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We introduce the concept of generalized fuzzy strongly semiclosed, generalized fuzzy
almost-strongly semiclosed, generalized fuzzy strongly closed, and generalized fuzzy
almost-strongly closed sets. In the light of these definitions, we also define some gen-
eralizations of fuzzy continuous functions and discuss the relations between these new
classes of functions and other fuzzy continuous functions.
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1. Introduction and preliminaries. Generalized semiclosed (semiopen) and gener-
alized closed (open) sets play an important role in general topology [2, 9]. Balasubra-
manian and Sundaram [6] defined generalized fuzzy closed set in fuzzy topological
spaces. Later, Abd El-Hakeim [1] introduced the generalized fuzzy semiclosed, gener-
alized fuzzy weakly semiclosed, and generalized fuzzy regular closed sets and studied
some of their properties.

In Section 2, we introduce generalized fuzzy strongly semiclosed, generalized
fuzzy almost-strongly semiclosed, generalized fuzzy strongly closed, and general-
ized fuzzy almost-strongly closed sets and establish some of their properties. (We
have not seen such discussions on the properties of these sets in general topological
spaces.) We also discuss the relations between fuzzy closed sets [3], fuzzy semiclosed
sets [3], and fuzzy strongly semiclosed sets [4].

In Section 3, we introduce four new classes of functions among fuzzy topologi-
cal spaces which are weaker than the classes of fuzzy continuous functions, fuzzy
strongly semicontinuous, and fuzzy semicontinuous functions, respectively. (We have
not seen corresponding concepts in general topological spaces.) Also, some examples
are given, and relationships between these new classes and other classes of fuzzy
continuous functions are obtained.

For X, IX denotes the collection of all mappings from X into I = [0,1]. A member A
of IX is called a fuzzy set of X. By (X, T) or simply by X, we denote a fuzzy topological
space (FTS) due to Chang [7]. The interior, the closure, and the complement of a fuzzy
set u € I* will be denoted by inty, clu, and p’, respectively.

Now we introduce some basic notions and results that are used in the sequel.

DEFINITION 1.1. A fuzzy set u of an FTS (X, 1) is said to be

(a) fuzzy semiopen if and only if u < cl(intu) [3];

(b) fuzzy strongly semiopen if and only if there is a € T such that f < u <
int(clB) [4];
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(¢) fuzzy strongly semiclosed if and only if there is a fuzzy closed set 8 € IX such
that cl(intB) < u < B [4].

DEFINITION 1.2. A fuzzy set A of an FTS (X, T) is said to be
(a) generalized fuzzy closed (gf-closed) if and only if clA < 8 whenever A < u and
u is fuzzy open [6];
(b) generalized fuzzy semiclosed (gf-semiclosed) if and only if clA < y whenever
A < u and p is a fuzzy semiopen set [1].

The family of all fuzzy semiopen, fuzzy semiclosed, fuzzy strongly semiopen, and
fuzzy strongly semiclosed sets of an FTS (X, T) will be denoted by FSO(X), FSC(X),
FSTSO(X), and FSTSC(X), respectively.

DEFINITION 1.3 (see [10]). Let u be a fuzzy set in an FTS (X, 7). Then
sintu = v{B:B <u, Bisfuzzy semiopen} (1.1)
is called a fuzzy semi-interior of y,
sclu = A{B:u <P, Bisfuzzy semiclosed} (1.2)

is called a fuzzy semiclosure of pu.

LEMMA 1.4 (see [5]). For a fuzzy set u of an FTS (X,T),
(@) (sintp)’ =scl(u’),
(b) (sclu)’ =sint(u’).

DEFINITION 1.5 (see [8]). Let u be a fuzzy set in an FTS (X,0) and define the fol-
lowing fuzzy subsets:

stsintu = v{B: B < u, Bis fuzzy strongly semiopen} (1.3)
is called the fuzzy strong semi-interior of p,

stscly = A{B:u < B, B is fuzzy strongly semiopen} (1.4)
is called the fuzzy strong semiclosure of L.

