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We present a finite difference method for a general class of nonlinear singular two-point
boundary value problems. The order of convergence of the method for such a general class
of problems is higher than the previous reported methods. The method yields a fourth-
order convergence for the special case p(x) = w(x) = x%, & > 1.
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1. Introduction. We consider the class of nonlinear singular two-point boundary
value problems

1 ’ ’_
—m(v(x)y (x)) =g(x,y), x€(0,1), W

(py')(0") =0, »(1)=0,

under the following assumptions:

(A1) for (x,y) €[0,1] xR, the function g(x,y) is continuous with continuous non-
positive derivative g, = 0g/0y;

(A2) g(x) = g(x,y(x)) € C™*1[0,1], for some integer m > 0, whenever y €
Cm+l [0’ 1 ];

(A3) p~H(x) = 1/p(x) is nonnegative and integrable on any compact subset of the
interval (0,17;

(A4) w(x) is nonnegative and integrable on [0,1];

A5) [y ([ p H(m)dT)w (t)dt < o.

Under these assumptions, it was shown in [8] that the boundary conditions assumed
here are possible and problem (1.1) has a unique solution y (x) which is absolutely
continuous on [0,1].

Singular boundary value problems occur in many applications such as transport pro-
cesses, thermal explosions, and electrohydrodynamics. (References are given in [4].)

Standard numerical methods exhibit loss of accuracy or even lack of convergence
when applied to singular problems. (For more details please see [5, 9].)

There have been many numerical methods proposed for solving special cases of
the nonlinear problem (1.1). In particular, for the case w(x) = p(x) =x%0<x <1,
Chawla and Katti [2] constructed a second-order three-point finite difference method.
In [3], the method is extended to « > 1. Later, Chawla et al. [4] constructed a fourth-
order method for & > 1.


http://ijmms.hindawi.com
http://ijmms.hindawi.com
http://www.hindawi.com

258 K. M. FURATI AND M. A. EL-GEBEILY

For the linear problem, Abu-Zaid and El-Gebeily [1] generalized the method in [3]
to w(x) = p(x). Recently, El-Gebeily and Abu-Zaid [7] relaxed this requirement and
several other assumptions, however, the order of convergence of their scheme is at
most 2.

We construct a higher-order method for the nonlinear problem (1.1). Unlike the
previous treatment, this method is designed to work for general p and w which are
not even required to be smooth. The higher order of convergence is obtained by ap-
proximating the function g by a quadratic interpolating polynomial. This method is
fourth order for the case p(x) = w(x) = x%, @ > 1, and at least third order for the
class of problems considered in [1]. Quadrature methods can also be used to set up
the integrals associated with this method. So, knowledge of the exact integrals is not
necessary (except for those integrals that involve singularities).

We start by constructing the finite difference method. Then we analyze the error
and find the rate of convergence. Finally, we present some numerical examples.

2. Exact discretization of the problem. In this section, we present the exact dis-
cretization of (1.1). We first introduce special sets of basis functions that we use for the
discretization. Then we get a system of equations for the exact solution at the mesh
points. Our working space is the space of continuous functions on the interval [0,1].

Let it = {0 =x0p <Xx1 < --- <Xy = 1} be a given partition of the interval [0,1]. We
associate two sets of basis functions with the nodes x1,x2,...,xy-1 of this partition:

(1) the set U, Us,...,Uyx-1 given by

1, X0 <X <X1,
Y1(x)
Uy (x) = , X1 <X <X, (2.1)
1 (,Ul (xl) 1 2
0, otherwise,
andfor2 <k <N-1
Yr-1(x)
1-—————, X1 <X <Xy,
Wi-1(xk-1) Kt k
Ur(x) =4 Yi(x) , Xk <X < Xpal, (2.2)
Wi (xk)
0, otherwise,

where @i (x) = [ p~L(t)dt;
(2) thelocal basis set Y, i=k—1,k,k+1,k=1,2,...,N—1, of piecewise quadratic
interpolating polynomials defined on each subinterval Iy = [x}-1,Xk+1] by

k+1
(x —x;)
lix(x) = VROV (2.3)
“ j:kl—_ll,j¢i ( Iixi)

and zero outside Ij.
We assume that

i, wU) =0, i=k-1,kk+1, k=0,...,N—1. (2.4)
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This assumption is satisfied by many standard problems. For example, one can show,
by direct calculations, that this is the case when w(x) = p(x) = x%.
Let %y be the projection

