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Two new nonlinear difference inequalities are considered, where the inequalities consist of
multiple iterated sums, and composite function of nonlinear function and unknown function may
be involved in each layer. Under several practical assumptions, the inequalities are solved through
rigorous analysis, and explicit bounds for the unknown functions are given clearly. Further, the
derived results are applied to the stability problem of a class of linear control systems with
nonlinear perturbations.

1. Introduction

Being an important tool in the study of existence, uniqueness, boundedness, stability,
invariant manifolds, and other qualitative properties of solutions of differential equations and
integral equations, various generalizations of Gronwall inequalities [1, 2] and their applica-
tions have attracted great interests of many mathematicians [3-5]. Some recent works can
be found in [6-16] and references therein. Along with the development of the theory of
integral inequalities and the theory of difference equations, more and more attentions are
paid to discrete versions of Gronwall type inequalities [17-24]. For instance, Pachpatte [17]
considered the following discrete inequality:

n-1 n-1 s-1
u(n) <ug+ D, f(s)[u(s) + h(s)] + Zf(s)(Zg(T)u(T)>, Vn € Np. (1.1)

S=Nngo S=ngp T=Ng
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In 2006, Cheung and Ren [18] studied

m-1 n-1 m-1 n-1

uP(m,n) <c+ >, Dlals,hul(s,t)+ >, > b(s,t)ul(s, t)yw(u(s,t)). (1.2)

s=my t=ngp s=my t=ng

Later, Zheng et al. [24] discussed the following discrete inequality:

k n-1

u(n) < a(m)+ 33 fi(n, s)wi(u(s)). (13)

i=1 s=0

However, the above results are not applicable to inequalities that consist of multiple iterated
sums, in particular those in which composite function of nonlinear function and unknown
function is involved in each layer of iterated sums. Hence, it is desirable to consider more
general difference inequalities of these extended types. They can be used in the study of
certain classes of difference equations or applied in many practical engineering problems.

Motivated by the results given in [7, 8, 11, 16-19, 21], in this paper we discuss the
following two types of inequalities:

n-1 n-1 s-1
u(n) < a(n) + 3, filn,s)w(u(s)) + 3, fi(n,s)w(u(s)) Y, fa(s, 7)w(u(r))

S=ngp S5=Nngp T=Ngy

(1.4)
n-1 s-1 T-1
+ 3 film Sw(u(s) 3, fals, ™) X folr, (@),
s=Mg T=n9 ¢=ng
n-1 n-1 s—1
u(n) < a(n) + ) fi(n,s)wi(u(s)) + D fi(n,s)wi(u(s)) D, fo(s, 7)ws (u())
=np s=ng T=n) (1.5)

n-1 s—1 71
+ > fi(n,$)wi(u(s)) X, fa(s, T)wa(u(r)) > fa(7, &) ws (u(E)),

s=ng T=Mg é=ng

for all n € Np. All the assumptions on (1.4) and (1.5) are given in the next sections. The
inequalities (1.5) consist of multiple iterated sums, and composite function of nonlinear
functions and unknown function may be involved in each layer. Under several practical
assumptions, the inequalities are solved through rigorous analysis, and explicit bounds for
the unknown functions are given clearly. Further, the derived results are applied to the
stability problem of a class of linear control systems with nonlinear perturbations.

2. Main Result

In this section, we proceed to solving the difference inequalities (1.4) and (1.5) and present
explicit bounds on the embedded unknown functions. Throughout this paper, let N denote
the set of all natural numbers, and Ny = [ng, K) N N where ny and K are two constants,
satisfying K > ny.

