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We study the existence of bounded solutions to the elliptic system —Apu = f(u,v) +h;
inQ, -Azv =g(u,v)+hy in Q, u = v =0 on 0Q, non-necessarily potential systems. The
method used is a shooting technique. We are concerned with the existence of a negative
subsolution and a nonnegative supersolution in the sense of Hernandez; then we construct
some compact operator T and some invariant set K where we can use the Leray Schauder’s
theorem.
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1. Introduction. The aim of this paper is to study the existence of solutions for the
following system:

-Apu = f(u,v)+h;, -Av=gu,v)+h, inQ,

1.1
u=v=0 onoQ, (1.1)

where Q is a smooth bounded domain of RN, where N > 1, p,q > 1, f, g are continuous
functions of R? into R and h,h; are the functions given in L*®(Q).

System (1.1) results from the study of the nonlinear phenomena, such as the evo-
lution of population, of chemical reaction, and so forth. A great attention was given
to the existence of the solutions for a system of the (1.1) type, by using various ap-
proaches (cf. [3, 4, 5, 7, 13]). When the system has a variational structure, the existence
of the solutions for (1.1) can be established by means of the variational approaches un-
der adapted conditions (cf. [9, 13]). When (1.1) does not have a variational structure, as
in Vélin and de Thélin [13], where the authors obtained some results for the existence
of solutions to problem (1.1) with the following growth conditions of nonlinearity f
and g:

| fu,v) | <arlul®vPor! +ap|ul® ! +azlv|ft,

(1.2)
lg(u,v)| < aslul® v o +as|ul® ! +aglv|fel
where a; (i =1,...,6) are positive constants and «; and B; (i = 0,1,2) satisfy
xo+1 +/30+1 <1,
p a
1<oy <p; 0<31—1<%, (1.3)

1<¢x2—1<q£*; 0< B2 <q.
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Always in the case of a system, we can notice the existence results obtained in Baoyao
[2], and Brézis and Lieb [4].

The case of a scalar equation has been studied by many authors, see de Figueiredo
and Gossez [6], Fernandes et al. [10] and Fonda et al. [11]. More recently, some in-
teresting results have been obtained by Gossez and El Hachimi [12] and Anane and
Chakrone [1]. Those authors derived the solvability of the following problem:

-Apu=f(u)+h inQ,

1.4
u=0 onoQ, (1.4)
under the following condition:
. opFu)
&lzrl}olnfu—m < Uys (1.5)
where
2 (Y ds "
o= -1 1.
Uy = (m )[R(Q)L m—l_sm} , (1.6)

and R(Q) denotes the radius of the smallest open ball B(0,R) containing Q. The par-
ticular cases N =1 and m = 2 were considered in [10]. It was shown there that (1.4)
is solvable for any h € L*(Q) if

lim inf 2F(u)

Uu—o0 uz

< A1,2, (17)

where A;, is the first eigenvalue of —A and Q =]a,b[. Observe that for N > 1, we
have p; < A1 2(Q). Then, the question naturally arises whether i, can be replaced by
A1m (Q) in (1.5), where Aq ;, is the first eigenvalue of —A,,. This problem remains open.

The goal of this paper is to show that the same approach in [12] can be applied
for some quasilinear elliptic systems with the constants u, and pg, defined below,
associated, respectively, with the operators —A, and —A,, and where p,, (m =p,q),
better than p,,, is presented in (1.5). In this case, we treat the question of the existence
of the solutions for system (1.1) without imposing variational structures, which is
often the case for system (1.1) and without necessarily the growth conditions for f
and g.

2. Main result. We make the following assumptions:

(Hy) (i) The function f(u, -) is a nonincreasing function on R for all u in R,
(ii) The function g(-,v) is a nonincreasing function on R for all v in R.

(H) There exists some unbounded increasing subsequence (my)y, satisfying

Up 1/ Up 1/

. pF(mk Y m, ") . qG(mk P iom, q)

lim ————~ <y, lim ———% <y, (2.1
k—+o0 myg k—+oc0 my

1/ 1/
lim < lim aG(=my",-my") < 2.2)
k—+o my He: k—+00 my Ha, ’
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where F and G are the following functions:

F(u,v) = J:f(s,v)ds, G(u,v) = L:g(u,t)dt, (2.3)

and where we denote by u, and p, the following constants:

2 1 ds r 2 L at 1
Hp=(P—1)[mJO m:| ’ Ilq=(q_1)|:m 0 W] ’ (24)

with b —a = min(b; —a;) and P =Il[a;, b;] is the smallest cube such that P > Q.
Observe that for N = 1, u, and g are, respectively, the first eigenvalue of —A, and

—Ag when Q =]a, b[. Itis clear that p, is better than p,, defined in (1.5). In particular,

itis interesting when Q is a rectangle or a triangle, because p, > p, and p, = Ay, (Q).
The main result of this paper is the following statement.