P :C[0,1] — C(Iy),

! (2.5)
Prf(X) = > ferjlrrjr(x),
j=—1
where f; = f(x;),i=0,1,...,.N-1.1f f € C3(I}), then
1 k+1
(-0 = L1 T (o, .
A

for some & € Ii.
By multiplying both sides of (1.1) by Uy, k = 1,...,N — 1, and integrating over the
interval [0,1], we get

(= (py") k) = (g, wU,), 2.7)

where (-, -) is defined by

1
(o, 00) = JO o (x) o (x)dx. (2.8)

Note that Uy is absolutely continuous on [0,1] for k = 1,...,N — 1. Therefore, if a func-
tion € C[0,1] is such that (py’)’ is integrable, then (—(py")",Ux) =(py',Uy). If ¥
is a solution of the boundary value problem (1.1), then our assumptions on the func-
tions p, g, w imply that (py’)’ is integrable. Hence, integration by parts is justified
in our case.

It can be easily checked that the integrals in the left-hand side of system (2.7) take
the more explicit form

—((py") ) =— ECh V1,

1 1
W1 (x W1(x1)
—((py") Uk) = (py',U;) = (&', pUy)

Yik-1,
(2.9)

1
Yk Wi-1(xk-1)

_ 1 [ — |
Vier1+ W1 (xk-1) - Wi (xx)

Wi (xk)

for k = 2,...,N — 1, where y; = y(x;). Also, by introducing the projections % into
system (2.7), we get

(py' Uy) = (Prg, wUi) + (I -P) g, wUy), (2.10)
with
k+1
(Prg,wUi) = > (L, wUi)gi, k=1,....N-1, (2.11)

i=k-1
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where g; = g(xi,yi). Note that gy = g(1,0) while go = g(0, ) involves the unknown
value of the solution at x = 0. We will deal with this difficulty later. It is known (see [8]),
however, that y, exists and is finite under our assumptions.

In matrix form, system (2.7) can be written as

TY =LG(Y)+B(Y)+Q+R, (2.12)
where
Y= [y, vl
G(Y) =[g1,....an1]",
T = tridiag (tg, Ok, tk-1),
L = tridiag (1, 11, 1{%), ), (2.13)
B(Y) = [1§"90,0,...,0]',
Q= [0,...,0,L§VN*“gN]t,
R=[{(I-21)gwlh),....((I-Px-1)gwUn-1)]",
with
b == k=1,...,(N-2),
Wi (xk)
S1=—tr, Or=—(txs1+tx), k=2,...,(N-1), (2.14)

1M = Wy, wli), i=k-1,k,k+1,k=1,...,N-1.

For x € [0,x:], following the same derivation in [7], we can show the following
identity:

X X1
yx =+ (] pimdrwngmat
* (2.15)
X1 X1
[ ([t mar)wwgwar.
X t
In particular, at the singular point x = 0, identity (2.15) reduces to
X1 X1
Yo=2x(0) = +L ( , p‘l(T)dT)w(t)g(t)dt, (2.16)
which can also be written as
Yo—xy1={(g,wly), (2.17)

where

X1
“Lt)dt, 0<x<xy,
UJ(X)={ LPW ! (2.18)
0

, otherwise.
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By expanding g(x) about (x,y;), we get for x € (0,x;),
g(x) =g(x,y(x)) =g(x, 1) + 95 (x, ¥ () (¥ = 1), (2.19)
for some & € (x,x1). Now, by using (2.17) and (2.19), we get the identity

Yo =x1+{g(-,31),wUq ) +(gy (-, ¥(E())) (¥ = 1), wUy ). (2.20)

3. Numerical method and error analysis. The setup carried out in Section 2 indi-
cates that we intend to obtain a numerical method by truncating the remainder term
R in (2.12). However, one difficulty remains which is, how to obtain the value of gj.
To overcome this difficulty we notice that the basis function U, (x) is always unity on
the interval [0, x; ]. This means that we may use an approximate value of y,, ¥, as an
approximate value for yy, and thus approximate gy = g(0,y0) by go = g(0,31). The
fact that this approximation does not affect the overall order of the method remains
to be shown.

