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Using the concept of w-distance, we improve some well-known fixed point theorems.
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1. Introduction. Recently, Ume [3] improved the fixed point theorems in a com-
plete metric space using the concept of w-distance, introduced by Kada, Suzuki, and
Takahashi [2], and more general contractive mappings than quasi-contractive map-
pings.

In this paper, using the concept of w-distance, we first prove common fixed point
theorems for multivalued mappings in complete metric spaces, then these theorems
are used to improve Ciri¢’s fixed point theorem [1], Kada-Suzuki-Takahashi’s fixed
point theorem [2], and Ume’s fixed point theorem [3].

2. Preliminaries. Throughout, we denote by N the set of all positive integers and
by R the set of all real numbers.

DEFINITION 2.1 (see [2]). Let (X,d) be a metric space, then a function p: X x X —
[0, ) is called a w-distance on X if the following are satisfied:
1) px,z) =p(x,y)+p(y,z) forall x,y,z € X;
(2) for any x € X, p(x,-): X — [0,) is lower semicontinuous;
(3) for any € > 0, there exists § > 0 such that p(z,x) < 6 and p(z,y) < 6 imply
d(x,y) <e.

DEFINITION 2.2. Let (X,d) be a metric space with a w-distance p, then

(1) for any x € X and A < X, d(x,A) := inf{d(x,y) : ¥y € A} and d(A,x) =
inf{d(y,x):y € A};

(2) for any x € X and A < X, p(x,A) :=inf{p(x,y) : y € A} and p(A,x) =
inf{p(y,x):y €A},

(3) forany A,Bc X, p(A,B) :=inf{p(x,y):x € A, y € B};

(4) CBy(X) ={A] Ais nonempty closed subset of X and SUPy ea P(X,Y) < oo}

The following lemmas are fundamental.

LEMMA 2.3 (see [2]). Let X be a metric space with a metric d, let p be a w-distance
on X. Let {x,} and {yy,} be sequences in X, let {x,,} and {B,} be sequences in [0, )
converging to 0, and let x,y,z € X. Then the following hold:
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(1) if p(xn,y) < &y and p(xn,z) < Bn for any n € N, then v = z. In particular, if
p(x,y)=0andp(x,z) =0, theny = z;

(2) if p(xXn,Yn) <y and p(xn,z) < By for any n € N, then {y,} converges to z;

(3) ifp(xn,xm) < &y foranyn,m € N withm > n, then {x,} is a Cauchy sequence;

@) ifp(v,xn) <&y, foranyn € N, then {x,} is a Cauchy sequence.

LEMMA 2.4 (see [3]). Let X be a metric space with a metric d, let p be a w-distance
on X, and let T be a mapping of X into itself satisfying

p(Tx,Ty) <q-max{p(x,y),p(x,Tx),p (¥, Ty),p(x,Ty),p(y,Tx)} (2.1)

for all x,y € X and some q € [0,1). Then
(1) foreachx e X,ne N, andi,j e N withi,j<n,

p(Tix,T'x) <q-6(0(x,n)); (2.2)
(2) foreach x € X andn € N, there exist k,l € N with k,l < n such that
5(0(x,n)) =max{p(x,x),p(x,T*x),p(T'x,x)}; (2.3)

(3) foreachx € X,
5(0(x,)) < ﬁ{p(x,x)+p(x,Tx)+p(Tx,x)}; (2.4)
(4) foreachx € X, {T"x},_, is a Cauchy sequence.

3. Main results

THEOREM 3.1. Let X be a complete metric space with a metric d and let p be a
w-distance on X. Suppose that S and T are two mappings of X into CB,(X) and @ :
XXX — [0,00) is a mapping such that

max {p(ui,u2),p(vi,v2)} <q-@(x,y) (3.1)

for all nonempty subsets A, B of X, u1 € SA, u» € S2A, v1 € TB, v>» € T?B, x € A,
y € B, and some q € [0,1),

P (x,y) , A RC 1
Sup{suD(min[p(x,SA),p(y,TB)] IXEA Y eB) .A,B_X} < 7’ (3.2)
inf{p(y,u)+p(x,Sx)+p (¥, Ty):x,y € X} >0, (3.3)

for everyu € X withu ¢ Su oru ¢ Tu, where SA means J,coSa. Then S and T have
a common fixed point in X.

