SOLUTIONS ... 699

As normal, but we also adopt the convention that C; =0 when j<Oorj>i We

define
-t
Vri = T i=0,1,2,....n—1, (2.12)
0, ifi<Oori>n-1.
Note that
»  Mm-2)(n-3)---(n-i) 1
i = DTl < - (2.13)

Finally, we denote M = sup,,,.¢ Zf;(} Cl'p™*(A) gk (A)ynx, where p(A) is the spec-
tral radius of A.

3. Main result. Now, we are in a position to establish our main result pertaining
to the boundedness and convergence to zero of the solutions of (2.1) subject to the
initial conditions (2.2).

THEOREM 3.1. Assume that
(i) there are nonnegative sequences q; (L=1,2,...,p) such that

14
fi (Ujmoyseesttjoo) || < D@D wj-, ™, j=0,1,... (3.1)
=1

for p > 1 and m a fixed positive real number,
(i) ko271 ar(k) < oo,
(iii)) vo =g(A) < oo.
Then,
(@) if0<m<1andL = M|Tol <1, with

n-1
M =sup > C'p™ *(A)g" (A yni, (3.2)
m=0y_q

every solutionuj of (2.1) and (2.2), such that |lu;|l < L for j = —0p,—0p +1,...,0,
is bounded, and lim;_., |lu |l = 0 whenever || Toll < 6, for 6 > 0 small enough;

(b) ifm>1 and
. 1/(m=1)
3 , 3.3

imoll < Lm—anzmzf_lql(k)} o

for an arbitrary real number v € (0,1), every solution u; of (2.1) and (2.2),
satisfying ||lull < L for j = —0p,—0p +1,...,0, is bounded.

PROOF. Note first that by inductive arguments, we can prove that the unique solu-
tion {uj}ji_gp of (2.1), subject to given initial values: 1y = Ty, U1y Uogy, satisfies
j-1
wj=AlTo+ > AT fi(Uk—gy, o Uk-0,), §=0,1,2,.... (3.4)
k=0
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Hence,

i1
[Tl < A7 ][[Fol T+ 2 1Al fic (ko s i, )

k=0
(3.5)
. j71 . p m
< [|AT[[[ITol[+ > IAT* M X an (k) [[ug—e || ™.
k=0 1=1
Denote I' = sup;. [|A7||. Thus, we have
i-1p A "
lujll < Tllwoll+ > > sup [[A7*|qi (k)| [uk-—o |
k=01=1J=k=0
(3.6)
J-1p "
<Tlltol[+T X > ar(k)|[ur—o, |
k=01=1
We now recall from [6] that
) min{jn-1} o
lAlll< > clp™ A g" A ynx (3.7)
k=0
which implies that
) n-1 )
I =supl[A7]| <sup > C{p/*(A)g"(A)yni =M. (3.8)
j=0 J=0 p—o
Thus, it follows that
Jj-1p ”
sl < Mol + M Y Y @ (k)| (3.9
k=01=1
Put v(j) = llu;ll for j=0,1,2,..., hence
j-1p "
v(j) <L+M > > aik)v(k-o)™, (3.10)
k=01=1
where L = M||toll and v(j) <L for j = —0p,-0, +1,...,0.
CASE1l. f0<m <1 andL <1, then by (2.4) and Theorem 2.1(a) we have
J-1 14 ) o P
v <L™ ] [1 + Zm(k)} <L™ exp (M > qu(k)). (3.11)
k=0 1=1 k=01=1

Thus, establishing that the solution u; is bounded for j = -0, -0, +1,...,0, and
lim;_. llujll = 0 whenever [[ugll < 8, for 6 > 0 small enough.