The following theorem summarizes the result on the inequality (1.4).
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Theorem 2.1. Let u(n) and a(n) be nonnegative functions defined on Ny with a(n) nondecreasing
on Ny. Moreover, let fi(n,s), i = 1,2,3 be nonnegative functions for ng < s < n < K and
nondecreasing in n for fixed s € Ny. Suppose that w(u) is a nondecreasing function on [0, co) with
w(u) > 0 for u > 0. Then, the discrete inequality (1.4) gives

u(n) < Wy [w;l(ul(n))], Vn € [no, M1) NN, (2.1)

where

n-1
Ui (n) = W, <W1(a(n)) + Zfl("r5)>

(2.2)
n-1 s=1 s—1 -1
+ Zfl(nrs) <Zf2(SIT) + ZfZ(SIT)ZfIi(Tfé))/
s=Mnyg T=Mg T=MNg &=ny
" ds
WZ(H) = J‘l W, u> O, (23)
Wi (u) = L %, u>0, (2.4)

Wy L Wy L are the inverse functions of Wy, W,, respectively, and M, is the largest natural number
such that

U, (M) € Dom<W2‘1>, Wy (U (My)) € Dom<w;1). (2.5)

Proof. Fix M € Ny, = [n9, M1) N N, where M is chosen arbitrarily and M; is defined by
(2.5). For n € Njt = [ng, M] NN, from (1.4), we have

n-1 n-1 s—1
u(n) < a(M) + > frlM, s)w(u(s)) + D, fi(M, s)w(u(s)) Y, fa(s, T)w(u(r))

S=MNp S=Mn T=Nqy

(2.6)
n-1 s-1 7-1
+ 2 filM, ) w(u(s)) 3, f2(s,7) 3 f3(7,§)w(u@)).

s=ng T=ng &=ng

Denote the right-hand side of (2.6) by z1(n), which is a positive and nondecreasing function
on Ny with z1(np) = a(M). Then, (2.6) is equivalent to

u(n) < z1(n), VYnée Ny (2.7)
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From (2.6) and (2.7), we observe that

Azi(n) == z1(n+1) — z1(n)

n-1

< filM, m)w(zi(n)) + f1(M, n)w(zl(n))Zfz(n,‘r)w(zl(r))

T=Nq

n-1 -1
+ filM,n)w(z1(n) D fo(n,7) 3. f3(1, &)w(z1(2))
= §=ro (2.8)

n-1
= (M, n)w(z1(n)) [1+ D fo(n, T)w(z:1(7))

T=Nq

n-1 -1
+ 3 ) Y fo(r dw(zi@) |, ¥ne N

T=MNg &=ny

Furthermore, it follows from (2.8) that

n-1
AZl(n)) < filMon) |1+ 3 fo(n, T)w(zi(7))

w(z1(n) =
(2.9)

n-1 -1
+3 fon, 1) Y s, w(zi@) |, ¥ne Nu.

T=no &=ng

On the other hand, by the mean-value theorem for integrals, for arbitrarily given integers
n,n+1 € Ny, there exists 77 in the open interval (z;(n), z1(n + 1)) such that

(P ds Az(n) Az (n)
Wi(z1(n+1)) - Wi(zi1(n)) = f21(n) w(z1(s))  w(zi(n)) . w(z1(n))

n-1
< fi(M,n) [1 + D faln, T)w(zi(7))

T=Nq

n-1 -1
+ Zfz(n,ﬂZfa(T,g)w(zl@))], Vne Ny,

T=N( §=710

(2.10)
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where W is defined by (2.4). By setting n = s in (2.10) and substituting s = ng,ny + 1, no +
2,...,n -1 successively, we obtain

M-1 n-1
Wi(z1(n)) < Wizi(mo)) + D fi(M,s) + Y’ fi(M,s)

s=ny s=ng

(2.11)
s-1 s-1 -1
x| 3 fals, Dw(zi(7) + D fals, ) D) fa(r, w(z1@) [, Vne Nu.