Using this approximation of go and truncating the remainder term R in (2.12), we
obtain a numerical method that determines an approximation Y = [y1,..., ¥y_1]1¢ of
Y from

TY =LG(Y)+B(Y)+Q. 3.1)
Then, the approximate value 7y, of vy is calculated using
5/0:5/1+<g(',5/1),WU6—>- (32)

For the error analysis, let E=Y —Y = [ej,e>,...,ex—1]'. Then, from (2.12) and (3.1), we
get

TE=L[G(Y)-G(Y)]+[B(Y)-B(Y)] +R. (3.3)
Using the integral form of the mean value theorem, we write
1
G(Y)—G(Y):J G (tY+(1-1t)Y)(Y-Y)dt = DE, (3.4)
0

where G'(Z) = diag(g, (xi,z;)) for Z =[z1,...,zy-11%, and D = diag(d;), where

1
d; = J gy (xi,tyi +(1- t)_)-/i)dt. (3.5)
0

For the term B(Y), we write an error representation as follows: let J = [1,0,...,0]¢,
then

1
B(Y)-B(Y) = 1" (go—Go)J = lél)_]JO 9y (0,ty0+(1=t)31) (vo—31)dt
=1"do(vo—31)J = 1§V doer ] + 15" doerJ (3.6)

= 1" doe,J +FE,



262 K. M. FURATI AND M. A. EL-GEBEILY

where €, = yog—y1, F = diag(])lf)”do, and

1
do = J;) gy(O,tyo+(1—t)5/1)dt. (3.7)
Hence, the error equation (3.3) can be rewritten as
(T-LD-F)E =1"doe, J +R. (3.8)

Note that the entries of D as well as d, are nonpositive since g, < 0.

The matrix T has the following properties:

(1) T is tridiagonal and diagonally dominant,

(2) the diagonal elements are positive,

(3) txtgs1 >0, fork=1,...,(N-2).
It follows from these properties that T is irreducible and thus T is irreducibly diago-
nally dominant (see [10, pages 47-55]). Moreover, since the off-diagonal elements are
nonpositive, T is an M-matrix.

From (2.4), we have L > 0. This implies that LD < 0 and F < 0. Therefore, T —LD —
F> T.Also, T—LD —F is an M-matrix. To see this, notice that

ll(<k+)1 wik,WUk) J‘XkH J‘Xk+l i
=" < t)dt |dx, 3.9
(7981 1/wi(xk) = Xko1 w(x)( . P ) ) x (3.9)

for k =1,2,...,N —1, since |¥;| < 1. It follows that for h = maxg<kx<n_1 {Xk+1 — Xk}
sufficiently small, the off-diagonal elements of T dominate the corresponding ele-
ments of LD. Hence, for sufficiently small h, T — LD — F is an M-matrix and thus
(T-LD—-F)~! < T (see [10]). Therefore, we have

IEllw < ||T7 1" do€r ] +R || (3.10)

where the matrix T-! = (Ty;) is given by

1
pl(x)dx, k<}j,

x;
1

pl(x)dx, k=j.

Xk

o) = (3.11)

It follows from (2.6) thatfor 1 <k < N—1, |(I - P1)glle < ch3||g" ||, and thus
[{(I=21) g, wUi) | < [[(I-2i) gl (LwUi) < ch?||g"|| o (1, wUs). (3.12)

Here g"' (x) = (33/0x3%)g(x,y (x)).
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Since the first row of T-! includes the largest element in each column, it follows
from Lemma A.2 that

N-1 1
IRl <e 3 (1(U-20g.wvo] | p o)
k=1 Xk

<erllg”ll. S («1, wUk>j p~ (D)
k=1

=ch3||g"’||mNi (J . w () Ur(t)dt v‘l(t)dt) (3.13)
k=1 X

sZch3||g"'|{wA§1<JXk+ (J p ](T)dT)w(t)dt>
k=1

<4ch®||g"|| JOI (J: p! (T)d'r)w(t)dt

for some constant ¢ > 0. For the other term in the error equation (3.8), we have, from
(2.20),

lei| = |J’0—3’1|
= [{g(-,21),wUg) +(gy (-, ¥ (§())) (v =31), wUy ) | (3.14)
< IIglloo(LwUJ>+||gy||m<|y—y1I,on*>,
and from (2.15) and Lemma A.1,
ly=>l = llgle(1,wUy). (3.15)
Thus,
le1] = 1glle (1, wUg) +1glsllgyll (LwUs)* = 0L wUg)).  (3.16)
Also from (3.7), |do| < |9yl Hence,
1T 15" doer ||| = L8V 111 | doe |

11 1 WUO >)

=o(1"
( (1, wU) J w ”(J pfl(T)dT)dQ (3.17)

(1, wUO :Zw(t)<Jt pl(T)dT>dt]2)

_ o([ :Zw(t)(L pl(T)dT)dt]2>.

