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The aim of this paper is to prove the existence, uniqueness, and continuous dependence
upon the data of a generalized solution for certain singular parabolic equations with initial
and nonlocal boundary conditions. The proof is based on an a priori estimate established in
nonclassical function spaces, and on the density of the range of the operator corresponding
to the abstract formulation of the considered problem.
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1. Introduction. This paper is devoted to the solvability of a certain singular para-
bolic problem with a nonlocal boundary condition. It can be a part in the contribution
of the development of the a priori estimates method for solving such problems. The
questions related to these problems are so miscellaneous that the elaboration of a gen-
eral theory is still premature. Therefore, the investigation of these problems requires
at every time a separate study.

This work can be considered as a continuation of the results of Yurchuk [12], Benuar
and Yurchuk [1], Bouziani [2, 3, 5, 4, 6], Bouziani and Benouar [7, 8], and Mesloub and
Bouziani [9], in so far as, on the one hand, the studied equation is parabolic and, on
the other hand, the boundary condition is of integral type.

The remainder of the paper is divided into four sections. In Section 2, we give the
statement of the problem. Then in Section 3, we first introduce the appropriate func-
tion spaces needed in our investigation, the abstract formulation of the problem and
the sense of the generalized solution are presented in Section 3.2, and some proper-
ties of special smoothing operators are considered in Section 3.3. The uniqueness and
the continuous dependence upon the data of a solution are established in Section 4.
In Section 5, the existence of the generalized solution is proved.

2. Statement of the problem. In the rectangle Q = (0,b) x (0,T), we consider the
singular parabolic equation

0z a(t) 0 (_0z\ _
ifzfﬁ—T&(Xa> 7f(X,t), 2.1)

where b and T are fixed but arbitrary positive numbers, and a(t) is a known function
satisfying the following assumption.
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ASSUMPTION 2.1. Fort €[0,T], we assume that
co=<a(t)<c, al(t)=<co. (2.2)

In Assumption 2.1, and throughout, we suppose that c; (where i = 0,...,4) are positive
constants.

We pose the following problem for (2.1): given the data f, ®, u, and M, find a function
z = z(x,t) subject to the initial condition

{z=2z(x,0)=d(x), for0<x <b, (2.3)
the Dirichlet condition
z(b,t) =u(t), forO<t<T, ®&(b)=u(0), (2.4)

and the weighted integral condition

b b
J x?z(x,t)dx =M(t) forO0<x<b, J x2®(x)dx = M(0). (2.5)
0 0

We transform problem (2.1), (2.3), (2.4), and (2.5) with inhomogeneous boundary
conditions into a problem with homogeneous boundary conditions. For this, we put
z(x,t) =u(x,t)+C(x,t), where

3
C(x,t) = %u(t)+%(b—x)<M(t)—%u(t)>. 2.6)

Then, problem (2.1), (2.3), (2.4), and (2.5) can be transformed as follows: find a function
u = u(x,t) satisfying

_ou_alt) o [ ouy_ _gro
Su= ot x ax<xax>*f(x’t) $C = f(x,t), (2.7)
lu=u(x,0) = &(x) ~ T = @ (x), 2.8)
u(b,t) =0,

x2u(x,t)dx = 0.

Jb (2.9)

0

3. Preliminaries

3.1. Function spaces. We first introduce appropriate function spaces. We denote
by Cy(0,b) the vector space of continuous functions with compact support in (0,b).
Since such functions are Lebesgue integrable with respect to dx, we can define on
Co(0,b) the bilinear form ((-,-))x given by

b
((yw))y = L % (Eu) - 9% (Ew)dx, G.1)

where J%¥g = ffg(g,t)dg. We recall that ((-,-))y is a scalar product on Cy(0,b) for
which Cy(0,b) is not complete. Thus we are led to introduce its completion.
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DEFINITION 3.1. We denote by B%:j (0,b) a completion of Cy(0,b) for the scalar
product defined by (3.1), called the space of square integrable weighted primitive func-
tions on (0,b) (or the weighted Bouziani space).

