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We define new subclasses of p-valent meromorphic functions with complex order. We prove some
properties for certain integral operators on these subclasses.

1. Introduction

Let U = {z € C : |z| < 1} be the open unit disc in the complex plane C, U* = U\ {0}, the
punctured open unit disk. Let %, denote the class of meromorphic functions of the form

1
zF

f(z)=—+ Z a,z", (peN), (1.1)
n=0

which are analytic and p-valent in U*.

For p = 1, we obtain the class of meromorphic functions X.

We say that a function f € %, is the meromorphic p-valent starlike of order a (0 < & <
p) and belongs to the class f € X (a), if it satisfies the inequality

_s;a(Z;;S)) > a. (1.2)
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A function f € ¥, is the meromorphic p-valent convex function of order a (0 < a < p), if f
satisfies the following inequality:

Zf/l(z)
_§R<1 + e > > a, (1.3)

and we denote this class by XK, (a).

Many important properties and characteristics of various interesting subclasses of the
class %, of meromorphically p-valent functions were investigated extensively by (among
others) Uralegaddi and Somanatha [1, 2], Liu and Srivastava [3, 4], Mogra [5, 6], Srivastava
etal. [7], Aouf et al. [8, 9], Joshi and Srivastava [10], Owa et al. [11], and Kulkarni et al. [12].

Now, for f € %, we define the following new subclasses.

Definition 1.1. Let a function f € X, be analytic in U*. Then f is in the class X, 4 (B, b) if it
satisfies the inequality

1/zf'(z)
w5 (G vr)} <o 4
where
peN, beC\{0}, p>p. (1.5)

Definition 1.2. Let a function f € X, be analytic in U*. Then f is in the class X, 4(B, b) if it
satisfies the inequality

_1/zf@)
%{p b(f’(z) +p+1)}<ﬂ, (1.6)
where

peN, beC\ {0}, p>p. (1.7)

Definition 1.3. Let a function f € X, be analytic in U*. Then f is in the class ZF,(, b) if it
satisfies the inequality

SR{p_1<Z(Zf"(2)+(P+2)f’(2)) +p>} <p (1.8)
b\ zf'(2)+(p+1)f(2)
where

peN, beC\ ({0}, pB>p. (1.9)
For p = 1 in Definitions 1.1, 1.2, and 1.3, we obtain the following new subclasses of

meromorphic functions X.
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Definition 1.4. Let a function f € X be analytic in U*. Then f is in the class X 4 (g, b) if it
satisfies the inequality

m{1—%<jgg)+1>}<p, (1.10)
where
beC\ {0}, B>1. (1.11)

Definition 1.5. Let a function f € X be analytic in U*. Then f is in the class X (6, b) if it
satisfies the inequality

R{l—%(% +2>}<ﬁ, (1.12)
where
beC\ {0}, p>1. (1.13)

For b = 1 in Definition 1.5, we obtain Xx(f), the class of meromorphic function, introduced
and studied by Wang et al. [13-15] (see [16-18]).

Definition 1.6. Leta function f € X be analyticin U*. Then f is in the class XF(f, b) if it satisfies
the inequality

1/ z(zf"(z) +3f'(z))
9{{1_5< zf'(z) +2f(z) +1>}<ﬂ’ (49
where
beC\ {0}, p>1. (1.15)

Most recently, Mohammed and Darus [19] introduced the following two general integral
operators of p-valent meromorphic functions %,:

Fonn(D) = i | (PR (4, 00)" s (1.16)

z o p+l n o p+l Yn
Qp,yl,..,,yn<z>=%f0< < f{(u)> < - f,;<u>> du, Q1)
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where

mpeN, je({1,23,...,n}, v;>0. (1.18)

For p = 1 in (1.16) and (1.17), respectively, we obtain the general integral operators
Fiy,.y.(2) = H(z) and D1y, (2) = H#y,,. 1, (2), introduced by the authors in [16, 20].

2. Main Results

In this section, considering the above new subclasses we obtain for the integral operators
Fiy,..y,(z) and 2y, ... (z) some sufficient conditions for a family of functions f; to be in the
the above new subclasses.

Theorem 2.1. Let f; € 3. If f; € 3, n(pj, ), then
Formn(2) € ZF, (1, b), (2.1)
where

n,pEN, ]E{]-//n}/ Yj>0/ bE(C\{O}, ﬁi>p/

n (2.2)
n=p+ 2B -p)
j=1
Proof. A differentiation of ¥,,,,..y, (z) which is defined in (1.16), we get
PN (@) + (P D Fpy,(2) = (Z1(2)" - (2 fa(2)",
2 Forims (D) +2(p+1)2PF, 1 (2) +p(p+ 2" Fp o (2) 2.3)
n (P(2) +pf2)
= . J 4 N P Yn
= ZF f1(2))" - (2P fu(z ,
]_Zl}/]< pr]_(z) >[( fl( )) ( f ( )) ]
Then from (2.3), we obtain
P (@D 20+ DZPF,, @) +p(p+ )2y, (2)
2PN (2) + (P + 1) 2P Fp,y (2)
(2.4)

a u . f],(Z) P
- ,Z_E”<ff<z> )
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By multiplying (2.4) with z yield,

