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1. Introduction. The classical Hardy inequality [3] states that: for f(x) >0, p > 1,
1/p+1/g=1,and 0 < [5 fP(x)dx < oo,

J: [%J:f(t)dt]’”dx<ql’ J:f’”(t)dt, (1.1)

where g = p/(p —1) is the best possible constant.
The dual form of (1.1) is as follows: if 0 < féx’ (xf(x))Pdx < oo, then

J: (J:f(t)ﬂ)pdx < pvj: (LF ()Pt (12)

where the constant p? in (1.2) is still best possible.
Bicheng et al. [2] gave some new generalizations of (1.1) which can be stated as
follows:

J: (%J:f(”dt)pdx <a'f1- (%)Uq]pﬁfp(”d“ (1.3)
J: (i J:f“)dt)pdx <q’ J: [1-60,()]fP()dt (0<0,(t) <1); (1.4)
Iob (ij:f(t)dtydx <quoh [1_ (%)Uq]fp(t)dt' (1.5)

where 0, (t) = (1/p) Y-, (k&)(—l)k*l(a/t)k/q >0fort>a>0,and 6,(a) =1/q.
Recently, Becheng and Debnath [1] gave improvement of (1.3) and some generaliza-
tions of (1.2):

Lh (%Ef(”dtydx < qpnp(a,b)J:fp(t)dt;

J: <L:of(t)dt>pdx <pP J: [1 _ (%>l/p] (LF(D)Pdt; (1.6)

J: (ij(”dt)pdx <p? J:Hp(t)(tf(t))pdt,
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where the constants n,(a,b) = maxa<;<p{(1/g)t'/4 ftbxflf”q[l —(a/x)Var-ldx},
Up(t) = (1/p){1—(t/D)V/P}P(b/t)1P.

In this paper, we show some new improvements and generalizations of the inequal-
ities (1.1) and (1.2).

2. Main results

LEMMA 2.1. Leta>0,p >1,1/p+1/q=1-1/v,f>0,v>1,and0 < f;’f”(t)dt <
co. Then, there exists a real number xq € (a, o) such that, for any x > x, the following
inequality is true:

X 14 p-1 p-1
palp-1) 1
vat) < ) (1-7)
(J,r0 (pra)p—1)—p v
% (xl-l/u-l/y)q(p-l) _al—l/(l—l/r)q(p—l))p_l JX (/A=1ma pp (1) dr.
a

(2.1)

PROOF. By Holder’s inequality, we have

(Ef(t)dt)p _ (J: tl/(l—l/r)an(t)t—1/<1—1/r>pth>p

_ -1
< JX tl/(l’l/”qf”(t)dth (t—l/(l—l/r)IM>p/(p Ddt)p
a

a
,( pap-1) )”’l(l_l)’H
(p+a)p-1D-p v
><(x1—1/<1—1/r>q(n—1>_al—l/(l—l/r)q(n—l))p_lIxtl/(l—l/r)qflﬂ(t)dt.
a

(2.2)

We need to show that there exists a real number xy € (a, ), such that (2.2) does
not assume equality for any x > xo. Otherwise, there exists x = x, € (a,~), where
n=1,2,3,...,xn 1 o, such that (2.2) becomes an equality. By the same argument, there
exists a real number ¢ > 0, and an integer N, such that for n > N,

P p/(p—1)
(tl/(l—l/r)qu(t)) :C<t71/(1—1/r)r“4) a.e.in [a,x,]. (2.3)
Hence
Xn , Xn  p=1/(=1/r)a(p-1)
L f (t)dt=L TR na

. (2.4)
_ J "o P A-1MAP-D g . 0o as 7 — oo,

a

This is a contradiction to the fact that 0 < j; fP(t)dt < «. Hence, (2.1) holds true and
the proof is complete. |
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LEMMA 2.2. letb >0, p > 1,1/p+1/g=1-1/r, f =0, v > 1, and let 0 <
fé’ gp- 1A=L) £P (1) dt < 0. Then, there exists a real number x, € (0,b) such that,
for any x € (0,xq), the following inequality is true:

(be(t)dt)p < ((1 - %)p)p_l (xfl/ﬂfl/r)n _ b—l/(kl/y)p)”‘l

B (2.5)
X J tp-1+(p=D/A=1Mp £p (1)t
x

PROOF. For any x € (0,b), by Holder’s inequality, we have

b p b . . p
(J f(t)dt) :U ,5(1+(1—1/r)n)(p—l)/(l—l/r)nzf(t)t—<1+(1—1/r>m<p—1)/<1—1/r>p1dt]
X X

b b 14
SJ $A+1-1/)p) (p=1) /(1*1/””f”(t)dt(J t—(1+(1—1/r)p>/<1—1/r>pdt)
X

((1 ) ) —1/<1—1/r)p_b—l/(l—l/r)n>"”1

b
XJ tP- 1+(p-1)/(1-1/7) pfp(t)dt
X

(2.6)

