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EXCEPTIONAL SMOOTH BOL LOOPS
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One new class of smooth Bol loops, exceptional Bol loops, is introduced and studied. The
approach to the Campbell-Hausdorff formula is outlined. Bol-Bruck loops and Moufang
loops are exceptional which justifies our consideration.
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1. Basic differential equations. We consider a C3-smooth (and, consequently, C®-
smooth) right Bol loop 2 = (Q, -, &) with the defining identity v -[(b-x)-b] = [(y -
b) - x] - b (right Bol identity), or, in another form, Ry * Rx * Ry = R(p.x).b, Rpz def z-b.

(Here (fxg)y =(g°f)y=9(f(¥)))
The differential equation of a right Bol loop is of the form

o(x-y)«

PR 2R, e
Ao () =5 H2le ) 55— = As(x-¥),

u . [3(z-b)¥ u, . [3b-2)H

AT(Z)_[ b ]b:g’ “T(z)_[ ob ]h:; -

M(2) = 5 [44(2) +ak(2)].

See [1, Chapter 5].
According to general theory, the conditions of integrability for (1.1) are

0
[Aw, [Ag,Ay]] = PapyAvs Av(x) = A;(X)W, Pupy = COnNst, (1.2)

T

where A, is the so-called basic left fundamental vector fields. Evidently A)/(¢) = 6};.
Since a C3-smooth right Bol loop is right monoalternative, that is, (a - tbh) - ub =
a- (t+u)b, where tbh = Exp

[(ExptT)®] = AS(Expt)C,  (EXpt)li—o = &, (1.3)
we get the differential equation
[(@-th)*]' = A§(a-tb)(Exp 'b)’, a-Ob=a, (1.4)

(see [1, Propositions 4.12, 4.22]), allowing to restore the law of composition a - b =
Y(a,b,1), where @(a,b,t) = a-tb is the solution of (1.4) with the initial condition
Y(a,b,0) = a.
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2. Conditions of integrability. Now we introduce

[Aw Ap](x) = clg(x) Ay (x), cj(x) = (Exp~'x)%clg(x).

(2.1)
Then (1.2) means A{x(x)(cgy(x)Av(x)) _CEY(X)A\/(X)A“(X') = pg‘ByAu(x), or
ack (x)
AG () L= e (o) e (x) = ply g (2.2)
Taking x = tb and contracting both parts with (Exp~'b)%, (Exp~! b)?, in normal co-
ordinates ((Exp~' b)Y = bY), we get
o{bBch (tb)}
DAG (1) —— T + DRy, ()b cl (th) = ply b DF. 2.3)
According to (1.4), (Exp~! b)*AY% (th) = d(tb)? /dt, and, instead of (2.3), we have
(cy) +chey =pY, cllio=ct, (24)
¢y =bPep (th), py=b*bPpl,, b =bPcp (e). (2.5)

Thus ¢, may be obtained as the unique solution of the differential equation (2.4)

3. Conditions on fundamental vector fields. In accordance with the general the-
ory, [1, Chapter 4] , the fields A, (v =1,

..,¥), or matrix A% (x), can be uniquely re-
stored by cf,‘ in normal coordinates ((Expb) = b). For this we should consider B}, (x)
the inverse of A% (x), and, further, solve the equation

[tB)(th)] = &) —cJ[tB)(tb)], tB}li—o=0 (3.1)
It gives us Bﬁ(tb) in normal coordinates, as well as its inverse A2 (th)
4. Matrix form of differential equations. As a result, regarding
(é = Hbﬂcﬂy(f)ny y=12,., p= ||pﬁ,[§ybab5|’,u,y=l,2 ..... r (4.1)
as given, we should solve, first, the equation
c'+c%=p, cliwo :E, (4.2)
which is the matrix form of (2.4) and, further, solve the equation
[tBtb)| =1d-[tB(tb)|e, Bl =0, (4.3)
which is the matrix form of (3.1).