The last equality holds because the first term in the previous equality is dominated
by the second term.
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It follows from (3.13) and (3.17) that the order of the error in scheme (3.1) is
2h 1 2
IE]lw = O(h3)+0<[ w(t)(J p*l(r)dr)dt] ) (3.18)
0 t

As for the error in computing vy, we have from (2.20), (3.2), and (3.15)
|vo=30] = [(v1=31) +(g(-,21) =g (-,571), wUg ) +{gy (-, ¥ (E())) (v = 1), WUy ) |
< |y =7 +llgyll |31 =31 (L wU) +lgy |l 191l (1, w UG )

= 0(IEll) +0 ((1,wUg)?)

=O(|E|l») +O([ ;hw(t)(f P_l(T)dT>dt]2).
(3.19)

Thus we have proved the following theorem.

THEOREM 3.1. Under the assumptions (Al), (A2), (A3), (A4), (A5), and (2.4), the finite
difference scheme (3.1) and (3.2) converges uniformly to the solution of (1.1) with order
of convergence of at least

O(h3)+0([ jhw(t)(Llpl(T)dT)dtT). (3.20)

REMARK 3.2. If the error term (1,wUj)? is of less order than the error term
|y — 11, then more accuracy may be achieved by taking more terms in the expan-
sion of g about ;. In principle, we get an error term of order (1,wUj )™"!, where m
is the number of derivatives taken in the Taylor series expansion of g.

REMARK 3.3. In the approximation (3.2), the exact integral (g (-, 1), wU; ) is com-
puted. If this integral cannot be found in closed form or if it is too complicated, then
it has to be computed numerically. This can be done by replacing (g (-, 1), wU; ) by

967 L w0 + 22 e, 70) (- =31 wUf ). (3.21)

This results in the extra error term
02 _ 2 "
<7ax2g(n(-),y1)(-—x1) ,wU0>, (3.22)

which is of order h?(1,wUy).

REMARK 3.4. For the special case p(x) = w(x) = x%, « > 1, or if the differential
equation is regular, the summation term in (3.13) is of order h*. Also, the second term
of (3.20) is of order h*. So the method is fourth-order accurate as should be expected
since our method and the method given in [4] are identical.

REMARK 3.5. In the more general situation p(x) = O (x%), w(x) = O(x#),at x = 0,
assumption (A5) is satisfied if and only if f—«+2 >0and S > —1.If welet B—x+2 =
€ > 0, then the second term in Theorem 3.1 has the order min{O (h?*2#),0 (h%)}.
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We end this section with a discussion of the question of existence and uniqueness
of solutions of system (3.1). The result is best stated as a lemma.

LEMMA 3.6. System (3.1) has a unique solution.

PROOF. The proof uses the theory of monotone operators (see [6]). We begin by
showing that the matrix T is positive definite. Let V be the linear vector space gener-
ated by the basis functions {Ui}ﬁi’ll. Any u € V is absolutely continuous and satisfies
the boundary condition u (1) = 0. Therefore,

() () e

1 1
[u(x)| = H u| = U pptity
X X

Hence,

jol ww < ( Ll Jl piu) Jol ) o

Now, writing u = > y;U; and letting Y = [y1,¥2,..., ¥n-1]%, we can easily check that
1
YITY = J pu. (3.25)
0

Therefore, by (3.24),

101 11
YITY > (J J p’1w> J ulw > 0. (3.26)
0 Jx 0

This means that the minimum eigenvalue A,, of T is positive and thus T is positive
definite.

Next, we show that the operator T —G; (Where G1(Y) = LG(Y) +B(Y) + Q) is strongly
monotone. Let X,Y € ®N-1, then

X-VI(T-G)(X)—(T-G1)(Y)]

>AnlX=Y[? = (X=Y)[G1(X) - G1(Y)]

1 (3.27)
=AnlX-Y|?-(X- YV(JO Gl (tX+(1 —t)Y)dt) (X-Y)

> Al X=Y|?

since G < 0 and is diagonal. It follows from [6, Theorem 11.2] that T — G, is onto,
that is, the equation T(Y) —G1(Y) = 0 has a solution. The uniqueness of this solution
follows from the strong monotonicity of the operator T —G. |

Since we do not have a contraction mapping principle here, Picard’s iterations ap-
plied to (3.1) may not converge. We find the solution of (3.1) by Newton’s method. For
the implementation of Newton’s method, we set H(Y) = TY —LG(Y) - B(Y)—Q and
perform the usual iterations

Yier = Y- [H' (Ye) | ' H(Y2) (3.28)
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with

4 4 a -
H(Y)=T-LG (Y)—lé”%(xo,yl)F. (3.29)
Standard theory for Newton’s method and our assumptions (A1), (A2), (A3), (A4), and
(A5) guarantee that the iterations (3.28) converge if the initial guess is sufficiently
close to the true solution of (3.1).