We need to show that there exists a real number x( € (0,b), such that (2.6) does not
assume equality for any x € (0,x(). Otherwise, there exists x = x,, € (0,b), where
n=12,3,...,xn | 0, such that (2.6) becomes an equality. Then there exist ¢,, and d,,
which are not always zero, such that (see [4, page 29])

+(1-1/r 1 z 14
Cn t( (1-1/m)p)(p )/(lfl/r)pzf(!)

21p/(p-1) .
= dn[t—(1+<1—1/r)n)(p—l)/u—l/r)p ] a.e.in [xn,b].

Since f(t) # 0 a.e. in (0,b), there exists an integer N such that, for n > N, f(t) =0
a.e.in (0,x,). Thus, for bothc,, =c+0and d,, =d + 0 for n > N,

—(1+1/(1-1/r)p) d b dt

b
p-1+1/(1-1/r) gp _ I Rt
Lt frndt = hmj e At = im | T 28)

This contradicts the fact that 0 < f(f P11/ A=1n) fr (1) dt < . Hence, (2.5) is valid
and this completes the proof of the lemma. a

LEMMA 2.3. Leta >0, p > 1, 1/p+1/q=1-1/r, f =20, v > 1, and 0 <
J tp= 1+ 1A=1T) £2 (1) dt < oo, Then, there exists a real number x, € (a, ) such that,
for any x € (a,xy), the following inequality is true:

0 -1 0
<I f(t)dt)p< ((1_%)10)” x—(n—l)/(l—l/r)pf (P =1+ (=DIA=1p £7 (1)t
X X
(2.9)
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PROOF. For any x € (a, ), by Holder’s inequality, we have

[ -1 [
<I f(t)dt)p - ((1 _ %)p)p X—(p—n/(l—l/r)pf (=1 (=D/A=1rp £ (1) dr.
X X
(2.10)

We show that there exists a real number x, € (a, ), such that (2.10) does not as-
sume equality for any x € (a,xo). Otherwise, there exists x = x,, € (a, ), where
n=12,3,...,xn ! a, such that (2.10) becomes an equality. By the same argument
there exist a real number ¢ > 0, and an integer N, such that for n > N,

[t<1+<1—1/r>n><n—1>/(l-l/m’zf(t)]p
(2.11)

2P/ (p-1) .
= C[t—(1+(1—1/r>p)(p—1)/<1—1/r>p ] a.e. in [xn,®),

and hence ;" tP~1H VA=Y fP(t)dt = climy, -« [, (dt/t) = co. This contradicts the fact
that 0 < [ tP~1*1/A=1m) £P (1) dt < co. Hence (2.9) is valid and this completes the proof
of the lemma. O

THEOREM 2.4. LetO<a<b,p>1,1/p+1/qg=1-1/v, f=20,v >1,and 0 <
I fP(t)dt < oo. Then

(] oa) ac< (200 12 ma [ o, sz

where the constant

{ (p+a)(p-1)-p F1/(-1/r)a
palp-1)(1-1/r)

b a\ "V a-1/malp-1)7p-1
xJ x*“l/“*””“[l—(;> ] dx}, (2.13)
t

n(a,b) = max

as<t<b

n(a,b) < (Iﬂ+61)(l7—1)—p[1_<a>1_1/<1—1/y>q(p_1)]p.

p(p-1) b

PROOF. In view of the proof of Lemma 2.1, we obtain
T d pd
— t t)
Ja (X Ja f( ) *
_ p-1 p-1
<< ra(p—1) ) (1_1)
(p+a)(p-1)-p v

b b a 1-1/(1-1/r)q(p-1)qp-1
XJ {J x—l—l/(l—l/r)q[l_(,) ] dx}t”“‘””qf’”(t)dt
t

a X

= (e gt

(2.14)
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where the weight function g (t) is defined by

. P+ -1 =P 1/0-1/r4
9= -1 -1/1"

b a\1-a-1map-1qp-1
XJ x7171/<1—1/r)q[1_<;> ] dx, tela,b].
t

(2.15)

Setting n(a,b) := max,<t<p g(t), since g(t) is a nonconstant continuous function,
then by (2.14) we have (2.12). Since g(b) =0, and for any t € [a,b),

b 1-1/(1-1/r)a(p-1)P~1
(1) < (r+a)(p-1)-p tl/(l—l/r)qJ Xll/(l””“[l—(Z) ralp ] »
t

palp-1)(1-1/r)
1-1/(1-1/)a(p-1) P! £\ 1/A-1/a
) -G

:<p+q><p—1>—p‘1_<
ra(p—1)

