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Leta = (aj, ay,...,a,) € C"™ be an m-dimensional vector. Then, it can be identified with an m x m
circulant matrix. By using the theory of matrix-valued wavelet analysis (Walden and Serroukh,
2002), we discuss the vector-valued multiresolution analysis. Also, we derive several different
designs of finite length of vector-valued filters. The corresponding scaling functions and wavelet
functions are given. Specially, we deal with the construction of filters on symmetric matrix-valued
functions space.

1. Introduction

Wavelet analysis has been investigated extensively due to its wide applications in pure and
applied sciences. Many interesting books and papers on this topic have been published (see
[1-7]). The construction of filter banks is very important in applied aspects. The analogous
theory can be extended to the cases of vector-valued and matrix-valued function spaces (see
[8-11]). For example, Xia and Suter in [11] proposed vector-valued wavelets and vector
filter banks and established a sufficient condition on the matrix-valued filters such that
the solution of the corresponding two-scale dilation equation is a matrix-valued scaling
function for a matrix-valued multiresolution analysis. But they did not give any example
of finite length matrix-valued filter. As for this reason, Walden and Serroukh in [9] studied
the wavelet analysis of matrix-valued time series and gave the construction of several
different finite length matrix-valued (2 x 2) filters; naturally, how to construct the filters for
symmetric matrix case. Possible practical application of this scheme in signal and image
processing is numerous. In voice privacy systems, a number of signals may need to be
transmitted from one place to another, intermixing of the signals before transmission via
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the matrix-valued filters, combined with perfect reconstruction, adds greatly to the likelihood
of secure communications. In a scalable coding application, the high-quality lower-resolution
approximations produced may be transmitted via slower communication channels, while the
original can be reproduced using the perfect reconstruction filter banks. Other application
areas are in progressive coding scheme, multisatellite measurements of electromagnetic wave
fields, analysis of climate-related time series, and analysis of space weather effects, and so on.
Here, we shall mention the theory of continuous wavelet transforms for quaternion-valued
functions (see [12, 13]). Applying the theory of matrix-valued wavelet analysis, The authors
in [8] gave the construction of scaling functions and wavelet functions by identifying the
quaternion-valued functions with the complex duplex matrix-valued functions. Also, Bahri
in [14] discussed the construction of filter banks of quaternion-valued functions. On the
other hand, a quaternion a + bi + ¢j + dk (a,b,c,d € R) can be identified with a matrix

a-b—-c-d
(’g a4 _Cb>. Recently, a new work is to construct the filter banks of quaternion-valued

d-c b a
functions by using method in [9] with this identification. It is well known that every m-

dimensional vector corresponds to an m x m matrix, which is called the circulant matrix.
Our purpose of the present paper is to study wavelet analysis of vector-valued time series
directly by identifying the vector-valued functions with matrix-valued functions and derive
several different designs of finite length vector-valued filters. In order to get more length filter
banks, we need to improve the value of parameter e in [9]. Also, the corresponding scaling
function and wavelet function are given in the paper. Since the scaling and wavelet functions
are connected with the vanishing moments and regularity, we will consider this problem in
late publication.

This paper is organized as follows. In the remainder of this section, we state some
preliminaries. Section 2 will introduce some important results of multiresolution analysis
theory in the matrix-valued function cases. In Section 3, we give the construction of finite
length vector-valued filters. Followed by several different filter designs, we gain the scaling
functions and wavelet functions, respectively. In the last section, we deal with the same
problem for the symmetric matrix-valued function cases.