PROPOSITION 1.6 (see [8]). Let u and B be fuzzy sets in an FTS (X,T). Then the
following statements are valid:

(a) inty < stsintp < sinty < u <scly < stscly < clu;

(b) u < B = stsintu < stsint8; stsclu < stsclf;

(c) stsintO = 0; stscl0 = 0O; stsint1 = 1; stscl1 =1;

(d) stsint(stsintu) = stsintu; stscl(stsclu) = stscly;

(e) u is fuzzy strongly semiopen if and only if stsintu = u;

(f) w is fuzzy strongly semiclosed if and only if stsclu = u;

(g) stsint(u A B) < stsint u A stsint 8; stscl(u v B) = stsclu v stscl B.

DEFINITION 1.7. Let f:(X,T) — (Y,d) be amapping from an FTS (X, T) to another
FTS (Y,0). Then f is called
(a) afuzzy continuous mapping if f~!(u) € T for each pu € 6 [7];
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(b) a fuzzy semicontinuous mapping if f~!(u) € FSO(X) for each u € § [7];
(0) a fuzzy strongly semicontinuous mapping if f~!(u) € FSTSO(X) for each u €
o [3].

REMARK 1.8. Every fuzzy open (closed) set is a fuzzy strongly semiopen (semi-
closed) set. Every fuzzy strongly semiopen (semiclosed) set is a fuzzy semiopen (semi-
closed) set [8].

2. Generalized fuzzy strongly semiclosed sets in fuzzy topological spaces

DEFINITION 2.1. A fuzzy subset u of an FTS topological space (X, T) is called
(a) generalized fuzzy strongly semiclosed (gfst-semiclosed) if and only if cl(u) < A
whenever y < A and A € FSTSO(X);
(b) generalized fuzzy almost-strongly semiclosed (gfast-semiclosed) if and only if
stscl(u) < A whenever u < A and A € FSTSO(X);
(c) a generalized fuzzy strongly closed (gfst-closed) if and only if stscl(u) < A
whenever y <A and A € T;
(d) ageneralized fuzzy almost-strongly closed (gfast-closed) if and only if sclu < A
whenever u < A, and A € FSTSO(X).

It is clear from Remark 1.8 and Definition 2.1 that the following diagram implica-
tions are true:

gf-closed

fuzzy closed =————=> gfst-semiclosed

ﬂ (2.1)

fuzzy strongly semiclosed =—=> gfast-semiclosed =—=> gfast-closed

ﬂ

fuzzy semiclosed =—————= gfst-closed

The following examples show that the reverse may not be true in general.

EXAMPLE 2.2. Consider the set X = {x1,x2,x3}. Define A, u € IX as follows: u(x,) =
u(xs3) =0, u(xy) =1; A(xy) =A(x2) =1, A(x3) =0, and T = {0,1,u}. It is easy to see
that A is a gf-closed set but it is neither gfsts-closed nor fuzzy closed.

EXAMPLE 2.3. Let X = {a,b,c}, and let A, u € I¥ be defined as follows:

u(a)=0.4, u(b) =0.2, u(c) =0.2;

A@) =05, Ab)=04, Alc)=0.6. (2.2)

We define T = {0,1,A}. Since A is only a fuzzy open set, we have FSTSO(X) = {«:
x(a) €[0.5,1], x(b) €[0.4,1], x(c) € [0.6,1]}. Hence for every & € FSTO(X), u < «
implies that u is gfast-semiclosed, but it is not gfst-semiclosed. Because cl(u) = A’ for
some «; € FSTSO(X), we have A" £ &7 where ¢ (a) = 0.5, &;(b) = 0.4, &;(c) =0.8.
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EXAMPLE 2.4. Let X = {a,b}.Define T = {0,1,A} where A € IX such that A(a) = 0.3,
A(b) = 0.6, and define B € IX such that B(a) = B(b) = 0.5. It is easy to check that 8
is not a gfast-semiclosed set. However, B is gfst-closed since the only fuzzy open set
containing A is 1 itself.

EXAMPLE 2.5. Let X = {a,b}.Define T = {0,1, 8} where 8 € IX such that f(a) = 0.3,
B(b) =0.5; A € IX such that A(a) = 0.2, A(b) = 0.5.
It is easy to see that A is gfast-closed but not gfast-semiclosed.

EXAMPLE 2.6. Let y and y be two fuzzy subsets of I = [0, 1] defined as follows: for
eachx el

H(x) = (2.3)

where y(x) = 1 —x. We consider the fuzzy topology T = {0,1,y}. It is clear that u
is gfast-semiclosed since stscly = y < « whenever y < &« and « € FSTSO(X), where
FSTSO(X) = {x:y < & < 1}. But u is not fst-semiclosed.