SR

S(p+q><p-1)_p’1_<

1-1/(1-1/r)a(p-1) P! 1/(1-1/r)q
ralp—-1) ) ) ]

-

S Q
—
S Q

_D-pl 1-1/-1/r)a(p-1)7P
_(pra)p-1-p 17(@)
pa(p-1) b |
(2.16)
This completes the proof. a

THEOREM 2.5. Leta >0, p > 1, 1/p+1/g=1-1/rv, f>20,rv > 1, and 0 <
Jo@Ef@)Pdt < oo, 0< [ tP~ WU £P(1)dt < oo, Then

[T rwa) o< ((-2)p) S5 [T (8) " esorar

(2.17)
PROOF. Applying (2.9), we have
(o) (&) p
J (J f(t)dt) dx
a X
1 p-1 roo ©
<<<1__>p> J x‘(”‘“/(l‘””’”J (p-Le(p=DIA=1MP f9 (1)t dx
v
¢ g (2.18)
1 p-1 ro t
:<<1__>p> J (J x*“’*“/“*l/”f’dx)t”*“(?’*l)/(l*l/””fp(t)dt
r a a
1 Py 00 a\T-pir-1p v
(D) @) ferora
Hence, (2.17) is valid. This completes the proof of the theorem. a

THEOREM 2.6. Letbh >0, p > 1, 1/p+1/g=1-1/v, f =20, > 1, and 0 <
JP(EF ()P < 00,0 < [FtP=1+1/A=1") £P (1) dt < co. Then

Joh (ij(t)dt)pdx < ((1 - %)P)yjobu(t)(tf(t))”dt, (2.19)
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where p(t):=1/(1— 1/7)]0”5Xf(nfl)/(lfl/r)n[l —(x/b)VA-1mpp-1gx)tp-1)/(r=Lp
t € (0,b].

PROOF. Applying (2.5), we have

Joh (ij(t)dt>”dx < ((1 _ %)p)p—l Lh (x-tra-1mn _b,l/(l,uﬂp)pq

b
XJ tan(vfl)/(lfl/T)nfv(t)dtdx
P

1 p-1 b t x 1/(1-1/r)pqp-1
(= ()T e
4 o \Jo b

x t-1/r-1p (tf(t))pdt

-((1- %)p)pﬂ)“(t)(tf(t))pdt,
(2.20)

where p(t) :==1/(1 - 1/r)p{fotx*@’*”/(l*””l’[l —(x/b)VA-1mpp-1gx)tp-1)/(r=Lp
t € (0,b]. This proves (2.19) and the proof of the theorem is complete. O

REMARK 2.7. Letr — oo, (2.1) changes into [2, (2.3)]. Hence, (2.1) is a generalization
of [2, (2.3)].

REMARK 2.8. Let 7 — oo, (2.5) and (2.9) change into [1, (3.1) and (3.5)], respectively.
Hence (2.5) and (2.9) is generalization of [1, (3.1) and (3.5)], respectively.

REMARK 2.9. Let v — o0, (2.12), (2.17), and (2.19) change into [1, (3), (4), and (5)],
respectively. Hence, (2.12), (2.17), and (2.19) is generalization of [1, (3), (4), and (5)],
respectively.

REFERENCES

[1] Y. Bicheng and L. Debnath, Generalizations of Hardy’s integral inequalities, Int. J. Math.
Math. Sci. 22 (1999), no. 3, 535-542.

[2] Y. Bicheng, Z. Zhuohua, and L. Debnath, Note on new generalizations of Hardy’s integral
inequality, ]J. Math. Anal. Appl. 217 (1998), no. 2, 321-327.

[3] G. H. Hardy, J. E. Littlewood, and G. Pélya, Inequalities, 2nd ed., Cambridge University
Press, London, 1952.

[4] J. A. Oguntuase and C. O. Imoru, New generalizations of Hardy'’s integral inequality, ].
Math. Anal. Appl. 241 (2000), no. 1, 73-82.

LU ZHONGXUE: DEPARTMENT OF BASIC SCIENCE OF TECHNOLOGY COLLEGE, XUZHOU NORMAL
UNIVERSITY, XUZHOU 221011, CHINA
E-mail address: 1vzx1@163.net

XIE HONGZHENG: DEPARTMENT OF MATHEMATICS, HARBIN INSTITUTE OF TECHNOLOGY,
HARBIN 150001, CHINA


mailto:lvzx1@163.net