4. Examples. In this section, we provide two numerical examples. The first example
shows that with our scheme, we get a higher-order convergence than the scheme in [7]
for a linear problem. In the second example, we solve a nonlinear problem.

EXAMPLE 4.1. Consider

p(x) =sin(%>.
w(x) = 1.0, (4.1)
glx,y)= %{sin(nx)—sin(%)y}.

The exact solution is y(x) = cos(mrx/2) and the order of convergence, according to
the scheme in [7], is O (hlnh). Numerical results using the new scheme are shown in
Table 4.1. The results show that the order of the convergence of the relative error is
about 3.6.

TABLE 4.1. The numerical results for Example 4.1.

N 1Y =Yoo/ Y lleo
16 6.7666x 107>
32 5.6235%x 1076
64 4.4962x10°7
128 3.5246x 1078

EXAMPLE 4.2. Consider

p(x) =sin(%x).

w(x) =1, 4.2)
o1 [ ) () o ()

The exact solution is v (x) = cos(1rx/2). The results are shown in Table 4.2. The order
of the convergence of the relative error is about 2.7.
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TABLE 4.2. The numerical results for Example 4.2.

N 1Y =Yoo/ Y lleo
16 3.1548 x10%
32 4.6984x 107>
64 7.0243x10°6
128 1.0413x10°6

Note that in both examples, the order predicted by Theorem 3.1 is at least h?(Inh)?2.
Our numerical method achieved higher accuracy for both examples. For the special
case p(x) = w(x) = x%, our method is identical to the method constructed in [4] and
thus the order is h*. Examples are presented in [4].

Appendix
Some auxiliary lemmas

LEMMA A.1. For 0<a<x<b<1,

E w(t)dtJj p l(t)dt < E (th p! (T)d'r)tu(t)dt. (A.1)

PROOF. The inequality follows from

J:w(t)dt Jj p~l(t)dt = J: (ij_l(T)dT>w(t)dt

) (A.2)
-1
SL (L p (T)dr)w(t)dt,
since p > 0. ]
LEMMA A.2. Let
t X+€e
J p l(T)dT J p Y (T)dT
Uy () = 25— US() = e,
-1 -1
Jfa’” e L po(mdr (A.3)
U (t) = Us(t), x-d=<t=<x,
v, x<tsx+e
Then,
X+€ 1 X+€ 1
Ux(t)w(t)dtJ' pl(t)dt <2 (J p’l(T)dT)w(t)dt (A4)
x—0 X x-6 t

forx -0 <x <x+e.
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PROOF. Note that

X+€ 1 X X+€e
J Ux(t)w(t)dtj p~l(t)dt =J U;(t)w(t)dtj p~l(t)dt
[ X x-8

X

X+€

+r GU;(t)w(t)dtJ p l(t)dt (A.5)

e X

X+e€ 1
+J Ux(Hw (t)dt p~l(t)dt.
5

X+e€

For the first integral of (A.5), since Uy < 1, it follows from Lemma A.1 that

L; Uy (DHw(t)dt rﬂp*l (t)dt < Liawu)dt J)Hep’l(t)dt

X X

sr (JX+€p_1(T)dT>w(t)dt (A.6)

x-0 t

< J:_é (Ll p! (T)d'r)u/(t)dt.

Similarly, for the third integral of (A.5), we have

X+€ 1 X+€ 1
J 6Ux(t)w(t)dt p’l(t)dtsj éw(t)dt p~l(t)dt

X+e€ X+€

< J“e <Ll p! (T)d'r)u}(t)dt.

x-0

(A.7)

For the second integral of (A.5), it follows from the definition of U} (t) that

X+€
x+e J Pil(T)dT X+€
R w(t)dtj p~H(t)dt

X

X+e€ X+e€

U;(t)w(t)dtj

X

pil(t)dt:L rep*l(T)dT

_ JW (Jx+€p’l(r)dT>w(t)dt

X t

< JM (f p’l(T)dT>w(t)dt.

X

X

(A.8)
The results follow from (A.6), (A.7), and (A.8). |
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