CASE 2. If m > 1, then proceeding in a similar way to Case 1, we arrive at inequal-
ity (3.10).
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Hence, by Theorem 2.1(b), it follows that

. L
v(j) = lp 1/ (m-1) (3.12)
f1-m-DLm 1 ST ado]
provided that
j-1p
1-(m-1DL™"' > > qi(k) > 0. (3.13)
k=01=1

Let v € (0,1) be an arbitrary real number. We prove that condition (3.13) holds for
all T satisfying

B3 —— 1MH)—-R (3.14)
| (m-1)Mmy T )

where

© p
y=> > ak) <. (3.15)

k=0

—
I
—

Indeed, for all such a Ty, we have

Jj-1p
(m-1)M" || S Y au(k)
k=01=1 ) (3.16)
< (m-DM" ||| S S au(k) < 7.
k=01=1
Thus,
Jj-1p
1-(m—-1)M™L"™ 3 > qi(k) = 1-7 >0. (3.17)
k=01=1
Consequently, for all T such that || 19| < R, we have
M To
] < A1 T
{1—(1’1’[—1)me1 Zk:()z.[:lM&ﬂ(k)} (3.18)
M .
SWHTOH’ J=0,1,2,....

Therefore, we have the boundedness of the solution u; of (2.1), subject to the initial
conditions (2.2), concluding the proof. O

4. Application. In this section, we illustrate our main result by considering an ab-
stract partial difference equation, which models reaction and diffusion processes (see
Cheng and Medina [3]).
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Consider a simple three-level discrete reaction-diffusion equation of the form

p
Ujj+1 = AUj-1,j+bu;j+cuij+ Z (i o, (4.1)
I=1

defined on the set
Q={(,j)i=0,1,...,n+1, j=0,1,...}, 4.2)

where q; (1 =1,2,...,p) are nonnegative real sequences; u;; are complex sequences,
p =1;a,b, carereal numbers;and 0 =01 <02 <--- <0y, 0; €Z".
For the sake of simplicity, Dirichlet boundary conditions of the form

Uo,j =0=uns1,j, J=0,1,... (4.3)

will be imposed.
Given an arbitrary set of initial values u; j, -0, < j <0, 1 <i <n, namely

Uij=Tij, —0p=<j=<0,1<i<n. (4.4)

We can successively calculate u; 1,u21,...,Un1; U1.2,..., Un2; ..., according to (4.1)
in aunique manner. Such adouble sequence: u={u;;|i=0,1,...,n+1, j=—-0p,—0p+
1,...} is called a solution of (4.1) subject to conditions (4.3) and (4.4). An existence and
uniqueness theorem for (4.1) can thus be formulated and proved in a straightforward
manner.

By designating col(u1,j,u2,j,...,Un,;) as the C"-vector uj, we see that a solution
of (4.1), (4.3), and (4.4) can also be regarded as a vector sequence {uj};":fap. Further-
more, such a sequence satisfies the delay vector recurrence relation

14
i1 =Auj+ > q(jUj-o,, (4.5)
I=1
subject to the initial conditions

U;=Tj, Jj=-0p,—0p+1,...,0, (4.6)

where T; = col(T1,j,T2,j,...,Tn,j), and

b ¢ 0 0 0
a b c 0 0
0 a b c 0
A=10 0 a b 0l (4.7)
_0 0 a b_

In particular, (4.5) is of the form (2.1), where

V4
FilWjoy,e s Wjmg,) = > @D Uij-o;, J=0,1,2,.... (4.8)
=1
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THEOREM 4.1. Let conditions (ii) and (iii) of Theorem 3.1 hold. Further, assume that

14
1f5(Ujmoys o ujea )l < D @D luj-all, J=01,.... 4.9)
=1

Then, if L = M||Toll < 1, with M = supj., St C,{pj’k(A)gk(A)yn,k, every solution
u;j of (4.5) and (4.6), such that ||lujll <L, for j = —0p,—0p +1,...,0, is bounded, and
limj_. llujll = 0 whenever || Toll < 6, for 6 > 0 small enough.

PROOF. The proof is a direct consequence of Theorem 3.1. a
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