REMARK 3.2. If x =1, then the space Bi‘; (0,b) is identified with the space By* (0,b),
first introduced in [2, 5].

DEFINITION 3.3. We denote by B%vp(O,lo) a completion of Cy(0,b) for the scalar
product defined by
J Je(p(tu) - I (p(T)w)dt, (3.2)

where 3;g = fotg(x,‘r)dT and p(t) = e°t.

Now, we generalize Definitions 3.1 and 3.3 of weighted Bouziani spaces B;:: (0,b)
and B} , (0, T).

DEFINITION 3.4. Let (0,b) (resp., (0,T)) be an open interval in R, let o (x) (resp.,

p (1)) be a continuous function from (0,b) to R (resp., from (0,7T) to RY), let m be
a non-negative integer and let 1 < p < . Then we define B, (0,b) (resp., B, (0,T))
to be the completion of the space Cy(0,b) (resp., Co(0,T)) for the norm

b m » 1/p
g o =1 |, (9" (@w)Pax| (3.3)
respectively,
T " 1/p
lwllgy, 0,1) = {JO (9; (Pu))pdt} ; (3.4)
and for p = 2, we define a scalar product by
(W w) g o) = (35" (0w), 35" (W) 120 s (3.5)
respectively,
(W, w)pp 0,1 = (9{ (pw), 9" (pw))r2(0.1)- (3.6)

REMARK 3.5. The spaces BZ:U(O,b) and Bz,p(O,T) coincide (with equality of norm
of graphs) with the spaces L2(0,b) and L?,(O,T), respectively; that is, by the norms
of functions u from Li(O,b) and LE(O, T) we understand the nonnegative numbers:

Il 2.0 = o Ge)2dx V2 and Jull 6 7) = (o (p()w)2dE}2, respectively.

In this paper, we also use other weighted spaces such as L2 (0,b), L2(0,b), and
L2(0,T), where o (x) = x?, s(x) = /x, and 7(t) = /p(t) = e!/?, which are Hilbert
spaces of (classes of) weighted square integrable functions with finite norms:

11tl2 0 H (o) dx}m,

Il 200 = {L (su)zdx}l/z, (3.7)

T 1/2
Hu”L;Z/(O,T) = {JO (Tu)zdt} .
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Let H(0,b) = {u/u € L2(0,b), ou/dx € L2(0,b), f(f’xzu(x,t)dx = 0}, which is the
Hilbert space for the norm

1/2
, } . (3.8)
L3(0,b)

el 0 = {11250, + Hax

Let H be a Hilbert space with a norm || - || 7. We denote by L?(0, T; H) (resp., L2(0,T;H))
the set of all measurable abstract functions u(-,t) from (0,T) into H such that

T 5 1/2
e o) = ”0 ||u(-,t)||Hdt7s> < oo, (3.9)
respectively,
T ) 1/2
el =1 [, Pt 0l de} <, (3.10
Let C(0,T;H) be the set of all continuous functions w(-,t): (0,T) — H with

lullco,rm = sup [|[u(-, 0|y < . (3.11)

O<t<T

We write B%‘ »(0,T;H) for the space of functions from (0, T) into H which are weighted
Bouziani space for the measure dt. It is a Hilbert space for the norm

T 1/2
lullyy o = HO (5t(eCT||u(-,T)HH))2dt} . (3.12)

The following inequalities are well known and are frequently used in this paper. We
list them here for convenience.

LEMMA 3.6. For x € (0,b), the following inequalities hold:

Il o, = Blul, . (3.13)
2
10 < 4112
, b2 (3.14)
1410 g < 112

We are now in a position to give the abstract formulation corresponding to the
problem (2.7), (2.8), and (2.9).