T=ng T=ng &=ng

Let v (n) denote the right-hand side of (2.11), which is a positive and nondecreasing function
on Ny with vy (ng) = Wi(z1(ng)) + ZM’l f1(M,s). Then, (2.11) is equivalent to

S5=ngp

z1(n) < Wl_l(vl(n)), Vn € Ny (2.12)
By the definition of v;, we obtain

Avi(n) :=v1(n+1) —ov1(n)
n-1

= fi(M,n) [2};0 fo(n, T)w(z1(7)) (2.13)

T=ng E=ny

n-1 71
+Zfz(n,T)Zfs(T,é)w(zl(g))] , Vne Ny

Considering (2.12), (2.13) and the monotonicity properties of w, Wil and z;, we get

B0 g |S o S penSaen| e
w (Wl_l (v1(n) )) T=ny 7= é=nyo

for all n € Njs. Once again, performing the same procedure as in (2.10) and (2.11), (2.14)
gives

n-1 s-1 s—1 T-1
Wa(v1(n)) < Wa(or(m0)) + 3, f1(M, 5) [Zfz(s,T) + 3 fals, T)Zfs(f,é)], (2.15)

S=np T=MNgy T=MNg &=ny
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for all n € N1, where W, is defined in (2.3). In the sequel, (2.7), (2.12), and (2.15) render to

u(n) < zi(n) < Wyl (v1(n))

M-1 n-1
= wy! [Wz—l <W2<W1 (a(M)) + >’ f1(M, s)> + D fi(M,s) 016

T=n) T=ng ¢=ny

s—1 s=1 T-1
X<Zf2(s,7) + D fals,1) D) f3(T,§)>>] , Vne N

Let n = M in (2.16), then, we have

M-1 M-1
u(n) < W' [W;l <w2 <W1(a(M)) + > fl(M,s)> + > filM,s)

S=ny S=ny

(2.17)

s—1 s—1 -1
x<Zﬁ@ﬂ+Zﬁ@ﬂZﬁ@®Xﬂ-
T=Ng T=Nq gzno

Noticing that M is chosen arbitrarily, (2.1) is directly induced by (2.17). The proof of
Theorem 2.1 is complete. O

Now, we are in the position of solving the inequality (1.5).

Theorem 2.2. Let the functions u(n), a(n), fi(n,s), i = 1,2,3, and @(u) be the same as in
Theorem 2.1. Suppose that w;(u), i = 1,2,3 are nondecreasing functions on [0, oo) with w;(u) > 0
for u > 0. If u(n) satisfies the discrete inequality (1.5), then

u(n) < @7 [cpgl (cpgl(uz(n)))], Vi € N, = [mo, Ms) NN, (2.18)

where

n-1 n-1 s-1
UNﬂ=%<%<@WW»+ZﬁMJO+§Uﬂm92ﬁwﬂv

S=ngp S=ngp T=No

» . i (2.19)
+§ﬁmq§ﬁ@ﬂ§ﬁ@a

Oy (u) = 1u %fs), u>0, (2.20)

Oy (u) = flu #ﬁl(s))’ u>0, (2.21)
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CDITl, i =1,2,3 are the inverse functions of ®;, i =1,2,3, respectively, and M, is the largest natural
number such that

Un(M,) € Dom<<1>;1), @3 (U (My)) € Dom<q>;1>,
(2.23)
@;! (cpgl(uz(Mz))) € Dom(cpgl).

Proof. Fix M € N, = [ng, M) NN, where M is chosen arbitrarily and M, is given in (2.23).
For n € Ny, from (1.5), we have

n-1 n-1 s-1
u(n) < a(M) + 3 fi(M, s)wr(u(s)) + 3 fr(M,5)w1u(s)) 3. fo(s, 7)e0s (u(2))

(2.24)
n-1 s—1 -1
+ > f1(M, $)wi(u(s)) Y. fo(s, T)wa(u(s)) D f3(1, &)ws(u(é)).