THEOREM 2.1. Under hypotheses (H,) and (H>). Problem (1.1) has a solution (u,v)
in (Wy" (Q) x Wy (Q)) N (L= (Q) X L*(Q)) for any (hy,h2) in L+ (Q) x L+ (Q).

EXAMPLE 2.2. Consider
f,v) =a)ulul* v gu,v) =bx)lul vt (2.5)
(1) Assume that ||alle < Hp, |IPlle < g, and

+1 +1 +1 o0+1
atl Bl _y o yxl ol

p qa p qa

1. (2.6)

Then we conclude the existence of solutions.
@) 1f
a+1+B+1<L y+1+5+1
14 a p q

<1, (2.7)

we have the existence for all (a,b) in L**(Q).

The method used in this paper is a shooting technique. In Section 3, we are con-
cerned with the existence of a negative subsolution (u¢,vo) and a nonnegative super-
solution (12, v9) in the sense of Hernandez’s definition [13]. In Section 4, we consider
some compact operator T and some invariant set K. And, we look for solutions of
problem (1.1) as fixed points of the operator T. We will be in the conditions of the
Schauder fixed point theorem.

3. Construction of sub-supersolutions

DEFINITION 3.1. A pair [(ug,v0), (1% v?%)] is a weak sub-supersolution for the
Dirichlet problem (1.1), if the following conditions are satisfied:
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(10,v0) € (WP (Q) xWH(Q)) N (L™ (Q) X LT*(Q)),
(u,v°%) e (WP (Q) x WhHa(Q)) N (LT (Q) x LT (Q)),
—Apug — f(x,u0,v) <0< -Apu’— f(x,u’%v) inQ, Vv e [vy,v°],
—Aqv0— f(x,u,v0) <0< =A0° = f(x,u,v°) inQ, Yu € [ug,u’],

uo=<u®, vo=v® inQ, wUry=0=<u’, vo=0=<v°’ onadQ.

(3.1)

Similar definitions can be found in Diaz and Hernandez [7], and Diaz and Herrero [8].

For all M > 0, we note that

fav)=fuv)+M,  §uv) =gu,v)+M,
F(u,v) =F(u,v) +Mu, Gu,v) =G(u,v) +Mv.

(3.2)

Notice that if F and G satisfy the assumption (2.1) of (H,), then the same holds for F

and G.

PROPOSITION 3.2 [6]. Under hypothesis (2.1) of (H,), there exist two sequences dy

and d;, such that
@@ m,'” = dy =0, for allk e N and

d ds 1 ds ~1/
J 1/ 1/ > Jo R/1—sp (ko] .
\/pF d M, q (s m, q)

() m,'? = dj, =0, for all k € N and

dt Jl dt

dy
I /p A 1/p g
\/qG i) —aG(m" 1)

REMARK 3.3. We have

! ds -1/ -1 b-a
ply, p_ /q=
VP 1J0 Qs W] Va Jo 2/1 2

PROOF OF PROPOSITION 3.2. We only prove (a); the proof of (b) is similar.

(1) From (2.1) of hypothesis (H>), there exists some u > 0 such that

pﬁ(m,lc/" m,l(/q)

Iim ——————= < u < uy,
P My K= Hp
then
hm umk—pF( 1/p m,lc/q> + 00,

k— 400

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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(2) We consider the functions [H (-, my) |k, where
H(s,my) :usfpﬁ<s”"’,m,1</q). (3.8)
For all k > 0, we have

H(0,my) = pr<0 ml/q) 0,
\/a (3.9)
H(my, my) = umk—pF( P m, ) > 0.

