Hindawi Publishing Corporation
Journal of Applied Mathematics

Volume 2012, Article ID 219025, 15 pages
doi:10.1155/2012/219025

Research Article

Relative and Absolute Perturbation Bounds for
Weighted Polar Decomposition

Pingping Zhang, Hu Yang, and Hanyu Li

College of Mathematics and Statistics, Chongqing University, Chonggqing 401331, China
Correspondence should be addressed to Pingping Zhang, zhpp04010248@126.com
Received 21 October 2011; Accepted 20 December 2011

Academic Editor: Juan Manuel Pena

Copyright © 2012 Pingping Zhang et al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

Some new perturbation bounds for both weighted unitary polar factors and generalized
nonnegative polar factors of the weighted polar decompositions are presented without the

restriction that A and its perturbed matrix A have the same rank. These bounds improve the
corresponding recent results.

1. Introduction

Let C™, C»*, CU', C¥, and I,, denote the set of m x n complex matrices, subset of C"™*"
consisting of matrices with rank r, set of the Hermitian nonnegative definite matrices
of order m, subset of CI' consisting of positive-definite matrices and n x n unit matrix,
respectively. Without specification, we always assume that m > n >max{r, s} and the given
weight matrices M € CZ',N € CI For A € C"™", we denote by R(A),r(A),A*,A’jtVIN =
NT1A*M, AR/IN, Al and ||Allr the column space, rank, conjugate transpose, weighted
conjugate transpose (or adjoint), weighted Moore-Penrose inverse, unitarily invariant norm,
and Frobenius norm of A, respectively. The definitions of A?\/IN and AR/IN can be found in
details in [1, 2]. The weighted polar decomposition (MN-WPD) of A € C"™" is given by

A=QH, (1.1)

where Q is an (M, N) weighted partial isometric matrix [3, 4] and H satisties NH € CI.
In this case, Q and H are called the (M, N) weighted unitary polar factor and generalized
nonnegative polar factor, respectively, of this decomposition.
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Yang and Li [5] proved that the MN-WPD is unique under the condition
R( LN) = R(H). (1.2)

In this paper, we always assume that the MN-WPD satisfies condition (1.2).

If M = I, and N = I,, then the MN-WPD is reduced to the generalized polar
decomposition and Q and H are reduced to the subunitary polar factor and nonnegative
polar factor, respectively. Further, if r(A) = n, then the MN-WPD is just the polar
decomposition and Q and H are just the unitary polar factor and positive polar factor.

The problem on estimating the perturbation bounds for both polar decomposition and
generalized polar decomposition under the assumption that the matrix and its perturbed
matrix have the same rank [6-15] attracted most attention, and only some attention was
given without the restriction [16, 17]. However, the arbitrary perturbation case seems
important in both theoretical and practical problems. Now we list some published bounds
for (generalized) polar decomposition without the restriction that A and A have the same
rank.

Let A € C™", A = A+ E € C™" have the (generalized) polar decompositions A =
QH and A = QH. For the perturbation bound of the (subunitary) unitary polar factors, the
following two results can be found in [16]

|62, < mrrozr I (13)
|6-al, < Fyharet «peaty ||+ e, =

For the nonnegative polar factors, the perturbation bounds obtained by Chen [17] are

|7 - H < <Zl+gl +2>||E||, (1.5)
|- 1] < 22 (o] « [EA]) + o a'E] « )| A°E]. (1.6

It is known that different elements of a vector are usually needed to be given some
different weights in practice (e.g., the residual of the linear system), and the problems with
weights, such as weighted generalized inverses problem and weighted least square problem,
draw more and more attention, see, for example, [1, 2, 18, 19]. As a generalization of the
(generalized) polar decomposition, MN-WPD may be useful for these problems. Therefore,
it is of interest to study MN-WPD and its related properties.

Our goal of this paper is mainly to generalize the perturbation bounds in (1.3)—(1.6) to
those for the weighted polar factors of the MN-WPDs in the corresponding weighted norms.
The rest of this paper is organized as follows.

In Section 2, we list notation and some lemmas which are useful in the sequel. In
Section 3, we present an absolute perturbation bound and a relative perturbation bound
for the weighted unitary polar factors, respectively, and some perturbation bounds for the
generalized nonnegative polar factors are also given in Section 4.
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2. Notation and Some Lemmas
Firstly, we introduce the definitions of the weighted norms.