S=ngy T=N é=ng

Let zp(n) represent the right-hand side of (2.24), which is a positive and nondecreasing
function on Ny, with z5(n9) = a(M). Then, (2.24) is equivalent to

u(n) < zx(n), Vne Ny (2.25)

Using (2.24) and (2.25), Az (n) := zp(n + 1) — z(n) can be estimated as follows:

n-1

Azy(n) < 1M, n)w(z2(n)) + f1(M, n)wi (z2(n)) Zfz(ﬂ,T)ZUz(Zz(T))

T=HNy

n-1 T-1
+ fuM, m)wi (22(n)) Y fa(n, T)wa(22(n)) Y, f3(7, &) ws(22(8))

T=ng &=ng

n-1
= fi(M, n)w:(z2(n)) [1 + > fo(n, T)w(22(7))

T=Ng

n-1 -1
+Zf2(71/ T)wz(Zz(T))Zfs(’f,é)ws(zz(sf))] , Vne Ny,

T=Ng &=ny

(2.26)

Implying

Ann) oo [1 + 5 fatn myos(aal)

wi(z2(n)) ~ =0
(2.27)

n-1 T-1
+Zfz(n,T)Wz(Zz(T))Zf3(T,§)w3(Zz(§))] ,

T=N( §:n0
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for all n € N ;. Performing the same derivation as in (2.10) and (2.11), we obtain from (2.27)
that

M-1 n-1
D1(z2(n)) < Di(z2(n0)) + D, fr(M,5) + D f1(M, 5)

S=ngo S=Nng

s-1
x| 3 fals, Twa(z(7)) (2.28)

T=Ngy

s—1 -1
+> fols, T)wa(22(7)) D fo(1,)ws(22(8)) |, ¥n € Ny,

T=MNg &=ny

where @, is defined in (2.20). Denote by v, (n) the right-hand side of (2.28), which is a positive
and nondecreasing function on Ny, with v, (n9) = @1 (z2(n9)) + Zé\f,;ol fi(M, s) = ®q(a(M)) +
M- f1(M, s). Then, (2.28) is equivalent to

S=Ng
z(n) < @' (va(n)), Yn € Nu. (2.29)
By the definition of v,, we obtain
Avy(n) = va(n+1) —vy(n)

n-1

= f1(M,n) I:Z fo(n, T)wy(z2(T))
T=np (2.30)

n-1 -1
+Zf2(n/T)w2(ZZ(T))Zf3(Tl§)w3(Zz(§))] , VneNy.

T=N( é:n()

From (2.29), (2.30) and the monotonicity of w,, ®;', and z», we get

A n—1 n-1 T-1
ooy < H1M) [g;.ofz(n/‘l') * S0 5 gy (07 (vz@)))], @31)

for all n € N ;. Similarly to (2.28), it follows from (2.31) that

M-1 s-1
D3 (02(n)) < Da(v2(n0)) + >, f1(M,5) D, fals,T)

S=Nng T=No

(2.32)
n-1 s—-1 -1
+ 2 iM9) Y, fols,7) 3 fa(7, )03 (@7 (02 (m)) ),

S=npy T=N( 52"0
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for all n € Ny, where @, is defined in (2.21). Let v3(n) denote the right-hand side of (2.32),
which is a positive and nondecreasing function on N4, with

M-1 s—1
v3(n9) = D2(v2(n0)) + >, f1(M,8) Y, fals,T)
o o (2.33)
M-1 M-1 s-1
=, <(D1(a(M)) + Zfl(M,s)> + D fi(M,s) Y fa(s, 7).
Then, (2.32) is equivalent to
va(n) < ;' (v3(n)), Vn e Ny (2.34)
By the definition of vs,
Avs(n) == v3(n+1) —v3(n)
(2.35)

n-1 T-1
= M) 3, f2n,) Y fo(r, s (O (02(8))), ¥ € N,

T=N( §=Tlo

In consequence, (2.34), (2.35) and the monotonicity properties of w3, (Df, and v, lead to

Awvs(n) < fi(M,n) nz_l fa(n,T) Tz_lfS(T, §), Vne Ny. (2.36)
w3 (071 (D3 (v3(n)))) 7=no —