EXAMPLE 2.7. Let X = {a,b,c}. Define T = {0,1,u} where u(a) = 0.3, u(b) = 0.5,
u(c) =0.2,and A(a) = 0.5, A(b) = 0.3, A(c) = 0.2. Then A is a gfst-closed set but not
a fuzzy semiclosed set.

THEOREM 2.8. The union of two gfst-semiclosed sets is a gfst-semiclosed set.
PROOF. The proof is straightforward. O

However, the intersection of two gfst-semiclosed sets is not a gfst-semiclosed set.
We can see this in the following example.

EXAMPLE 2.9. Let X = {a,b}, and let A, 81, B> € IX be defined as follows:

Ala) =05, A(b) =0;
Bi(a) =0.2, B1(b)=1, (2.4)
B2(a) =0.7, B> (b)= 0.

Consider the fuzzy topology T = {0,1,A}. It is clear that B, B> are gfst-semiclosed
sets but ; A B2 is not.

THEOREM 2.10. Let (X, T) be an FTS and u € IX. If u is gfst-semiclosed, and p < A <
clu, then A is gfst-semiclosed.

PROOF. Let 3 € FSTSO(X) such that A < 8. We must show that clA < . Since pu < A,
u < B, and p is a gfst-semiclosed set cly < B. But clA < cluy and A < cly, clA < B,
therefore A is gfst-semiclosed. a

REMARK 2.11. The complement of a gfst-semiclosed set (resp., gfast-semiclosed,
gfst-closed, and gfast-closed) is a gfst-semiopen one (resp., gfast-semiopen, gfst-open,
and gfast-open) set.
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THEOREM 2.12. A fuzzy set u € IX is gfst-semiopen if and only if B < intu whenever
B € FSTSC(X), and B < p.

PROOF. Let u be gfst-semiopen and S fuzzy strongly semiclosed such that f < u
implies that 1 - 8> 1—pu, and 1 — u is a gfst-semiclosed set. Hence we have cl(1—pu) <
1-B,1-cl(1—u)=1-(1-p) =B.We know that 1 —cl(1 —u) =intu. Thus B <intpu.

Conversely, suppose that f < intu whenever B is a fuzzy strongly semiclosed set
and B < u. We must show that 1 — u is a gfst-semiclosed set. Let 1 — u < & whenever «
is fuzzy strongly semiopen. Since 1 —u < « implies that 1 — « < p. By the hypothesis
we have 1 — & < g or 1 —inty < «. Hence 1 —intu = cl(1 — pu), which implies that
cl(1—u) < . Thus 1 — u is gfst-semiclosed. a

THEOREM 2.13. Let (X, T) be a fuzzy topological space. A fuzzy set u € IX is a gfast-
semiopen (resp., gfst-open, gfast-open) set if and only if B < stsintu (resp., B < stsinty,
B < sintu) whenever f € FSTSC(X) (resp., B € FC(X), B € FSTSC(X)) set and B < u.

PROOF. The proof is similar to the proof of Theorem 2.12. a

3. Generalized fuzzy strongly semicontinuous functions. In this section, four
new classes of functions are introduced. Their relationships with other fuzzy con-
tinuous functions are established.

DEFINITION 3.1. Let (X, 7) and (Y, ¢) be two fuzzy topological spaces. A mapping
f1(X,T) = (Y,) is called
(a) generalized fuzzy strongly semicontinuous (gfst-semicontinuous) if the inverse
image of every fuzzy closed set in Y is a gfst-semiclosed set in X;;
(b) generalized fuzzy almost-strongly semicontinuous (gfast-semicontinuous) if
the inverse image of every fuzzy closed set in Y is a gfast-semiclosed set in
X;
(c) generalized fuzzy strongly-continuous (gfst-continuous) if the inverse image of
every fuzzy closed set in Y is a gfst-closed set in X;
(d) generalized fuzzy almost-strongly continuous (gfast-continuous) if the inverse
image of every fuzzy closed in Y is a gfast-closed set in X.
Thus we have the following diagram:

fuzzy continuous —————=> gfsst-semicontinuous

M U

fuzzy strongly semicontinuous —=> gfast-semicontinuous —=> gfast-continuous

M U

fuzzy semicontinuous —————=> gfst-continuous
(3.1)

None of these implications are reversible, as the following counterexamples state.