Throughout this paper, the black characters are representation of vectors. Let a,
a,...,a, € C.Then,a = (ay,ay,...,a,) € C™ denotes an m-dimensional vector. The mapping
M from C™ to C™™ is defined by

ay a as -+ Ay

am ay az -+ Qp-1
M:a=(ay,ay... 4n)+— | Gm-1 Gm A1 "7 Gm-2 | = fM(a). (1.1)

a a4z a4 -+ a1

Clearly, if m =2, M(a) = (g} ¢ ) is a symmetric matrix, whose diagonal has the same number.
If m > 3, M(a) is not symmetric. For example, let m = 3, we get M(a) = (Z; ar a ) Let

ax as ai
a=(ayay...,am), b = (b1,by,...,by), and M(a) is called the circulant matrix. It is a very
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important class of Toeplitz matrices (see [15, page 201]). And we can verify that #(a)_#(b) =
M(c), where

c= (C1, Co, .. .,Cm) = (a1b1 + azbm + I.13bm,1 + -0+ ambz, a1b2
+ a2b1 + I.13bm o+ amb3, ey albm (12)

+ azbm,l + a3bm,2 + e+ ambl).

This is to say that for any a, b, #(a)_#(b) is closed under the matrix multiplication. An m x
m complex matrix B is said to be normal if BYB = BB, where B denotes the complex-
conjugate transpose of B. Thus, we can see that, for every a = (ay, ay, ..., an), M(a) is normal.
Let

M= {M(a):aeC"}, M* = {_M(a) : a € C™, det _M(a) #£0}. (1.3)

Then, we have the following.

Theorem 1.1. M* is a subgroup of GL(m, C) in the sense of matrix multiplication, where GL(m, C)
is the set of all nonsingular linear transforms on C™.

2. Multiresolution Analysis on L3, (R, C™™)

Firstly, we introduce the basic knowledge of vector-valued functions which can be found in
[10, 11]. Let

L2(R,C™™M) = {F(t) = (Fij(t)), :teR, F () e [A(R,C), 1<, j< m} (2.1)

mxXm

denote the space of matrix-valued functions defined on R with value in C"™*™. The Frobenius
norm on L2(R, C"™™) is defined by

1/2
IE@)I = <Zf |Fl,j(t)|2dt> - (2.2)
Lj /R

For F, G € L?(R,C™™), the integral of matrix product F(t)G" (t) is denoted by

(F,G) = LR F(H)GH (t)dt. (2.3)

The above operation is not inner product in the common sense; however, it has the linear and
commutative properties:

(F,aG + BGy) = a(F,G1) + pH(F,Gy),  (F,G) = (G,F)". (2.4)
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For convenience, we also call the operator in (2.3) the “inner product.” The concept of
orthogonality on L*(R,C™™) can be given in natural way: for F;, Fy € L*(R,C™m), F;, Fi
is called orthogonal if (F;, Fx) = I,,,6;x, where 6;x is the Kronecker delta. Let L?VI(R, C™ ™) be
a subspace of L*(R, C™™) which is defined by

L%, (R,C™™)

xi(t)  x2(t) x3(t) - xm(t)
xm(t)  x1(t) x2(f) -+ X (t) (2.5)
= x(t) = | Xma(®) xm(t) x1(8) - Xm2(®) |2 x;(8), x2(t), ..., xm(t) € L2(R)

o) w) wuw) - )

Let Z be a set of all integers. A sequence {®(t) } ez in L3, (R, C™™) is an orthogonal basis if
it is orthogonal, and, for all ®(t) € L%VI (R, C™™), there is a constant sequence {Ag}icz in M
such that

D(t) = D" AcDx(t). (2.6)
kez

It is obvious that Ay = (@, @y ). Let x(t) be a function defined on R. The Fourier transform is
x(f) = f x(t)e 27t dt. (2.7)
R

Suppose that

g1(t)  p(t) P3(t) -+ Pm(t)
Pm(t)  Pr1(t) P2() -+ P (t)
o) = | Pm1®) Pu(t) ¢1(t) -+ Pma(t) |, (2.8)

b)) $a) dst) - Pi)

We say that @(f) generates a multiresolution analysis for L3, (R, C™™) if the sequence of
closed subspaces

\7 =span{2_j/2(l)<%—k) :keZ} (2.9)

is nested, such that

(1)---cVacVo,cVicVyCcVyiCcV,yC--e,

(2) UjeZ V= L?VI(]R, Cmmy, and ﬂjez V; = {0,u}, where 0,, is an m x m matrix of zeros,
(3) @(t) € Vyifand only if d(t — k) € Vy forall k € Z,
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(4) @(t) € V; if and only if (1//2)®(t/2) € Vi,
(5) {®(t - k) : k € Z} is an orthonormal basis for Vj.