The solution of (4.2) may be presented as a series decomposnlon depending on c
and p, but the formulas are rather complicated, since c and p do not commute in
general.
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5. Bol loops of special type. If 2 is a Bol-Bruck loop, we have ¢ =0, due to the

automorphic inverse property (x-y)~! = x~!-y~1, valid for any Bol-Bruck loop.
Indeed, differentiating the above relation by x and y at x = y = ¢, we get ¢g), (€) =0

and, further, c=0. o
In the Moufang case we have, see [1, Chapter 6, (6.12)], p = c2. Thus for Bol-Bruck
and Moufang cases, in normal coordinates, we have

pc=cp, c=|bPch @, p=lloksb*bP|. (5.1)

DEFINITION 5.1. A right Bol loop satisfying (5.1) is called exceptional.

REMARK 5.2. The question if the exceptional Bol loops may be described in the
terms of identities depending on loop (or odule) operations only, is open.

REMARK 5.3. Of course, (5.1) may be rewritten as identity on cj, (¢) and p 4,
which, together with the identities of a right Bol algebra, defines an exceptional Bol
algebra.

6. Explicit form of structure functions. For an exceptional Bol algebra, due to (5.1),
the solution of (4.2) is, evidently,

c= 1”tanh( 1/2t+a> &:tanh*(;’”zz), 6.1)

and may be expressed as

Z:[p”ztanh( 1/2t)+c][ld+c( 1/Ztanh( 1/2t>)]_1. 6.2)

Of course, (6.1) or (6.2) should be understood in the right way: there is no need for the
existence of p'/2, since the final result in the form of the series depends only on p.

7. Explicit form of basic vector fields. Now we solve (4.3), where cis given by (6.1),

[tBtb)| =1a-[tB(tb) |p 1/Ztanh( 1/2t+a> tB(th)o=0,  (7.1)

or

[tB(tb)cosh( 1/2t+a)] —cosh( 1/2t+a) tB(th) o = O. (7.2)
Thus

tB(tb)cosh( 1/2t+a> smh( 1/2t+a>+5 (7.3)
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Since [tlzﬁ(tb)]ltzo = (:), we get D = —p~1/2sinha, and, at t = 1, we have

- [sinh (;:71/2 + 71) - sinhfz] o
p~ 12 ’*1/26>. (7.4)

E(b) ) [cosh (;1/2 +6:£)] ’ @ tanh? (P

o

Or, using the formulas of hyperbolic trigonometry, we get

_ _ (cosh;1/2—1?1> tanha + sinh p!/2
B(b)=p~'/?

- - —, (7.5)
coshpl/z + (sinhpl/z) tanha

and, by (7.4),

;’1(Coshf)l/z—IE>Z+E*1/Zsinhf)1/2 _
B(b) = - = ————, p§=pg, b (7.6)
coshp1/2+(p—1/zsinhp1/2>c

As a result,

pl2 sinhf)l/Z)Z

o

coshpl/? +

I

(7.7)

p-1 <cosh;1/2 71d)z +p-1/2sinh pdv1/2

meaning that Z(b) = Ia+ St Zlk(;)k, where ay depends on c only.

8. Analogue of the Campbell-Hausdroff decomposition. Now, using the differen-
tial equation (1.4) in normal coordinates (i.e., (Exp~'b)¥# = bH), we may obtain by
successive differentiation with respect to t:

k . o
% = A Ag, - - - Ag, (@-th)*} D71 B2 - - - bk, (8.1)
As a result the Taylor decomposition

(a-b)*=a*+ %(A(,IA(,2 A a) b1 b2 - - pOm (8.2)
 m!

sz

is valid for an appropriate neighbourhood of (0,...,0).

Taking Ay (a) = A;’,(a)a/aa", where the matrix A;(a) is defined by (7.7), we get
the analogue of the Campbell-Hausdorff series for a smooth exceptional right Bol
loop. Certain technical efforts would allow us to obtain an explicit expression of the
coefficients (Aq, Ag, « * - Ag,, a)® for an exceptional right Bol loop which would lead to
the analogue of the Dynkin formula from the Lie group theory.
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