PROOF. Let

_ ACINY) . , c
B_Sup{suD(min[p(x,SA),p(y,TB)] IXEA, Y eB) 1A, B ,X}, (3.4)
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and k = Bq. Define x,+1 € Sx,, and y,1 € Ty, for all n € N. Then x, € Sx,-1,
Xni1 € S°Xn-1, Yn € Tyu_1, and yys1 € T2y, 1. From (3.1) and (3.2), we have

p(xnXns1) <kp(xn_1,xp) < - <k p(x1,x2), (3.5)
P(VnYni1) <kp(Yn-1,9n) < k" p(y1,02), (3.6)

for all n € N and some k € [0,1). Let n and m be any positive integers such that
n < m. Then, from (3.6), we obtain

P(Vn,Ym) < P(Vn, Yni1) ++ -+ P(Ym-1,Ym)

= P(Vn+is Ynrie1)

m-n—1 ) (3.7)
< kK p (v, 02)

kn-1
Smﬁ(yl,yz)-

By Lemma 2.3, {y,} is a Cauchy sequence. Since X is complete, {y,} converges to
u € X. Then, since p(yy, ) is lower semicontinuous, from (3.7) we have

n-1

p(yn,u) < lim inf p (yn, ym) < mp(yl.yz)- (3.8)

Suppose that u ¢ Su or u ¢ Tu. Then, by (3.3), (3.5), (3.6), and (3.8), we have
0<inf{p(y,u)+p(x,Sx)+p(»,Ty):x,y € X}
<inf{p(yn,u) +p(xXn, Xn+1) + P (Vn, Yn+1) in € N}

sinf{ (ln_i]l()P(J’l,yz) +k"p(x1,0) +K p (1, 02) in € N} (3.9)
2—k . net.
:{mp(yl,yz)+p(x1,xZ)7s>1nf{k :n €N}
=0.
This is a contradiction. Therefore we have u € Su and u € Tu. O

THEOREM 3.2. Let X be a complete metric space with a metric d and let p be a
w-distance on X. Suppose that S and T are two mappings of X into CB,(X) and @ :
XXX - [0,0) is a mapping such that

max {p (u1,uz2),p(vi,v2)} <q-@(x,y) (3.10)
forallx,y € X, u; € Sx, u» € S°x, vy € Ty, v, € T?y, and some q € [0,1),

Px,y)
min[p(x,Sx),p (v, Ty)]

:xeA,yeB):A,BgX}< , (3.11)

1
sup { sup < 2z
qa

and (3.3) is satisfied. Then S and T have a common fixed point in X.
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PROOF. By a method similar to that in the proof of Theorem 3.1, the result follows.
O

THEOREM 3.3. Let X be a complete metric space with a metric d and let p be a
w-distance on X. Suppose that T is a mapping of X into CB,(X) and ¢ : X — [0, ) is
a mapping such that

p(un,uz) <q-y@(x) (3.12)
forall x € X, u; € Tx, uy € T?x and some q € [0,1),

Y(x)

1
:xeX} < —,
p(x,Tx) q

Sup{ (3.13)

inf {p(x,u)+p(x,Tx):x € X} >0,
for every u € X withu ¢ Tu. Then T has a fixed point in X.

PROOF. By amethod similar to that in the proof of Theorem 3.1, the result follows.
O

THEOREM 3.4. Let X be a complete metric space with a metric d and let p be a
w-distance on X. Suppose that S and T are self-mapping of X and @ : X x X — [0, )
is a mapping such that

max {p (Sx,5°x),p(Ty,T*y)} <q-@(x,) (3.14)
for all x,y € X and some q € [0,1),

@(x,y)
SuDSLmin[p(x,Sx),p(y,Ty)

1
x,yeXr<—,
] } 4 (3.15)

inf{p(y,u)+p(x,Sx)+p(»y,Ty):x,y € X} >0,

for everyu € X withu + Su oru + Tu. Then S and T have a common fixed point in X.

PROOF. By a method similar to that in the proof of Theorem 3.1, the result follows.
O

From Theorem 3.1, we have the following corollary.