Similarly to (2.28) and (2.32), we obtain from (2.36) that

n-1 s-1 -1
®3(v3(n)) < D3(v3(n0)) + D, f1(M,s) Y. fals,7) D f5(1,8), Vn€ Ny, (2.37)

s=ng T=N &=ny

where @5 is defined in (2.22).
Summarizing the results in (2.25), (2.29), (2.34), and (2.37), we can conclude that

u(n) < z2(n) < ;' [o2(m)] < 7' [0 (23 ()]

n-1 s-1 -1
<oy [@51 <<1>;1 <‘I’3(Us(n0)) + D [ilM,8) Y fols,T) Y, fs(r,§)>>]

s=ng T=ng ¢=np
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M-1
= CDIl [(I)El <(I)51 <(I)3 <(I)2 <(131(a(M)) + Z fl (M, S)>

M-1 s5-1
+ Zfl(M,S)Zfz(S,T)>

S=Ngp T=N(

+n2f1(MfS)szfz(srﬂifs(%é)>>],

s=ng =1 g=nyg
(2.38)
foralln € Nj. Asn =M, (2.38) yields
M-1
u(M) < @' [(D; <<D31 <<D3 <(D2 <<D1(a(M)> + D ilM, s)>
M-1 s-1
+ 2, 1M,9) 3 fa(s, r)) (2.39)

s=ng T=ng &=ng

+Z_f1(Mr 5) sifz(s,r)ifs(r,g)>>] .

Since M is chosen arbitrarily in (2.39), the inequality (2.18) is derived. This completes the
proof of Theorem 2.2. O

3. Applications

In this section, the result of Theorem 2.2 is applied to explore the asymptotic stability behavior
of a class of discrete-time control systems [17]

x(n+1) = A(m)x(n) + f(n,x(n),0(n)),  x(no) = xo, (3.1)
where
o(n)=0(n) + nz_lk(n, s,x(s)). (3.2)

Control system (3.1) can be regarded as the perturbation counterpart of the following closed-
loop system:

y(n+1)=Amn)y(n),  y(no) = xo. (3.3)
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The functions x, y, 6, o are defined on N — R’, the r-dimensional vector space, A(n) is
an r x r matrix with det A(n) #0, and the functions f and k are defined on N x R" x R" and
N x N x R", respectively. Moreover, f and k are supposed to meet the following constraints:

|f(n,x(n),0(n))| < g1(n)e”"wr(|x(n)|e™) (1 +|o(n))), (3.4)

s—1
k(n,s,x(s))| < g2(n, s)wa(|x(n)]e™) <1 + g3(5,T)W3(IX(T)I6”)>, (3.5)

T=Ng

where a > 0 is a constant, g;, i = 1,2,3 are nonnegative real-valued functions defined on
Ny and Ny x N, respectively, g>(n, s) and g3(n, s) are nondecreasing in n for fixed s € N,
and w;(u), i =1,2,3 are positive and continuous functions defined on [0, o). The symbol | - |
denotes norm on R" as well as a corresponding consistent matrix norm.

Corollary 3.1. Consider the discrete-time control systems (3.1) and (3.2), where the perturbation-
related functions f and k satisfy the conditions (3.4) and (3.5). Assume that the fundamental solution
matrix Y (n) of the linear system (3.3) satisfies

|Y(n)y-1 (s)l <Cexp(-a(n-s)), 0<s<n<oo, (3.6)

where C > 0 is a constant. Then, any solutions of the control systems (3.1) and (3.2), denoted by
xs(n,ng, x0), can be estimated by

|5 (1, mo, x0)| < exp(—acn){(I);1 [(Dgl (q)gl(u4(n))>] }, Vn e Ny, = [no, Ma) NN,  (3.7)

where

n-1
Uy(n) = @s <<D5 <<D4(|xo|C exp(ang)) + >, Ce“gi(s)(1 + |9(S)I)>

S=Ngp

n-1 s—1
+>,Ce"gi(s)(1+0(s)]) D fals, T)>

S=ngo T=No

n-1 s-1 -1
+ D1Cegi(s)(1+10(s)) . fals,7) D fa(7, ),

s=ny T=n é=nyg (3.8)
Dy (u) = : %(ss), u>0,

“ ds
@5(1/[)— J‘l m, u>0,

“ ds
Dy (u) = L w3((1)11 ((I)gl(s)))’ >0,
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CDITl, i =4,5,6 are the inverse functions of ®;, i = 4,5, 6, respectively, and My is the largest natural
number such that

Uy(My) € Dom(@F1), @7 (Us(My)) € Dom<q>;1),
(3.9)
@;! (qngl(u4(M4))) € Dom(¢>4-1).