Deﬁnition 2.1. Let A € C"™". The norms ||A||(MN) = ||M1/2AN_1/2|| and ||A||F(MN) =
[M'Y2AN-12||¢ are called the weighted unitarily invariant norm and weighted Frobenius
norm of A, respectively. The definitions of ||A||(mny and [|Allr(mn) can be also found in
[20, 21].

Let A € C’" and A € C" have their weighted singular value decompositions (MN-
SVDs):

* Z O * *
A=USV* = (ul,u2)< . 0> (Vi, Va)* = U3, V7, (2.1)
e 7 NN* 17 = il 0 7 <7 * T - N*
A=USV* = (ul,u2> o <V1,V2> = 1,5, V7. (2.2)

Then the MN-WPDs of A = QH and A = QH can be obtained by

=Uu,Vy, H=N'v;3, v,

. - (2.3)
a, vy, H=N'W5Vp,

Q
Q

where U = (Uy,Uy), U = (U3, Uz) € C™™ and V = (V},V,),V = (V},V,) € C™" satisfy
U*MU = U*MU = I, and V*N'V = V*N"'V = I, and U; € C™", U, € C™, V; €
cr, \71 € C¢, % = diag(oy, 0y,...,0,) and 21 = diag(61,07,...,0s). Here oy > 00 > -+ >
or>0and 61 > Gy > -+ > 05 > 0 are the nonzero (M, N) weighted singular values of A and
A, respectively.

The following three lemmas can be found from [22], [23] and [16], respectively.

Lemma 2.2. Let By and B, be two Hermitian matrices and let P be a complex matrix. Suppose that
there are two disjoint intervals separated by a gap of width at least 1, where one interval contains the
spectrum of By and the other contains that of B. If 1 > 0, then there exists a unique solution X to the
matrix equation BiX — XB, = P and, moreover,

1
Xl < ﬁIIPII- (2.4)

Lemma 2.3. Let Q € C¥¢ and T € C™! be two Hermitian matrices, and let E,F € C**. If () N
MI) = @, then QX — XT = QE + FT has a unique solution X € C**, and, moreover,

1
IXIlr < =\IEIF + I|FIIF, (2.5)

1

where 1 = min) ¢, o 7oy (14 = X/AIAR + A1),
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Lemma 2.4. Let S = (51,5;) € C"™™" and T = (Ty,T>) € C™" be both unitary matrices, where
51 € C™7, Ty € C™%. Then for any matrix B € C"™", one has

IBIIF = |SBTu|[7 + ||SiBTal; + ||S3BT2|l; + || S;BT: 7. (2.6)

3. Perturbation Bounds for the Weighted Unitary Polar Factors

In this section, we present an absolute perturbation bound and a relative perturbation bound
for the weighted unitary polar factors.

Theorem 3.1. Let A € CI"" and A=A+EeC™, andlet A= QH and A = QH be their
MN-WPDs of A and A, respectively. Then

18-, un, = Tz VBl (31)

F(MN) ~ min{oy, G
Proof. By (2.1), and (2.2) the perturbation E can be written as

E=A-A=U5V;-U5 V7, (3.2)

which together with the facts that UMU, = V;N~'V; = I, and fI{Mljll = \71*N’1\71 =1
gives

U:MEN™'V, = MU, Z, - 5, VN7V, (3.3)
UrMEN™'V, = 5, VN7V, - U MU, S, (3.4)
U;MEN™'V, = -EMU, %,  UZMENT'W, = U3MUL S, (3.5)
UIMEN"'WV, =5, VINV,,  UIMEN'V, = -3, VI NV;. (3.6)

Taking the conjugate transpose on both sides of (3.4) and subtracting it from (3.3) leads to

= (UMU, - VN ) + (U MO, - VN7 ) S5 = UpMENT'V; - Vi NT B M,

(3.7)
Applying Lemma 2.2 to (3.7) for the Frobenius norm leads to
Ml - viNT | < 5 1 5 (|usMEN=A| +||viN-E-MT | ). (3.8)
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Since

~ ~ * T N1 N1
U*M<Q_Q>N_1V:<U1MU1 VANV, VYN v2>,

u; MU, 0
e o (3.9)
S B} VNV, MU, VEN'V,
UM(Q-Q)N'v=( 17" =2 1 1 ,
@-Qv= (T g )

it follows from Definition 2.1 and the fact that U* M2, U*M'/2, N-1/2V, and N~-1/2V are all
unitary matrices that