EXAMPLE 3.2. Let X = {a,b,c},Y = {p,q}. Define T = {0,1,A}, and ¢p = {0,1,u} are
FTS on X and Y, respectively, where A € IX is such that A(a) = 0, A(b) = A(c) = 0.5,
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and p € IV is such that u(p) =0, u(q) = 1. A mapping f : X — Y is defined as f(a) =
Sfb)=p, flc)=a.

It is clear that f is gfst-semicontinuous but not fuzzy continuous.

EXAMPLE 3.3. Let X = {a,b}. Define T = {0,1,8}, ¢ = {0,1,v} where B,v € IX are
such that S(a) = 0.5, B(b) = 0.3; v(a) = 0.7, v(b) = 0.6. A mapping f : X — X is
defined as f(a) = b, f(b) = a. So f is gfst-continuous but not fuzzy semicontinuous.

EXAMPLE 3.4. Let X = {a,b},Y = {p,q}. Define T = {0,1,u}, ¢ = {0,1,v} such that
u(a) = 0.3, u(b) = 0.6; v(p) = 0.4, v(q) = 0.6. Also define f: X — Y as f(a) = p,
f(b) = q. Then f is gfast-semicontinuous. But it is not gfst-semicontinuous since
cd f~1(v') £ « whenever f~1(v') <&, and x € FSTSO(X) such that x(a)=0.6, x(b) =
0.4.

EXAMPLE 3.5. Let X = {a,b}, Y = {x,y}. The fuzzy sets y € IX and y € IY are
defined as follows:

u(a) =0.3, u(b) =0.7;
y(x)=0.2, y(y)=0.5. (3.2)

Consider the fuzzy topologies T = {0,1,u} and ¢ = {0,1,y}. The mapping f: X - Y
is defined as f(a) = x, f(b) = y. It is clear that f is gfst-continuous but not gfast-
semicontinuous since stscl f~1(y’) = 1 £ « where f~1(y’) < o for & € FSTSO(X) such
that x(a) = 0.8, x(b) =0.7.

EXAMPLE 3.6. Let the sets X and Y be the same as in Example 3.2. The fuzzy sets
peIX and B €1" are defined as follows:

u(a) = 0.5, u(b) =0.4, u(c) =0;

B(p)=0.7, B(q)=0.. (3.3)

If we define f: X — Y satisfying f(a) = f(c) = p, f(b) = q, then f is fuzzy gfast-
semicontinuous but not fuzzy strongly semicontinuous since f~(8’) ¢ FSTSC(X).

EXAMPLE 3.7. Consider the same sets of Example 3.4. Let T = {0,1,u}, ¢ = {0,1, 8}
where u(a) = 0.6, u(b) = 0.3; B(p) = 0.7, B(q) = 0. Consider the mapping f: X - Y
defined as f(a) = p, f(b) = q. It is clear that f is gfast-continuous but not gfast-
semicontinuous.

THEOREM 3.8. Let f : X — Y and g : Y — Z be mappings, where X, Y, and 7
are FTS’s. If f is gfst-semicontinuous and g is fuzzy continuous then g o f is gfst-
semicontinuous.

PROOF. Itis easy since we have,
(gof)"Hu) = f (g ' (u)) for each fuzzy closed set y of Z. (3.4)
O

Theorem 3.8 is not valid if g is gfst-semicontinuous.
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EXAMPLE 3.9. Let X = {a-b-c}. Define 71 = {0,1,A} where A € I¥ is such that
Ala) = A(b) =1, and A(c) = 0. Let X = {a,b,c} and A, u, y, and B be fuzzy sets
defined as follows: A(a) = A(b) =1, A(c) = 0; u(a) =0, u(b) = u(c) =1; y(a) =1,
y(b) =y(c) =0and B(a) =B(b) =1, B(c) =0.Let 71 = {0,1,A}, T2 = {0,1,u,y}, and
T3 = {0,1,,8}.

Also define f: (X, 1)) — (X,T2) as f(a) = f(c) =c¢, f(b) =b and let g: (X,T2) —
(X, T3) be the identity map. Then f and g are gfst-semicontinuous but g o f is not
gfst-semicontinuous since f’ is fuzzy closed in (X, T3), (go f)~'(B’) = B’ is not gfst-
semiclosed in (X, Ty).
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