Then for all k € N there exists di > 0 such that d} < my and forall s € [0,d} ], we have

H(s,my) < H(d},my), (3.10)
that is,
us — pF( Lp ml/q) < pdl - pF(dk, l/q), (3.11)
then
pE(di,my/ ) - pF(sP,m/*) < p(df -s). (3.12)

Let s = w”, where w € [0,d;] € [0,m;'"]. We obtain

(dk,mk ) pF(w m,lc/q) < p(dl —wP), (3.13)
that is,
— L e L (3.14)
Rldl — wp ’(/pﬁ(dk,m}(/q)—pﬁ(w,m}(/q)

Then integrating on [0, d] we obtain

I dw \ i dw
-1/p
Jo i p[u] SJ (3.15)

This proves (a). a

3.1. Construction of supersolution (1°,v9). In the following step we suppose that
for all k € N and for all s € [0,m;"]

f(sm?)+M = 0. (3.16)
Denote by ( fk) x the sequence of functions defined by

f(mk/ m,]c/q) +M forsin [mk/p,+oo[,
Fr(s) = f(s m,lc/q> +M for s in [0 m”’”], (3.17)

f(O ml/q)+M for s in ] —0,0].
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For all k € N, we associate to the function fk, the following problem:
—(Jw'1P72u) (t) = f (u(t)), wu(t)=0fortin [a,b]. (3.18)
For all k € N, we define the nonlinear operator T} such that
Ty : C([a,b]) — C([a,b]) (3.19)

in the following way:
t v 1/(p-1)
Ti(u)(t) =dyg —J [J fk(u(s))ds} dr. (3.20)

Since fk is a nonnegative function, the operator Ty is well defined.

LEMMA 3.4. For allk >0,
(i) the operator Ty is completely continuous,
(ii) there exists a fixed point for Ty.

PROOF. lLetk e N,

(1) the continuity is immediate,

(2) let (uy,), be abounded sequencein C([a,b]) such that the sequence (Tx(uy))n
is also bounded in C([a,b]).

By the continuity of the function fk, there exists some constant Cy such that

t' ela,b]l, Vt, (3.21)
for all n € N we have
| Ti (i) (t) = T (un) (t') | < Cr|t—t"]. (3.22)

So (Tx(uyn))n is uniformly equicontinuous and by Ascoli theorem the sequence
(Tx (uyn))yn is relatively compact in C([a,b]).

(3) Using the Leray-Schauder theorem we deduce that Ty has a fixed point uy €
C([a,b]), that is, Ty (uUr) = Uk. O

REMARK 3.5. By definition of the operator Ty, we have
M) —luglP~2up () = fp fe(ur(s))ds,

(i) uy(a) =0,

(iii) uk(a) = dk.

Since fk is a nonnegative function we have

(iv) uy(t) <0 for tin [a,b].

That is, uy is a nonincreasing function on [a, b].

LEMMA 3.6. From (2.1), choose (dy)y such that

we(t) =0 in [a,“T”o] vk €N, (3.23)

where uy is the fixed point of the operator Ty.
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PROOF. Let (dy)y be some sequence such that dy € [O,mi/’”] for all k € N.
We denote by t; a real number such that u(tx) = 0 and uy(t) >0 on [a,tx].
Then, from Remark 3.5, since uy is a nonincreasing function and dy € [0, mk/ 71, we

have

m/P = u =0 Vtela,t]. (3.24)

Consequently, for all t € [a, tx] we have

(g 172 u) (0 = fielur ) = f (we(0),m/®) + M. (3.25)

Multiplying (3.25) by u,, we obtain

p*l ’ ’ d ~ 1/
T(— lup()]?) = E<F<uk(t) my q)), (3.26)
where
Fu,my/?) = Fu,v) + Mu. (3.27)

Integrating (3.26) on [a,t] C [a,tx], we obtain

—Rlp—1up(t) = {[pF(de, m?) — pF (ui(t),m/?). .
2lp —1ul (t) \/F(d CY) = pE (we (), m) (3.28)

Integrating (3.28) again on [a, t;] we deduce that

t a7
2 J ¢ U (0) dt <ti—a. (3.29)

\/pF dk ml/“) pF(u (1), ml/q>

Then, we obtain

ds <ty —a. (3.30)

J \/pF dem 1/q (S m}l{/q)

It follows from Proposition 3.2 and Remark 3.3 that one can choose the sequence (dy)
such that for all k > ko we have

< Alp- Jdk 1 as. (3.31)

\/pF d ml/q>—pﬁ(s mi/q)

Consequently, from (3.30) and (3.31), we obtain that for all k > kg, there exists ti
satisfying ty > (b+a)/2. |

PROPOSITION 3.7. Suppose that the sequence (my) satisfies (2.1), and that for all
k > 0 we have
inf  f(s,m/7) +M =0, (3.32)

selo,m’? ]
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Then, there exists some number ko € N such that for all k = k, the problem

—(lw P2y’ =f<u,m,1</q) +M in(a,b),
(3.33)
u>0 onla,b],

has a solution iy satisfying ity € C1([a, b)), (|1, |P-2i1})" € C([a,b]) andm;'? =1 =0
for all k = k.