3.2. Abstract formulation. We consider problem (2.7), (2.8), and (2.9) as the solu-
tion of the abstract equation

=(f,p), (3.15)
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where L is the operator which maps u(x,t) to the pair of elements $u and fu, so that
Lu = (Pu,fu). (3.16)

We consider L as an unbounded operator with domain D (L) consisting of all func-
tions u belonging to LZ(O,T;B;j;(O,b)) for which ou/ot,(1/x)(0u/ox),0%u/ox? e
L2(0, T;Bi‘j (0,b)) and satisfying conditions (2.9). We complete D (L) in the norm

ull —ﬂ ou
BE= Ul bt

2

172
I g 0| (3.17)
L2(0,T;BY% (0,b)) C(0,T:Hs (0,p)

this yields a Banach space B. The elements of B are continuous functions on [0, T]
with values in H! (0,b). Hence on B, the following mapping is defined and continuous:

£:B>u— fu=u(x,0) € H (0,b). (3.18)

We write F for the Hilbert space L2 (0, T;LE (0,b)) xH!(0,Db) consisting of all elements
(f, ) for which the norm

1/2
@ e = {112 0 2200 19120 0} (3.19)

is finite. We consider the operator L with the above domain as a mapping from B
into F.

Now, we can introduce the concept of a generalized solution of problem (2.7), (2.8),
and (2.9). Let L be the closure of the operator L.

DEFINITION 3.7. A solution of the operator equation

Lu=(f,p), (f,p)€F, (3.20)

is called a generalized solution of problem (2.7), (2.8), and (2.9).
To prove the solvability of problem (2.7), (2.8), and (2.9) in the sense of Definition 3.7,
we establish the a priori estimate

lullg < cllLullp, u e D(L). (3.21)

It follows from (3.21) that there is a bounded inverse L~! on the range R(L) of L.
However, since we have no information concerning R(L) except that R(L) C F, we
must extend L, so that an a priori estimate like (3.21) holds for the extension. For
this, we prove that L admits a closure. Thus we extend (3.21) to u € D(L) by passing
to the limit. It follows that the closure procedure for L reduces to the closure of the
range R(L) in F, so that R(L) = R(L), and a bounded inverse L~! exists on R(L), so
the uniqueness of a generalized solution. For existence, it remains to prove that R(L)
does not have an orthogonal complement in F.

3.3. Smoothing operators. We consider the operators defined by the relations

1
(v = Eﬁt(e(”f)”‘”v), €>0,
(3.22)
- 1 -
(psl)*v = —;5?(6(1/5)“ T)v), >0,
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where 3fg = ftTg(x,'r)dT. These operators, first proposed by Yurchuk in abstract
form in [11], are used as smoothing operators with respect to t [12]. They furnish the
solutions of the problems

-1

2 (oo =v, (o v =0

o (3.23)
_Ea(ﬁ)ga#Jr(p;l)*v:v, (pe") v (x,T) =0

respectively. These operators have, for all v € L%(0,T,L?(0,b)), the following
properties:
(P1) the functions (p;Y)v and (p;')*v € HY(0,T), with (p;1)v(x,0) = 0, and
(peH*v(x,T) = 0;
(P2) the operators (p71)* are conjugate to (p; '), that is,

J (p;l)v-wdxdt=J v-(p;) wdxdt, VweL*0,T); (3.24)
Q Q

(P3) (p;H)(0v/oT) = (8/8t)(p7Hv +(1/€)e HE - v (x,0);
P4) Jy 1o Vllziomdt < fo IVlI20pdt and [§ (p71)v = vll2opmdt — 0, when

-0

(P5) fo o) *vllp20pmdt <f0 v ilL20p) dt andfo I(ps)*v—vll120pdt — 0, when
-0

(P6) if A(t)v =a(t)(0/ox)(x(0v/ox)) then

At (pe v = (peH ATV +e(p A (T) (), (3.25)
where A" (t)v =a’(t)(0/0x) (x(0u/ox)).

For the proof of these properties, see, for instance, [4].

