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EQUIVALENCE RESULTS FOR DISCRETE ABEL MEANS
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We present theorems showing when the discrete Abel mean and the Abel summability
method are equivalent for bounded sequences and when two discrete Abel means are
equivalent for bounded sequences.
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1. Introduction and notation. The well-known Abel summability method is a se-
quence-to-function transformation which is defined as follows: for a sequence s :=
{sn} of complex numbers, define

fx) = (1-x) > six¥, (1.1)

k=0

for all x for which the series converges. If f(x) exists for each x € (0,1) and
limy_,- f(x) = L, then the sequence s is Abel summable to L. The discrete Abel mean
is a sequence-to-sequence transformation given by the summability matrix A, whose
nkth entry is

1 1\
Ax[n, k] = A(n)<1_m>’ n,k=0,1,2,3,..., (1.2)

where A := {A(n)} is a strictly increasing sequence of real numbers such that A(0) > 1
and A(n) — co. Then the sequence s is Ay-summable to L provided that

00

. 1 \k
lim (Axs),, —hn;lo/\( )Z <1_W> L (1.3)

In[1], Armitage and Maddox proved inclusion and Tauberian theorems for the discrete
Abel mean. In this paper, we expand upon the work of these authors by examining
equivalence properties of the A, method for bounded sequences.

For a given sequence s, define a sequence a by ag := so and a,, := s, —S,—1 forn > 1.
Then, s, = > ;_,ax and for every n,

1< 1\ 1 \*
(As)a = 300 gosk(l——/\(n)> => ak<1_—2\(n)) : (1.4)

Also, define the sequence t by
n
tni= > kak. (1.5)
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A straightforward induction argument yields
n
th=> (Sn—sk). (1.6)
k=0

If B and C are two summability methods, then C includes B, denoted B C C, provided
that every sequence which is B-summable is also C-summable to the same limit. If
B c C and C C B, then B and C are equivalent, denoted B ~ C.

2. Equivalence results. For any sequence A, A, is clearly a regular (i.e., limit pre-
serving) method. In [1], Armitage and Maddox proved the following inclusion results
for the A, method.

THEOREM 2.1 (see [1]). Let E(A) := {A(n):n=0,1,2,...} and E(u) := {u(n) :n =
0,1,2,...}. Then

(1) Ax c Ay ifand only if E(u)\E(A) is a finite set;

(2) Ay ~ Ay if and only if the symmetric difference E(A) AE(u) is a finite set.

COROLLARY 2.2 (see [1]). For every A, A, strictly includes the Abel method.

The main result of this section is that A, is equivalent to the Abel method for
bounded sequences provided that A(n+1)/A(n) — 1. To show this we need the fol-
lowing two lemmas.

LEMMA 2.3 (see [1]). If >, axx* converges for all x € (0,1), then

(o] 00 k
S arxk = Zt,A(%), 0<x<l, @1
k=1 k=1

where A(x*/k) = x¥/k—x*1/(k+1).
LEMMA 2.4. Ifs is a bounded sequence, thent,, = O(n).
PROOF. Let s be a bounded sequence. By (1.6),

n

(Sn—5k)
k=0

|tn|=

n
= ’(n+1)sn— > sk
k=0

<m+D)sllo+ > |kl 2.2)
k=0

sm+DlIslle+n+1)slle
=0(n).
O

THEOREM 2.5. If limy,_..(A(n+1)/A(n)) = 1, then A, is equivalent to the Abel
method for bounded sequences.
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PROOF. By Corollary 2.2, A, includes the Abel method. So assume that

lim

Nn—oo

(M) =1, (2.3)

A(n)

let s be a bounded sequence, that is, Ay-summable to L, and let a be the sequence
such that s, = Zﬂzo ag. Let x,, :=1—1/A(n). Then, for a given x € (xo, 1), there exists
an n such that x,, < x < xp41. By (1.1) and (1.4),