Proof. By using the variation of constants formula, any solution x4 (1, 1o, xp) of (3.1) and (3.2)
can be represented by

Xg(n,10,%0) = Y ()Y (19)x0 + nz_lY(S)Y_l(S +1)f(s, x5 (s, no, x0),0(s)), (3.10)

S=Ngp

for all n € Ny. Using the conditions (3.4) and (3.6) in (3.10), we have

n-1

| (12,110, %0)| < x0|C exp(=a(n o)) + Y Cexp(-a(n —s—1))
s=ng (3.11)

x g1(s)e” w1 (|xo (s, 1m0, X0)[e™) (1 + |o(s)]), Vn € No.

Further, using the relationships (3.2), (3.5), and (3.11), we derive

n-1
|x5 (1, 1o, x0)| < |x0|C exp(—a(n —ng)) + ZCexp(—a(n - 1)) x g1(s)w1(|xs (s, no, x0)|e*)

S=ngp

T=No

s-1
[1 +10(s) + 3 g2(s, T)wa(|xo (7, 10, %0)|e")

T-1
x <1 + 3, gs(m,8)ws(|xa (8 mo, x0)|€m§>>:|,

T=Ng

(3.12)

for all n € Ny. Let u(n) = |xs(n, ng, xo)| exp(an), then, (3.12) can be rewritten as

n-1
u(n) < |xo|C exp(ang) + > Ce”gi(s)(1 +10(s)))wr (u(s))
n-1 s-1

+ >, Ce"gi(s)(1+[0(s)wi (u(s)) D g2(s, T)wa (u(T))

s=ng T=ny



Journal of Applied Mathematics 13

n-1 s-1
+ _ZCe“gus)(l +160(s) )1 (u(s)) Zgz(s,T)
-1
xwa(u(1)) 3. g3(t, )ws(u(@)), Vn € Ny.
¢=ny

(3.13)

Let a(n) = |x0|CeXp(“n0)/ fl(nls) = Cgl(s)eu(l + |6(S)|)/ fZ(n/S) = gZ(n/S)/ and f3(n/s) =
$3(n, s), then (3.13) can be further estimated as follows:

n-1 n-1 s-1
u(n) < am) + 3 fins)wr (u(s)) + 3 fi(n,5)ew1 (u(s)) 3, fals, 7wn(u(r))

(3.14)
n-1 s-1 -1
+ 3 filn, s)wi(u(s)) D, fols, T)wa(u(r)) D f3(7, &) ws(u(é)),

s=ng =Ny &=ny

for all n € Ny. Notice that, by our assumption, all functions in (3.14) satisfy the conditions
of Theorem 2.2. Applying Theorem 2.2 to the inequality (3.14), (3.7) is immediately derived,
where the relationship u(n) = |x(n, 1y, xo)| exp(an) is adopted. This completes the proof of
Corollary 3.1. O

Based on Corollary 3.1 and one additional assumption, the next corollary gives the
stability result of the control system (3.1) and (3.2).

Corollary 3.2. Under the assumptions of Corollary 3.1, if there exists a positive constant B such that
{ @ [qngl ((I)gl(l,[4(n))>] } <B, VneN, (3.15)

then the perturbed system (3.1) and (3.2) is exponentially asymptotically stable.

Proof. Under condition (3.15), (3.7) can be further estimated as follows:

|xs (1,19, x0)| < Bexp(—an), Vn € [ng,00)NN. (3.16)
The exponentially asymptotic stability of system (3.1) and (3.2) is directly implied. O
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