4. Uniqueness and continuous dependence. In this section, we first establish an a
priori estimate. The uniqueness and the continuous dependence of the solution upon
the data then are direct corollary of it.

THEOREM 4.1. Under Assumption 2.1, the solution of problem (2.7), (2.8), and (2.9)
satisfies the following a priori estimate:

lullp < clliLullg, 4.1)
where c is a positive constant independent of u.

PROOF. We consider the scalar product in LZ(O,T;B;”;(O,b) NL2(0,b)), with 0 <
T <T,of (2.7) and ou/0ot, yields

—JOT (a(t) i(xau(.,t))’ 8ua(-t,t))3;:;(0‘h)

0 ot lls}xop x 0x ox
Tlou(-,t) 2 r(a(t) 0 < au(-,t)) au(-,t))
_ = 4.2
+Jo ot L2(0,b) 0 X 0x X 0x ’ ot % o,h)dt @.2)

J (f( t) au( t)>Bi;k(Ob) J (f( t) au( t)) ?(O,b)dt
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The standard integration by parts of the second and last terms on the left-hand side
of (4.2) leads to

_LT (& %(xa“a()'c’” ), St )B%J;(O’b)dt - LT J:a(t)xg—;‘si (E%—?)dxdt,
(G ) ) = g [ (T
féjha(O)x<Z—(§>2d
J J a(t)x( ) dxdt.

(4.3)

Substituting (4.3) into (4.2), we get

Jy

ou(-, 0|
ot

ou(-,t)
ot

BYE(0h) Io ;(O,b)dn%Jja(-r)%%)zdx
= J, (550 ) et (0 a”(t”)m,wd“%fob ax(42) ax
ZJ J a(t)x( ) dxdt - J J a(x Sty (5 *)axar.

(4.4)

In light of the Cauchy inequality and inequality (3.13), the first two terms and the last
term in the right-hand side of (4.4) are then majorized as follows:

J <f( 2 e t)> ;;;‘<o,b>dt

2 LJT
I LGy t)Hg;j 0h)dt+ 2& ot Bé;j;(o,h)dt’
i au(-,t)>
'lt ’
JO (f( ) ot J1zob
(4.5)
J £ (s t)HLZ(ob)deTz 12(0,b)
A Lo
bng 5 Hau( ,t) 1
_ ; A dt.
> (t) 2o0w) 2¢5 Jo ot g}k
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Combining the inequalities (4.5) with (4.4), choosing €; = 3/2, &2 = 3/4, and €3 = 3/2,
and using Assumption 2.1, we obtain

T B T PR e
3 By (0.b) £3(0,b) ox  lz2(o,p)
2
< L DR ot [ IO g dre S G2 L @
3bc?
+
4 Jo ox 2o,
Observing that
B o = 5 Il 2 g+ S dt
3 Tz = 30PU20p) T 3 12(0,b) 2on
4.7)
it follows by using (3.13) and (3.14) that
2
. 3 B;,;(O‘b)d“r“”( O a2 o)
’ (4.8)
<os([ PO, g dt+ 101y 0 ) e [ T2, d
where
3 2
o = max (c1/2,3(1+b3)/8) . max (1/3,3bci/4) 4.9)

min (1/3,c¢/2) ’ min (1/3,c¢/2)

We eliminate the last term on the right-hand side of (4.8). To do that we use [3,
Lemma 3.1] to obtain

outt) dt TP
oll ot llgzom el o

(4.10)
scgexp(cm(J SO A 1912y o )-

Since the right-hand side here does not depend on T; we take the upper bound of the
left-hand side on T from 0 to T; hence (4.1) holds with ¢ = cé/ 2 exp(cyT/2), and this
proves Theorem 4.1. O

We show that the operator L admits a closure, that is, the closure of the graph
G(L) C BXF of Lis a graph G(L) = G(L) of operator L.

PROPOSITION 4.2. The operator L : B — F with domain D (L) has a closure.