PROOF. Let (ug)r be the sequence defined in Lemma 3.6. This sequence satisfies
that for all k > ko,

ukeC1<[a,ath]>, <|”;<|p_2”;<),ec([“'aT+b])’

~(Jug ") = £ (w0, mE) +M in [a,%b], (3.34)
m/? =1 =0 in [a,aTw],
uy(a) =0. (3.35)
We denote by 11 the following function:
uk<3a2+b —t) ifte [a,—a;b],
Uk (t) = 3.36
T (e z) wee]ezty] -
k 2 2 b -
Then, from (3.34), it is easy to see that
Vkzko, weC (labl), (1a;]"7a;) eC(la,bl),
~(1ag 17 %a;) 0 = f (), my") + M in[a,b], (3.37)
m,/? =0, =0 inla,b].
Then the conclusion holds. O

PROPOSITION 3.8. Let M > 0. From (2.1), there exist some m > 0 and (i, V) €
(CY([a,b]))? such that

(15" a0) o (1050172 01) ) € (Cla,b])?,
|y 1”20 = f (@, ") + M in (a,b),

' (3.38)
|03 | 20,) = g (M 00n) + M in (a,b),

m'?>q,>0, mYi>9,>0 onla,b].
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PROOF. We study three cases.
CASE 1. We suppose that for all k € N we have

inf f(s m,lc/q) +M <0, inf g(m?”,t) +M <0. (3.39)

seglo,my'*] tefo,my/

/F1and tm, € [0,m,'?] satisfying

Then for all k € N, there exist s;,, € [0,m
f(smem?) +M <0, g(m/? tm, ) +M <0. (3.40)

Consequently, for m = my, the couple (11, Dm) = (Smy,tm, ) satisfies the result.
CASE 2. Assume that for all k € N we have,

inf f(s mi/q)+M20, (3.41)
selo,my/?]

. 1/p

inf g(m/",t)+M<o. (3.42)
tef0,m,/ ]

(a) From (3.41) and Proposition 3.7 there exist some ko € N and some sequence
(k) k such that, for all k = kg, we have

i e Cl(lab)), (ap|" *a;) € C(la,b)),
(121" %03) = f (@ mi/?) + M in (a,b), (3.43)
m/? =0, =0 inla,b].
(b) From (3.42), there exists a sequence (i, )¢ such that
m? =ty 20, g(m" b, ) +M <0 Vk = ko. (3.44)

Consequently, for m = my with k > ko, the pair (i, ,tm,) satisfies the result.
CASE 3. Assume that for all k € N, we have

inf f(s m,lc/“)JerO, inf g(m}(/’”, )+M20. (3.45)

selo,my/?] telom/1]

Then, from Proposition 3.7, for all k > ko, there exists (fix,Vx) € (C!([a,b]))? such

that '
((laelP*ae) (1917 o1) ) € (Cla,b))’,
(11" %03) = f (o mi/?) + M in (a,b),
(3.46)
—({ﬁ,’(|”_21§,'() zg(m,l(/p,f/k)+M in (a,b),
m/? =i =0, m/?=9,=0 onla,b].
This proves the results. a

Now, for problem (1.1), we consider a smooth bounded domain Q in RN, and we
have the following result.
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PROPOSITION 3.9. Under hypotheses (H,) and (2.1) of (Hz), problem (1.1) has a non-
negative supersolution (u®,v%) in Wh? (Q) x Wha(Q).