A IOYCRIS
F(MN) ZF , , (3.10)
- Jusnat i+ i

[o-<]

2

-l s, = T M(@- )NV, 1)
- o e
Adding (3.10) to (3.11) gives
220, - Vo [ v
o= Gimn| s [Fenvals Jassel,

~ ~ 112 ~ 112 ~ 2
Y [N Y LA
s+ asan

Combing (3.5), (3.6), (3.8), (3.12), Lemma 2.4, and the fact that ||LITM1:11 - Vl"N‘1\71||fT =
IV N-1V; — T3 MU, || gets

~ 2 Vi 1
20- 0, <2(555) (uimenoi, « Jvin e, )

+ GirZ”u;MENleni + %SZHLI;MENWG ni

+ é”ﬁIMEN‘lVZHi + Gi%||lj;1vusl\r—1v1 Hi

2\’ . 9 |IP N M |
< (arvz) (uimen o« in- )
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+ —mm{;,(}g (Hu;*MEN—l\”/z”i + ”LI;MEN—1\71||i
|| MENV |+ || T MENVA|
1 o+ Jasmen-wi)
mm{;f,&g ((||UTNIEI\]_1‘71||12E * ||UTNIEI\]_1‘72”12E
* -1y7 2 T -1 2
+|usmEN V1HF> + <||LI1MEN V1||F
+ ”lfI{MEN‘lVQ”i
~ 2
+||u;MEN-1V1”F)>
< —min{o = ||M1/2EN 1/2” mn{iz 52}“ I viny
(3.13)
which proves the theorem. O

Remark 3.2. If M = I,,, and N = I, in Theorem 3.1, the bound (3.1) is reduced to bound (1.3).

Theorem 3.3. Let A € CI"" and A=A+Ec¢€ Cr" and let A = QH and A= @ﬁ be their
MN-WPDs of A and A, respectively. Then

~ V2 [~ ~
18- Cll iy < LA IR g Ay * 1A * DER
(3.14)

Proof. From the MN-SVDs of A and Ain (2.1) and (2.2) and the facts that U* MU = q*Mﬁ =
I, and V*N7'V = V*NV = [, the weighted Moore-Penrose inverses of A and A can be
written as

t - “1q Tt 15 1
Ay =NT'VIiEZUTM, Al = NTTViETUTM. (3.15)
Premultiplying the equation A — A = E by A;rv[ ~ leads to
t A t _ At
AyNA-AynA=AyNE (3.16)
that is,

N'WE'U MU, S,V - N7y vy = AT GE. (3.17)
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By (3.17), we can obtain

UiMULE - 5 ViNTW =5,V AL CENTIV, VNI, = ViAl ENTIG.

(3.18)

- At A at at it t t At at
Similarly, by A, A - Ay NA = AynE AA N — AA N = EAy and AA - AA, =

EA!

MmN We get

SVINTY - MULE, = S VP AL GENTYY, VENTW, = VEAT JENTIV,,
ilvl*N71V1 - EITMU121 = EIIMEA;ANulzl, —i:I;Mul = EI;MEA‘ZT\/INUL

;MU S, - 5 Vi N7 = U MEAL (UGS, UsMU, = U3MEA] (U,

respectively. By the first equations in (3.18)—(3.21), we derive

(UM - Vi N7 ) Sy + 5 (U MU, - VENT)
=5, Vi Al JENTIV, - <\71*ARANEN_1V1>*§1,
(u*;Ml]1 - V;N*\Z)il + 3 (u’{MlL - VIN ‘1\71)

= UyMEAY, U5, - 3 (U MEA Uy )

Applying Lemma 2.3 to (3.22) and (3.23), respectively, and noting that

5'1'+O']' >1
7

= min
1<i<s, 1<j<r 5.12 + 0]_2

we find that

s ma - viNT ||i < ||V Al ENTR ||i +|

Vi AL ENTV |

e Y T e O

2
F

(3.19)
(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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From (3.12), the second equations in (3.18)-(3.21), (3.25), (3.26), and Lemma 2.4, we deduce
that