PROOF. For the proof, the reader should refer to [10]. |
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We extend the a priori estimate (4.1) to u € D(L) by passing to the limit, that is,
lullp < c||Lullp, YueD(L). (4.11)

From (4.11) we conclude the following corollaries.

COROLLARY 4.3. Let the conditions of Theorem 4.1 be satisfied. If problem (2.7),
(2.8), and (2.9), has a generalized solution, then this solution is unique and depends
continuously on (f, ).

COROLLARY 4.4. The range R(L) of L is closed in F and R(L) = R(L), where R(L) is
the range of L.

5. The existence of the solution. Now we want to prove the solvability of our prob-
lem. Our existence theorem reads as follows.

THEOREM 5.1. There exists a function u € C(0,T;H!(0,b)) with du/ot € L*>(0,T;
B%:,f (0,b)) which solves problem (2.7), (2.8), and (2.9) in the sense of Definition 3.7, for
arbitrary f € L*>(0,T;L%(0,b)) and o € H!(0,b).

PrOOF. Corollary 4.4 shows that, to prove that (2.7), (2.8), and (2.9) has a general-
ized solution for each (f, @) € F, it is sufficient to show that R(L) is dense in F. For
this we need the following proposition.

PROPOSITION 5.2. If

T
Jo (LU, 1), 0(,8)) 20 dL =0, (5.1)

for some function w € L?(0,T;L2(0,b)) and all u € Do(L) = {u/u € D(L) : fu = 0},
then w = 0 almost everywhere in Q.

PROOF OF THE PROPOSITION. Equation (5.1) may be written in the form

T rou(-,t) (T |
L( ot 'w(.’t))LE(o,b)dt_Jo (AU, 0 0) 120 pdt. (5.2)

Substitute in (5.2) u by the smooth function p;'u, hence by property (P3) it follows
that

T jou ! -1
JO (pf a_T’w(';t))Lg(O’b)dt=J0 (A(t)pé- u,w(',t))LZ(O‘b)dt. (5.3)

Applying property (P6) to the right-hand side of (5.3), we get

Tr _ou r 1, _
J, (Pflﬁ’w("t)>Lg(o,b)dt:Jo (P AU+ £p AT (D) U0 (1)) 2 0.y .
(5.4)

According to property (P2), it follows that

T

Trou(-,t ~ , _ ~
JO ( u;t ),(Pgl)*w)LZ(Ob)dt:L (A u+eA (Op u, (p )" w) 2 pdt. (5.5)
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The standard integration by parts with respect to t of the left-hand side of (5.5) leads to

T a(pgl)*w T ’ — —1\*
JO (u(-'t)’T)Lg(o,mdtzL (A u+eA () p u, (p: ') W) 20 pdt. (5.6)

The operator A(t) with boundary conditions (2.9) has, on L?(0,b), a continuous in-
verse. Hence, it is easy to see that

[ e, 2020

dt
0 ot )L%m,b)

T
:J (ADu+eA (O p AL O AWMU, (p71) W) 20 ) dl
0 (5.7)

T
- JO (AU +eAe (DA, (p71) W) 200 At

T
- JO (A(Du, (I+A%) (1) ) 120, dL.

The calculations of A~'(t), A(t), and A} (t) are straightforward but somewhat te-
dious. We only give their definitions

1 _ 1 (7dg 1
A(t)g a(tj jg(ntdm (t)logbj g(x,t)dx,

Ae(t)g=a' ()p' ——g(x,7), (5.8)

)

* —1\%* 1 —1\*
AF () (ps') w= 20 ——(pH)*a (1) (p:H)* w.,

The left-hand side of (5.7) shows that the mapping IOT(A(t)u,Kg(t)(pgl)*w)Lz(ovh)dt
is a continuous linear functional of u, where

Ke(t) (p7) w = (I+eA () (p7Y) " w, (5.9)

if the function K, has the following properties:

OKe 1200 1412 i(aKE) 2 pra
. €L(0.TLA(0,), o (x5 5) €L*(0,TiL*(0,b)), (5.10)
and satisfies
K |x:0 =K, |x:b =0. (5.11)

Therefore, we conclude from (5.9) and (5.11) that

Lo - -1 _
(I+£ 0 (p:Y) a(‘r))( ) |x=0 = 0. (5.12)

For each fixed x € [0, b] and sufficiently small &, the operator

— (p:! ' —1)*
(1+ e o) @ ) (p:) (513)
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has a continuous inverse operator on L?(0, T). Thus from (5.12) we obtain
W]x=0 = W[x-p = 0. (5.14)
We set
w(x,t) = x3v - 39%(E%v). (5.15)

From (5.14) and (5.15), we conclude that

b
J x2v(x,t)dx =0, v(b,t) =0. (5.16)
0

If we substitute (5.15) into (5.2), we obtain

JT (M,x“v(-,t)—3x8§;(§2v(-,t))) dt

0 ot L2(0,b)
, (5.17)
=J0 (AW x30 (-, 1) = 355 (E20 () 2 o L.
Now we put
t
u=9(ev) = J eTv(x,T)dT (5.18)
0
in (5.17), where c is a constant such that
cco—c2—36b%c? = 0, (5.19)
and integrating by parts by taking into account (5.16), we get
T .
J (au( ’t),x4v(-,t)—3x8;§(§2v(-,t))) dt
0 ot L2(0,b)
T rb . 3 T rb 5
=J J eCtX4UZdth+_J J et (J5(8v)) dxdt,
0 Jo 2Jo Jo
T
JO (A u,x3v (+,1) =35 (E2V (+,1))) 12 Al
(5.20)

- _% J:e‘CTa(T)x4 (%)de
_ % Jj Jje’”x“(ca(t) —a'(t)) (%)%&dt

- 6J0T ij%(t)v (W)dxdt.
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Substituting (5.20) into (5.17), yields
T b 3 T b 5
J J eCtX4v2dth+*J J e (I35 (Ev))“dxdt
0 Jo 2Jo Jo

I N 4 (097 (etv)?
__Ejo e allx ( 0x ) dx
(5.21)

_ % JOT J:e*Ctle(ca(t) —a' (1) (%)dedt

- GLT J:x%t(t)v (%%)dxdt.

The application of the Cauchy inequality to the last term of the above equality gives
T (b T b )
J J eCtx4v2dxdt+J J et (IE(Ev)) dxdt
0 Jo 0 Jo
b ct 2
< —lJ e‘CTa(T)x“(M) dx (5.22)
2 Jo ox

reb 09 (eTv)\2
. ct A4 _ _ 2 22 t
.[o Jo e “‘x*(ca(t)—a'(t)-36x°a (t))( ox ) dxdt.

According to Assumption 2.1 and inequality (5.19), we get

2
L%(0,T:L% (0,b

2

v ,
vl L,Z,(O,T;Bé::(O,b))

nt vl
- , (5.23)

< 7(CC0 —c2—36b°cy ) lv ”Bg,p(O,T;L(Zr(O,b)) <0,

and thus v = 0, hence w = 0 almost everywhere in Q. This proves Proposition 5.2.

O

Returning to the proof of Theorem 5.1. Since F is a Hilbert space, the density of
R(L) in F is equivalent to the property that orthogonality of a vector W = (w, wg) € F
to the range R(L), that is, the identity

T
JO (LU0, (1) 120 Al + (£, 00) 1 o) =0, V€ D(L), (5.24)

implies W = 0. In particular, if u € Dy (L) then conclude by Proposition 5.2 that w = 0.
Thus (5.24) implies that

(#u,wo)H}(O’m =0, ueD(L). (5.25)

Now since R(¥) is dense in H!(0,b), it follows that wo = 0. Hence R(L) = F. This
completes the proof of Theorem 5.1. a
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