In this case, @ is called a scaling function. Let @ € L%VI(]R, C™ ). Then, the Fourier
transform of @ is given by

() $1(f) 92(f) - Pma(f)
O(f) = | dn1(f) du(f) $1(F)  bua(f) |. (2.10)

@20) $3€f) @&f) 9510’)

Evidently, ®c L% (R,C™™) and the Fourier transform of ®(2t-k) with respect to the variable
tis

%@(é)e_i”kf. (211)

Notice that @ € V C V_1, {®(2t - k) : k € Z} is an orthonormal basis for V_y, it follows that
there exist constant matrices Gx € M, such that two-scale dilation equation holds:

D(t) = V2D GD(2t - k). (2.12)

keZ

Let G(f) = ez Gke 2™/, then we have

sy Ll N\a(f
®(f) = %c<§>q><§>. (213)
By the orthogonality,
f @(H®" (t - k)dt = 1,60, k€Z (2.14)
R
We know that 3, G/GZ.,; = L6k, k € Z. This implies that
H I\ ~H 1
G(NG" () +G(f+5)G"(f+5)=20n (2.15)
Setting f = 0, we have
1
G(0) = > Gk = V21, G<§> =0y (2.16)

keZ



6 Journal of Applied Mathematics

For f € R, we let

H(f) = gZer‘iz’”kf 2.17)

satisfy

GO () +6(f+ 5 ) (f+5) =0m,
(2.18)

H(f)H"(f) +H<f+ %)HH<f+ %) =2L,,.

Analogous to the proof of in [11, Proposition 1], we can get the following.

Theorem 2.1. Suppose that 1i'(f) = (1/\f2)H(f/2)(i)(f/2), then Wi(t) = W(t-k), k € Z
constitute an orthonormal basis for V_y = Wy @ Vo, where W is called a wavelet function.

The matrix filters G(f) and H(f) are called matrix quadrature mirror filters (MQMF).
Since G(f) is normal, by the spectral theorem of normal matrices in [16], we can obtain that
G(f) is unitarily equivalent to a diagonal matrix, namely,

G(f) = U diag(L1(G(f)), 22(G(f)),- -, m(G(f)))U", (2.19)

where U € U(m), U(m) denotes the unitary matrix group of order m, A,(G(f)) (9 =
1,2,...,m) are the eigenvalues of G(f), and “diag” means the diagonal matrix. Generally,
even if m = 2, it is possible that A1 (f) # A2(f). Also, it seems to be true that U in (2.19) should
belong to M. However, it is not the case; we shall display this fact. For simplicity, we assume

thatm =2. Let U = (; u) € U(2) N M satisfy the relation

G(f) = U diag(1(G(f)), 2(G(H)))U", (220)

where 11(G(f)) #A2(G(f)) are nonzero eigenvalues. Write 1; = 1;(G(f)). Since G(f) €
L% (R,C*?), it follows that |a?A1 + |B|*A> = |a?A2 + |B*\1. But |af* + |B]> = 1. Therefore,
we have |a| = || = 1/+/2. On the other hand, from the equality @B\ + fal, = &P, + fal;, we
have (@f — fa)\; = (ap — pa)la. But (ap + fa) = 0, which implies that @A, = @B),. This is a
contradiction.

It is natural to ask what is the form of 2 x 2 unitary matrices in M? The following
theorem will give the answer.