P ||V1*A;ANEN-1\71||i + ||V AL ENTV; ||i

2”@ B Q”F(MN)
+ ||u;MEAj\4NL~11||i + H&;MEA}WNul”i
+ ||v1*A;ANEN—1\72||i + ||u;MEAjWNL~11||i
+ ||\71*ARANEN’1V2”1 + ”CI;MEA;/INulni
- <||v1*AIVINEN-1\71||i + ||v1*A;4NEN-1\72||i>
+ <“\71*AR4NEN‘1V1Hi + ‘IVl*A;r\/INEN‘lV2||i>
o o (3.27)
+ <||U’;MEA;ANU1||F + ||u;MEA;4Nu1||F>
+(|{rMEAT, U, ? ¢l MEA u; :
(Jaimea s, « | Gsmeal, ;)
PN N
N R L
- ||A;ANE||j?(NN) * ||ATMNE"i(NN) * ”EAMN“;MM)

2
+ ||[EAT || ,
” MN | Fvmm)

which proves the theorem. O

Remark 3.4. If M = I, and N = I, in Theorem 3.3, the bound (3.14) is reduced to bound (1.4).

4. Perturbation Bounds for the Generalized Nonnegative Polar Factors

In this section, two absolute perturbation bounds and a relative perturbation bound for the
generalized nonnegative polar factors are given.

Theorem 4.1. Let A € C7"" and A=A+EeC™ andlet A= QH and A = QH be their
MN-WPDs of A and A, respectively. Then

[ = (52 =

Proof. By (2.1), (2.2), and (2.3), we have

NH?=A*MA, NH?=A*MA, (4.2)
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which give
NH(H-H)+N(H-H)H=AM(A-A)+ (A—A)*MA. (4.3)
Let AH = H — H, we rewrite (4.3)
NHAH + NAHH = A*ME + E*MA, (4.4)
that is,
ViZi VY AH + NAHN 'V, 5, V) = V,5,U; ME + E*MU, %, V. (4.5)

Premultiplying and postmultiplying both sides of (4.5) by, respectively, Vl*N “land N7V,
give

S VFAHN'V; + VFAHN 'V, 5, = 5 UMENT'V, + VAN E*MU, 5. (4.6)
Similarly, we have
VIAHN™'V, =*MEN"'V,,  V;AHN'V; = V;N'E*MU,. (4.7)

Applying Lemma 2.2 to (4.6) gives

|Vi ANV | < L

S1U;MENTV; + Vi NTE MULE, |

o, + 0,
< 2 ||@ MEN"A|| + =2 || 7y N M|
o, + 0, o, + 0y 48)
o1 o1 ‘
< E — 2 |E
< 2Bl + 525 [Ellon)
5'1 + 01
= LT E in-
e L2
Notice that
- 7% -1 > -1
geann-v = (USHNTVI VIAHNTV:Y (19)
V;AHNV, 0
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Combining (4.7)—(4.9) gives

|AH ||, = |7 AHNY |
e[t [7rasin ] Jrzaran v
< D8 By + [TMEN | + TN E MW )
< CG; i gz IEl aany + Il vy + ”E”(MN)
- (222 4 2) Il
which proves the theorem. =

Remark 4.2. If M = I,, and N = I,, in Theorem 4.1, the bound (4.1) is reduced to bound (1.5).

Ifr=n s<nors=mn r<norr =s =n, we can easily derive the following three
corollaries.

Corollary 4.3. Let A € Ci*" and A = A+ E € C™", and let A = QH and A = QH be their
MN-WPDs of A and A, respectively. Then

||H’-H”(NN) < (% +1>||E||(MN). (4.11)

Corollary 4.4. Let A € C™" and A=A+Ee€C™ andlet A= QH and A = QH be their
MN-WPDs of A and A, respectively. Then

—~ o1 + 5'1
- < . .
”H H”(NN) = <0r+6,, +1>”E”(MN) (4.12)
Corollary 4.5. Let A, A=A+EeC™ andlet A= QH and A = QH be their MN-WPDs of A
and A, respectively. Then

O'1+5'1

|- H] o = 555 1Bl (4.13)

If we take the weighted Frobenius norm as the specific weighted unitarily invariant
norm in Theorem 4.1, an alternative absolute perturbation bound can be derived as follows.