COROLLARY 3.5. Let X be a complete metric space with a metric d and let p be
a w-distance on X. Suppose that S and T are two mappings of X into CB,(X) and
@: XXX - [0,00) is a mapping such that

max{sup[p(ul,uz) jU € SX, Uz € §%x],
(3.16)
sup [p(vi,v2):v1 €Tx, V2 € sz]} <q-px,y)

for all x,y € X and some q € [0,1), and that (3.3) and (3.11) are satisfied. Then S and
T have a common fixed point in X.
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From Theorem 3.3, we have the following corollaries.

COROLLARY 3.6. Let X be a complete metric space with a metric d and let p be a
w-distance on X. Suppose that T is a mapping of X into CB,(X) and @ : X — [0,) is
a mapping such that

sup[p(u1,u2) :u; € Tx, ur € T?x] < q- @ (x) (3.17)

for all x € X and some q € [0,1), and that (3.13) is satisfied. Then T has a fixed point
in X.

COROLLARY 3.7. Let X be a complete metric space with a metric d and let p be a
w-distance on X. Suppose that T is a self-mapping of X and ¢ : X — [0, o) is a mapping
such that

p(Tx,T?x) <q-y(x) (3.18)

for all x € X and some q € [0,1),

_vx) 1
Sup{p(x,Tx)'xEX}<q’ (3.19)

inf {p(x,u)+p(x,Tx):x € X} >0,
for every u € X withu = Tu. Then T has a fixed point in X.
From Corollary 3.7, we have the following corollaries.

COROLLARY 3.8 (see [3]). Let X be a complete metric space with a metric d and let
p be a w-distance on X. Suppose that T is a self-mapping of X such that

p(Tx,Ty) <q-max{p(x,»),p(x,Tx),p(y,T¥),p(x,Ty),p(y,Tx)}  (3.20)
for all x,y € X and some q € [0,1), and that
inf{p(x,u)+p(x,Tx):x€X}>0 (3.21)
for every u € X with u = Tu. Then T has a unique fixed point in X.
PROOF. By (3.20) and Lemma 2.4(3), we have
sup {p(T'x,T7x) |4, j € NU{0}} < oo (3.22)
for every x € X. Thus we may define a function » : X x X — [0, ) by
r(x,y) =max {sup[p(Tix,T/x) |i, je NU{0}],p(x,)} (3.23)

for every x,y € X. Clearly, r is a w-distance on X. Let x be a given element of X, then,
by using Lemma 2.4(1), (3.20), and (3.23), we have

¥ (Tx,T°x) =sup {p(Tix,T'x) | i, j € N}
<q-sup{p(Tix,T/x) |i, jeNuU{0}} (3.24)
=q-r(x,Tx).
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By (3.21) and (3.23), we obtain
inf {r(x,u)+r(x,Tx):x € X} >0 (3.25)

for every u € X with u = Tu. From (3.24), (3.25), and Corollary 3.7, T has a fixed point
in X. By (3.20) and Lemma 2.4, it is clear that the fixed point of T is unique. O

COROLLARY 3.9 (see [2]). Let X be a complete metric space, let p be a w-distance on
X, and let T be a mapping from X into itself. Suppose that there exists q € [0,1) such
that

p(Tx,T?°x) <q-p(x,Tx) (3.26)
for every x € X and that
inf{p(x,y)+p(x,Tx):x € X} >0 (3.27)

for every vy € X with y = Ty. Then T has a fixed point in X.
PROOF. Define : X — [0,) by
Y(x)=px,Tx) (3.28)
for all x € X. Thus the conditions of Corollary 3.7 are satisfied. Hence T has a fixed
point in X. O
From Corollary 3.8, we have the following corollary.

COROLLARY 3.10 (see [1]). Let X be a complete metric space with a metric d and let
T be a mapping from X into itself. Suppose that T is a quasicontraction, that is, there
exists q € [0,1) such that

d(Tx,Ty) <q-max{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)} (3.29)

for every x,v € X. Then T has a unique fixed point in X.

PROOF. It is clear that the metric d is a w-distance and
inf{d(x,y)+d(x,Tx):x € X} >0 (3.30)

for every v € X with y + Ty. Thus, by Corollary 3.8 or 3.9, T has a unique fixed point
in X. O
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