Theorem 2.2. Let U be a 2 x 2 unitary matrix in M. Then, U = ( £536 1in€) op [ = (icos? sinf

isin® cos@ sin@ icos6/*

From the discussion for [11, Proposition 2, page 513], we have the following theorem.
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Theorem 2.3. If infi<1/4[Ag(G(f))| > 0 for any 1 < q < m, then the solution ® of the two-scale
dilation equation (2.13) is a scaling function for L3 (R, C™™), and

{qrj,k =2*f/21p<% —k> :j,keZ} (2.21)

constitutes an orthonormal basis for the space L3, (R, C™™).

From the construction of quaternion-valued filters in [8], we have seen that the
estimation of the eigenvalues 1,(G(f)) can be transferred to calculate the value of det G(f),
while the latter is easy to be checked in practice. But in the present case, the situation is
different; we have to involve the computation for all eigenvalues of G(f).

3. Construction of Filters

Let G(f) be a finite polynomial matrix in e~'>"/, that is,
1
G(f) =D .Gie ™. (3.1)
1=0
Suppose that G(0) = v/21,, and satisfies

G(f)GH(f)+G<f+%>GH<f+%>=21m. (32)

If infjfi<1/4 [14(G(f))| > O for all 1 < g < m, then the solution of the two-scale dilation equation
(2.13) is a scaling function in wa (R, C™m™) and

{qu,k(t) =2*f/ztp<% —k) :j,kez} (3.3)

is an orthonormal basis in L3, (R, C™™). In order to get the designs of the vector-valued
filters, we need to deduce that G(f) and H(f) should satisfy the necessary condition. Firstly,
we consider that G(f) has the form

eiZyrfy

G() =

(Ln+e®R(2f)), ec{-1,1}, (3.4)
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where y is an integer, R(f) € L3 (R,C™™) is a paraunitary matrix with unit periodicity,

namely, R(f)RHE(f) = L, R(f + 1) = R(f), R(0) = L. Actually, if € in (3.4) is taken to be 0
and R(f) satisfies R(f)RH(f) = L, R(f + 1) = -R(f), R(0) = L, then we still have

c(NG"(F)+6(F+3)6"(F+5)

- %[(Im +R2f)) (In + R (2f)) + (L + R +1)) (L + R 2f + 1)) 65
= 2[00+ R@A) (1 + R7(2£)) + (L~ REA)) (1~ R (2) )]
=21,
Namely, (2.15) and (2.16) are still true. Thus,
\ (G(f)) B ei27rfY{1+eei27rfA (R(Zf))} (3.6)
q - \@ q . :

We are now in a position to define H(f). As shown in [9], the matrix H(f) can be given in the
following:

H(f) = e-zm—f(s—1+6)(;<f + %), (3.7)

where L is the design length of the filter G;, and 6 € {0, 1}, such that L -1+ 6 is odd. Actually,
it is deduced that

L-1+6
H(f) — Z (_1)L—1+67mG£-I_1+6_me—127rfm' (38)
m=5

In particular, if L is even, then we take 6 = 0. Thus,
L-1 _
H(f) = > He ™/, (3.9)
1=0

where H; = (—1)”1G{{H, 1=0,1,...,L-1.1If L is odd, then take 6§ = 1 and let G = 0,,,, we

add the filter length of G(f) to L + 1. Suppose that

1=
G(f) = Zoc,e-i’”f ) (3.10)
L+1

The similar design can be realized.
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Design 1

Let G(f) = (1/v2)(I + €*™f diag(e ™7/, e747f)), G(f) has the same eigenvalues A(G(f)) =
(1/v2)(1+e27f). 1t is obvious that inf <1 /4[M(G(f))| = /1 + cos 2 f > 0. At the same time,
G(0) = v2I,, G(1/2) = 05, G(f + 1) = G(f). Consequently, we have

1

Go=G1 = \—lez,
1 1 (3.11)
Hp = —\—lez, H; Wk
If G(f) is defined in the form G(f) = (1/v/2)(I; + e7*™f diag(e™™/, e*7f)), we have
1
Go=G_ = Elzf
: : (3.12)
HO = —7212, H,1 = 7212

This is a simple case. In the following, we shall deal with the case that G(f) has different
eigenvalues. For a diagonal matrix diag(Ay, Ay), if A1#Ay, po = (%8 sn9) is a rotation

transform on RZ, when 0 = /4, po diag(Ay, A2) pé{ € M. We state it as follows.