) - - A SAL
| f(x) (AAS)n|_‘(1 X)gos:(x A(n)lésk(l A(n))

. . (2.4)
= z akxkf z akxnk .
k=0 k=0
By Lemma 2.3, this becomes
|f(x) — (A)\S)n| = Z tkA(f) — Z tkA(f)
k=1 k k=1 k
*® X
- tkj tkl(l—t)dt‘ 2.5)
k=1 Xn
had Xn+1
< > |ty th1(1 - t)dt.
k=1 Xn
By Lemma 2.4, there exists an M > 0 such that |tx| < kM. Hence,
© Xn+1
| £(x) = (Ars),, | sMZkI 1 (1 p)dt
k=1 “X
Xn+1 s
=M (1-t) > ktklde
Xn k=1
Xn+1
=MJ L
Xy, 1t
(2.6)

= *M(log(lfxn-#l) 710g(17-xn))

_ 7M<log (m) ~log (ﬁ))

/\(n+1))

:Mlog<w

=o0(1).

Since s is Ay-summable to L, we see that lim, |- f(x) = L. That is, s is Abel summable
to L, and hence, A, is equivalent to the Abel method for bounded sequences. O

The next theorem presents an equivalence relationship between the discrete Abel
means when A and u are asymptotic.
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THEOREM 2.6. Let A and u be strictly increasing sequences of real numbers such
that A(0) =1, u(0) =1, A(n) — oo, u(n) — oo, andlim,,—. (u(n)/A(n)) = 1. Then A, is
equivalent to A, for bounded sequences.

PROOF. We proceed as in the proof of Theorem 2.5. Let s be a bounded sequence
and let a be the sequence such that s, = > [_odg. Let M(n) := max{A(n),u(n)},
m((n) :=min{fA(n),un)}, xp,:=1-1/mn),and y, :=1-1/M(n). Then 0 < x,, <
vn < 1 and for a given n,

[ (As), — (Axs), | = Lisk(l_L)k_L isk(l_L)k
u(n) = u(n) (n) = A(n)
o7 251 57tm) et 2+ (i)
= — D> gl ——— > s 1-—— 2.7
w 2%\ 3 w2\ | @D
=| > akyn* =D arxn*
k=0 k=0
By Lemma 2.3,
[ (Aus) = (Ars)| = | 2 18 (22) - 3 0 (32)
k=1 k k=1 k
had yn
= Ztkj t* (1 -t)dt (2.8)
k=1 “Xn
® Yn
<> | | tFra-vyde.
k=1 xn
By Lemma 2.4, there exists an M > 0 such that |tx| < kM. Hence,
© Yn
|(Aus)n—(A;\5)n\sMZkI 11— p)de
k=1 “X
ryn ©
=M | (1-t)> kt*ldt
xn k=1
yn
v Lar
xp 1—t
(2.9)

= -M(log(1-yn) —log (1 -xyu))

_ 7M<10g(ﬁn))*log(ﬁn))>

Mo

:M10g<m(n)
=0(1),

since limy .. (M(n)/mmn)) = lim,_(u(n)/A(n)) = 1. Hence, if s is Ax-summable
to L, then

0<|(Aus),—L| < [(Aus),,— (Ars), | +](Axs),,—L| =0(1)+0(1) =0(1). (2.10)
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Similarly, if s is A,-summable to L, then
0<|(Axs),,—L| = |(Ars),,— (Aus) | + [ (Aus),,—L| =0(1)+0(1) =0(1). (2.11)

Thus, Ay and A, are equivalent for bounded sequences. O

To see that lim,, .. (u(nn)/A(n)) = 1 is not a necessary condition in Theorem 2.6,
simply consider the sequences A(n) := n? and pu(n) := n. Then
An+1) . pun+1)

L Ve Rl L ey s (2.12)

and hence, by Theorem 2.5, A,, A, and the Abel method are all equivalent for bounded
sequences. However, A and u are not asymptotic.
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