Zp+1 ?"

ey (2 F2(p+ 1)2PF, . (2) +p(p+ 1) Fp oy (2)

2PFpy,.ya(2) + (p+ 1)Zp717P1r1,~~,rn(z)

n zf(2)
=20 <f,<z> >

That is equivalent to

’”1?; foyn (2) + (p+2) 2
ZFor. Yn(z) +(p+1)2P (Z)

z(z?l’;,y1 (2)+(p+2) Fotiy (z))
z2Fp 1,00 (2) + (P + 1) Fpi,a (2)

Equivalently, the above can be written as

n zf(2)
z;' <f,(z >

n zf(2)
P= 2 <f1<z> >

1 Z2(ZFpr (D + (P +2)Fp 0 (2)

Pp

Zg;’ﬂfl/m/)’n(z) + (p + 1>¢P/Y1/~-J’n (Z)

tp

n Zf(Z) n

Taking the real part of both terms of (2.7), we have

1 Z(Z%,n,..,,yn(z (P +2)Fpy.. Yn(z)>

R p—E

n zf}(2)
=]§Yj9‘{iﬂ <f(z)

Sine f]- € Zpﬂ(ﬂj,b), we get

R p_l_J

2(2Fp 12 + P+ 2 Fp iy, (D)

2F oy (2 + (P + 1) Fp,y(2)

')

Z?P/Yl/mr)’n (z) + (P + 1)%0#1,-.#" (2)

tp

tp

+p =P
j=1

< DWibi+pr-r2V
= =

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
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That is,
PV PV j=1
Then
Fon..ri(2) € EFy(u,b),  p=p+ fljr; (Bi -p)- (211)
=
This completes the proof. O

Theorem 2.2. Let f; € 3. If f; € Zp 4(Bj, b), then

Domma(2) € ZFy (1, b), (2.12)

where
mpeN, jel{l,..,n}, >0, beC\{0}, Bi>p,

n (2.13)
p=p+ 2B -p)
=

Proof. A differentiation of 2,,,,..,,(z), which is defined in (1.17), we get

Zp+1gl

+1 n __ptl Yn
DY Yn (Z) + (p + 1)ZPQPIT1,--~,Yn (Z) = < pr f{ (Z)> e < z: f-,/l(Z)> 7

0 @2+ )22, (D) PP+ D) Dy, (2) (2.14)
n 2 fl(2) + (p+1)2" fi(2) —zptl " —zptl T
(e () - (5e) |

Then from (2.14), we obtain

Zp+1g;/}’l,~--:)’n (Z) + Z(P + 1)ZPQ;"Y1r-~rYn (Z) + p(p + 1)Zp_1gp'y1r'"r]’n (Z)
ZPQ;J,)@,..-,Y" (z) + (P + 1)Zp_1gp,yl,‘..,yn (2)

& ()
_§Y1< f]’(z) +p+1>.

(2.15)
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That is equivalent to

Z<ZQZ1Y1~-~%1(Z) +(p+ Z)Q;ﬂrhn-ﬁn(z» +p= Zn:Y' < Z—]{I(Z)_ +p+ 1>' (2.16)
2@+ (P4 1) Doy (2) S\ fi®

Equivalently, the above can be written as

1 (222D + (2 +2)2,0.())

P-7 7 tp
b 2y (B + (P + 1) Dy, (2)
(2.17)
" 2f)(2) > } n
p- +p+1l ) +p-pRyi
Slr-i (e 20
Taking the real part of both terms of (2.17), we have
ol 1(FE2 @ D2, 0 0)
P-7 ; p
b Z20 1 (Z) + (P + 1)QP/Y1,~--,Yn (2)
(2.18)

4 1/2f () > } n
=SyR{p-- 1 - .

20 {P b< Fim TP e
Sine f; € Z, 4(B;, b), we get

1 2(22h 0D + (p+2)2),.,(2)) z z
RiP-4 , n tp ) p<2vbi+rp-py. (219
z2p 1,7, (2) + (p+ )me,..»,yn(z) i=1 =1

That is,
Rip-g (zsz - Yn<(zz>)++ (<;f++ 12)),;%""%((22))) 3 FEED WACEORCEY
PYireifn PV j=1
Then
2oym(2) €EFp(p,b),  p=p+ il?’i (Bi—p)- (2.21)
i
This completes the proof. O

Putting p = 1 in Theorem 2.1, we have the following.
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Theorem 2.3. Let f; € 3. If f; € Z u(Bj, b), then
H,(z) € ZF(u,b), (2.22)

where

neN, jell,...,n}, y;>0, beC\ {0}, p;>1,

n (2.23)
p=1+3y(p-1).
j=1
Putting p = 1 in Theorem 2.2, we have the following.

Theorem 2.4. Let f; € 3. If f; € Z 4(f;, b), then

Hy,,..y.(2) € ZF(u,b), (2.24)
where
neN, jel{l,...,n}, yj>0, beC\{0}, p;>1,

(2.25)

p= 1+i}’j(ﬂ]‘_l)'

1

for other work that we can look at regarding integral operators see [17, 21, 22].
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