Theorem 3.1. Let diag(A1,\y) be an arbitrary diagonal matrix. Then, < V2/2 2/ 2> diag(i, A2)

—2/2/2/2
V2/2 —\2/2
<ﬁ/2 Va2 ) €M

Depending on this, we give the following designs.

Design 2
Let pg = < v2/2 ﬁ/2> Then
PO =\ _vas2van2) ’
V2 V2 V2 V2
R(2f) = 2 2 d1ag<1,e’4”f) 2 2
V2 V2 V2 W2
2 2 2 2
/1 lei4jrf _1+lei47rf
|2 2 2 2 (3.13)
1 1 idor f 1 1 idor f
\"5*5¢" +3e
11 1 1
(22 ) s, [ 2 2
11 1 1
2 2 2 2
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obtain

11 1 1
-2 f 5 5\ . 5 "5 _
G(f) = ¢ I, + 22 e?rf 4+ 2 2 e 27 f
V2 11 11
2 2 2 2
Consequently, we have
e—iZJI' e—i2.7r

M (G(f)) =

ﬁf (1+e2),  L(G(f)) =

It is easy to verify that

Anf Pa (G| = inf y/1+cos(27f) >0

for g = 1,2. Therefore, we get

11 1 1
1|22 o 2 2|
G(f)=— + e/ 4 e,
() VIl 1 1

2 2 2 2

1 11> 1 1 <1 —1>
Go= — , Gi=—L, Gy=— :
0 2\/§<11 1 '\62 2 2'\6 -1 1

Let G3 = 0; and L = 4, from the relation (3.9), we then find that

ﬁf (1+e27),

Journal of Applied Mathematics

Clearly, R(f)RH(f) = I, R(f +1) = R(f), R(0) = L. Taking y = -1, e = -1 in (3.4), we

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

To change the coefficients of filter bank G(f), it is valid to produce a type of unitary matrices

U and U in Theorem 2.2 on left and right sides of R(2f).

In the following, we shall give a construction of more length filter banks.



Journal of Applied Mathematics 11
Design 3

Let pg = <7‘/\/§§/ /22 g;;) Setting a = (e%7/ + e727f), f = (%7 + %7/ + e7%7f 4 ¢7167f) Then,

v2 V2 v2 V2
2 2 1 2 2
R(2f) = d1ag<—a, ﬂ)
D Lz ) v
2 2 2 2
1 1 1 1
_ 1 Elx + Zﬂ —§a+ Z'B (319)
A\lanly Lot
2 4 2 4
_1 11 i6ar f 173 -1 i2or f 173 -1 —i2rf 1711 —16Jrf
§<1 1>e +§<—1 3)3 Tg\-13)¢ " Tslua '

Taking y = -3, € = 0 in (3.4), we obtain R(f)RY (f) = L,, R(f + 1) = -R(f), R(0) = I,,,, and

‘f|<1/4|)q( (] = f|f|<1/4\/1+cos(2yrf) >0,

(3.20)
|f|<1f/4|)x2( ()] = f|f<1/4\/1 + = (cos(2rf) + cos(6rf)) > 0.
Therefore, we get
1 /1 1> 1 (3 —1> i 1.
G - +— ezyrf+_lelyrf
) 8\f2<1 1) 7 8v2\-1 3 V2
(3.21)
1 3 _1> ~i8 f 1 <1 1> —i12or f
+ — e +— e .
m(—l 3 gva\l 1
Consequently,
1 /11 1 /3 -1
o-alin) e e-m(55) (322
1 1 /73 -1 1 /11
Gs = \ﬁlz, Gy 8_2<_1 3 >, Gs =0y, Ge = 8_2<1 1> (3.23)
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-0.8 0

0 2 4 6 8 0 2 4 6 8

() (d)

Figure 1: The graph of the scale function @ for Design 3.