PROOF. Let M =| hi |le + || h2 | -P =[][ai, bi] is a cube containing Q and

b—a= inf loi—ai=b1—a1. (3.47)
1<i<N

From (2.1) of hypothesis (H,) and Proposition 3.8, there exist m > 0 and (i, V1) €
(CY([a,b]))? such that

(1 172 00) (197 P *05) ) € (Cla,b])’, (3.48)
and (i, Uy,) satisfies
-( ﬁ;n|p72ﬁ§n>, > f(m,m"1) +M in (a,b),
(1071 %0},) 2 g(m'1?,0,) +M i (a,b), (3.49)
m? =0,=20, m'9=9,, >0 onla,b].
We denote by ©u° and v° the functions such that for all x € Q with x = (x1,X>2,...,Xx)
u%(x) = fm(x1), v0(x) = D (x1), (3.50)

where (1°,v9) is clearly in W17 (Q) x W14(Q), moreover by hypothesis (H; ), we easily
obtain
~Apu’ > f(u®v)+hy forv <v®ae onQ,
~Agv° > g(u,v°%) +hy foru <u’ae onQ, (3.51)
>

u’>0, v°>0 onQ.

Then the result follows. |

3.2. Construction of a subsolution (1, V). Similar to the construction of a super-
solution we can prove the following result.

PROPOSITION 3.10. Under hypotheses (H;) and (2.2) of (H»), problem (1.1) has a
subsolution (1, vo) in WHP (Q) x Wha(Q).

4. Proof of Theorem 2.1. We proceed in the following steps.

(i) From Propositions 3.9 and 3.10, there exists a pair [ (ug,vo); (1%, v°)] of sub-
supersolution of problem (1.1).

(ii) Construction of an invariant set. In order to apply Schauder’s fixed point
theorem, we introduce the set K = [ug,u’] x [vg,v°]. Next we define the following
nonlinear operator T: for all (u1,v1) € WHP(Q) x Wh4(Q), we associate (uz,v») =
T((u1,v1)), where (up,v>) is the solution of the system

—A,,u=f(x,u,v1), AV =g(x,u1,v) inQ,

4.1)
u=0, v=0 onoQ,

where X
fx,u,v) = f(U,V)+hi(x), J(x,u,v) =gU,V)+h(x), (4.2)
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with

Ux) =u(x)+(uo—u), —(u-u’),,
(4.3)
V(x)=v(x)+(vo-v), - (v-17),.

The functions f and g are bounded, so the operator T is well defined. Furthermore,

K is an invariant set for T. Let (u1,v1) € K and (uz,v2) = T((uq,v1)).
We show, for example, that u» < u°. From (3.51), (4.1), and (4.2) we have

0= —-Apur—f(x,uz,v1) = -Apur — f (U, V1) —hi(x)

0 0 (4.4)
= [=Apuz+Apu’ ]+ [f (u®,v1) = f(U2,V1)],
multiplying (4.4) by (1> —u®), and integrating over Q, we obtain
0> J [| VP2V us— | Vul [P 2 Vul] vV (us —u’), dx
Q
4.5)
+L2 [f (u,v1) = f (U2, V1) ] (u2 —u®) , dx.
Since v; € [vg,v°], we have V| = vy, where V] is associated with v; as in (4.3).
Denote by Q. the set
Q, ={xeQ; u—u’>0}. (4.6)
We have U, = u? in Q.. Then
J [f(u®v1) = f (U2, V1) (u2 =), dx
@ 4.7)

— [, LA 0 = £ (w0, 00) (a2~ ) dx = 0.

By the monotonicity of —A, in L?(Q), we get that 0 > || (12 —u%); ll1rq)-

Thus u; < u° on Q and similarly v, < v° on Q. So that the property, T(K) C K,
holds.

(iii) The operator T is completely continuous.

(a) We prove that T is compact; let (u{,v{)j be a bounded sequence in L7 (Q) X
Li(Q). Let (ué,v%) = T((u{,v{)), so multiplying (4.1) by u{, we obtain

1/
JQ ’ Vu%’pdx= L}f(x,u%,v{)uédx<C[L2 ’ué‘pdx} p. (4.8)

Therefore, (ué)j is bounded in W7 (Q) and it possesses a convergent subsequence
in L¥ (Q)). Analogously for (vg)j in L1(Q).

(b) Now we prove the continuity of the operator T; from the continuity of the func-
tions f and g associated at the bounded functions f ,g, and by the dominated con-
vergence theorem, we deduce easily the continuity of the operator T.

Since K is a convex, bounded, and closed subset, we apply Schauder’s fixed point
theorem and we obtain the existence of a fixed point for T which gives the existence
of one solution of (1.1). O
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