Here, L =7 is odd, so we let Gy = 0,. Also, from (3.4), we have

1 /11 1 /3 -1
Hy =0, H1=_<11>r H, = 0,, H3=8_ﬁ<—1 3)’

(3.24)
1 1 3 -1 1 /11
Him-Doh = gs(55) Heee me()))

The corresponding 2 x2 matrix functions @ and ¥ of this design are plotted in Figures 1 and 2,
respectively. Notice that we take the values of ¢;(3) and ¢»(3) as 3/2 and —1/2, respectively,
in the figure plotting. However, this design does not determine the values of ¢;(3) and ¢,(3).
Thus, in practical application, we have the freedom to choose the values of ¢;(3) and ¢, (3).
Next, we are going to construct the filters for the case of m > 3. We need to use
the methods of discrete Fourier transform matrix (DFT). Let w,, = e 2/™ = cos(2xr/m) —

isin(2or/m). The parameter wy is an mth root of unity due to wj; = 1. Write fjx =
wf,i_l) &1 Then, Fiu = (Bjk)mxm is called the discrete Fourier transform matrix of order

m. For example, if m = 2, the discrete Fourier transform matrix F, of order 2 is (] 1),
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1 1
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Figure 2: The graph of the wavelet function ¥ for Design 3.

1 1) diag(M1(G(f)), 12(G(f))) (1 ) € M. We can construct the filters by substituting (1
for (1/v/2)( 1 1). Now, we describe another case. Let m = 4, the discrete Fourier transform
matrix F4 of order m is given by

11 1 1
1 =i -1 i

F4 - 1 _1 1 _1 7 (325)
1 i -1 =i

and the inverse matrix of F4 is

S (3.26)
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We have known that the discrete Fourier transform is an extremely important tool in applied
mathematics and engineering, specially in signal processing. Let us define the downshift
permutation Sy by

0001
1000
Sy = 0100 (3.27)
0010
and a vector b = (a1, az, as, a4)T, where T means the transpose. Then,
(b") = (b,S4b,S3b, Sib) = F;' diag(Fsb)Fy. (3.28)

Actually, we can verify that F,' diag(A1(G(f)), L(G(f)), 13(G(f)) = M(G(f)))Fs € M.
According to this theory, we can do some designs of the filters for the case m = 4. Other
cases can be done analogously.

4. Symmetric Matrix Case

In the above examples, we deal with the constructions of filter banks for L3 (R, C*?). As an
application of this theory, we will discuss the same problem on the space

13(r,C2) = {(28 28> x1(8), % (b), x3(t) € LZ(R)}. 4.1)

Obviously, L3, (R, C>?) c L%(R, C*?). Since

cos® sinf\ /a b\ /cosO -sinf\ /a+2bcosOsin® b(cos? —sin?6)
-sinf cos0/\b a/\sin® cos® ) \b(cos’6 —sin’0) a-2bcosOsin6
(4.2)

a+bsin20 bcos20
bcos20 a-bsin20)/’

we can see that pg(¢2)pl' & M; however, pg(¢%)pl! is symmetric with different elements
in diagonal if 6 #0, or /2, or, 3/2r, 2or. From this, we can give some designs of filter banks in
LZ (R (C2><2)'

S 4
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Design 4

Multiplying matrices <%?2 ‘{/52/ 2) and <_}//§2/2 ‘{3/22> on the left and right sides of G(f), re-

spectively, in Design 3, we get the coefficients of the filter banks:

1 [/2-v3 -1 1 [6+v3 1
Go=—— , G;=0, Gy=—— ,
0 16ﬁ< -1 2+\@> 1o z 16@( 1 6—\/§>

1 1
Gz = —I, G4=—<6+\/g ! >,

V2 16v2\ 1 6-V3
1 (2-v3 -1
G5 - 02/ G6 - m< -1 2+ \/§>/
(4.3)
1 /2-v3 -1
H =0 ’ H = 7
0 ! 16\f2< -1 2+ \f3>
1 (6+V3 1
Hy=0,, Hy=—— ,
2=02 3 16ﬁ< 1 6-3
1 1 [6+v/3 1
H = ——I ’ H - 7
4 \fZ 2 5 16\/§< 1 6— \/§>
1 [2-v3 -1
Hg = 0y, H; = —— . 44
6=02 7 16\@< 1 24 \f3> (4.4)
Notice that in this design the scaling function A and the wavelet function Y are
V3 1 V3 1
_ ¢~ 74’2 —§¢2 ’ Y- 1-5¢% 5% (45)
1 B 1 B
¢ it 52 g1t

The corresponding 2 x 2 matrix functions A and Y of this design are plotted in Figures 3 and
4, respectively.

It is a well-known fact that every rotation operator p, s, on R® can be described by
three Euler’s angles which are given by

cosy siny 0 1 0 0 cosa sina 0
Papy = | —siny cosy 0 0 cosp sinp —sina cosa 0 |, (4.6)
0 0 1 0 —sinf cosp 0 0 1

where a,y € [0,2x], p € [0,or]. Obviously, pasy diag(x\l,)uz,)g)pgﬁly is also symmetric. The
description of the rotation operator on R" is analogous. Thus, we can easily construct the
filter banks on L% (R, C™™).

As a final example of this paper, we give a construction in case m = 4 in space
LL(R,CH4).
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Figure 4: The graph of the wavelet function Y for Design 4.
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111 1
Let U = (1/2)(3 1 _11>. Then,
11-1-1
111 1 1-1-11
-1 -1 1), arp e[ 1111
R2f) =31 111 = dlag<1'1'e r€ ) 1-11 -1
1 1-1-1 11 -1 -1

(4.7)
2 0 0 -2

2002

tffo220) [0 220 .y

2l o220 022 0
2002 20 0 2

Taking y = -1,e = 1in (3.4), we obtain

(38 (G| = i 1+ o) >0 @8)

forg=1,2,and

2002 2 0 0 -2
e 2rf 0220 nr 0 2 20 ;
= — f =2ir f
CH="5%"1llo220]""" 0 22 0]°
2002 -2 0 0 2
(4.9)
1001 1 0 0 -1
_ 1 {0110 oL ez 1 0 1 -1 0 | _sinf
2210110 V2 2v2 0 -1 1 0
1001 -1 0 0 1
Thus, we get
1001 1 0 0 -1
1 {0110 1 1 0 1 -10
GO__Z\ﬁ 0110 Gl—\—@h, GZ__Z\@ 0o .11 o0 I (4.10)
1001 -1 0 0 1
Let G3 = 0, and L = 4, from the relation (3.9), we then obtain
1 0 0 -1 1001
1 0 1 -10 1 1 {0110
Hj = 04, H1——2\[2 0 -11 0 I Hz——ﬁh, H3__2\ﬁ 0110
-1 0 0 1 1001

(4.11)
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5. Conclusion

In this work, we discuss the problem of construction for vector-valued filters. By using the
theory of matrix-valued wavelet analysis and technique of discrete Fourier transform matrix,
we get some designs of vector-valued filters (circulant matrix space). And the corresponding
scaling functions of multiresolution analysis and wavelet functions are obtained. Also, the
analogous problem on the symmetric matrix space can be solved thoroughly.
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