Theorem 4.6. Let A € C!*" and A = A+ E € C™", and let A = QH and A = QH be their
MN-WPDs of A and A, respectively. Then

_ \Jo? +52 \Jo? + 57
”H—H” < 2 + V2 max —, =
F(NN) 01 + Og Oy + 01

IENlpaany- (4.14)
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Proof. Applying Lemma 2.3 to (4.6) gives

- o2 o7 + 5]-2 - T RO 2
| VIAHN"- V1H < max 5 (”LIIMEN’ V1” + ' VN~ E*Mlll” )
F 5 (00 5) ‘ ‘
= (4.15)
AT
< 2m_ax—~ E F(MN)-
15 (i +5)
From [16], we know
G +G7 o7 +G2 o2 +07
max———— = max — ~ (- (4.16)
152 (0i + 6y) (o1+06s)" (0r+01)
which together with (4.7), (4.9), and (4.15) gives
IAH|pnwy = | V*AHN_1V||F
<|[raENTVi|| + | ViaHNTV|| 4 |[VaENTV |
\/02 + 0?2 \/02 +0?
170s r T Oy
<2 —, = E
< v2max o1 + 0. o, + 6, I ”F(MN)
+ || MENTV, ||+ ||V N E MU | (4.17)
\Jo? +52 1\Jo? + 57
< V2 max 0115, o 15 IEllrviny + IENEvany + IENEaviny
\/02 + 052 \/02 + 62
170s r T Oy
= 2 —, = 2 |I|E .
V2 max CL+0. | O +0 + IENlFviny
Hence, we complete the theorem. O

Similarly, we can obtain the following three corollaries.

Corollary 4.7. Let A € C;*" and A=A+EeC™ andlet A=QH and A = QH be their
MN-WPDs of A and A, respectively. Then

_ \Jo? +52 \Jo7 + 57
”H—H” <| 1++v2max —, =
F(NN) 01 + Oy Oy + 01

IENlpaany- (4.18)
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Corollary 4.8. Let A € C!*" and A = A+ E € C*", and let A = QH and A = QH be their
MN-WPDs of A and A, respectively. Then

”ﬁ—H” < | 1++v2max \/0.12+6% \/orz+5'12

=, = E . 4.19
F(NN) ~ 01 +G, | 0, +0 IEllF vy (4.19)

Corollary 4.9. Let A, A=A+EeC™ andlet A= QH and A = QH be their MN-WPDs of A
and A, respectively. Then

_ \Jo? + 57 \Joh + 5
”H - H” < v/2max —, =
F(NN) o1 + Oy Oy + 01

IENEan)- (4.20)

The relative perturbation bound for the generalized nonnegative polar factors is given
in the following theorem.

Theorem 4.10. Let A € C7™" and A=A+EeC™ andlet A= QH and A = QH be their
MN-WPDs of A and A, respectively. Then

”H_ H”(NN) < o-?lfé)“-l <||EA}LVIN”(MM) * ||EALN"(MM)> (4.21)
+ 01 ”A;rWNE”(NN) +01 ”AIVINE“(NN)'
Proof. From the proof of Theorem 3.3, we know that
Al o =N'vist'uiM, Al = NTVETIM. (4.22)

Premultiplying and postmultiplying both sides of (4.5) by, respectively, (;\R/IN)* and A}LVIN
give

MU,V AHN'ViSTUEM + MUL SV AHN VUM
= MU, U MEN"'ViZ'UM + MU, 37 VAN E* MU UM (4.23)
= MU, T MEAY,  + (EAL, ) MUUTM.

Premultiplying and postmultiplying both sides of (4.23) by, respectively, ljli‘ and U; give

Vi AHNTWVAE !+ S0 AHN Y, = Ty MEAL Uy + O3 (EAL ) MUy, (424)
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which together with Lemma 2.2 gives

L B (N R I

Ay (4.25)

<9 (et [Eal] ).
_0'1+0'1<|| MNIl (M) MN{l(mm)

By (4.7) and the facts that AAhN = U;U;M and AA&N = CIﬂ:I’{M, we have

ViAHN'V, = UMEN"'V, = U; MU, U; MEN"'V;
= IMAAL (ENT'V, = 5,V Al L ENTIV,,
V; AHN™'V;, = VN7 E*MU, = V; N™'E* MU, U; MU,
= VN7 (Al E) A"MU; = VN (AL, E) Vi,

(4.26)

It follows from (4.9), (4.25) and (4.26) that

IAH | yny = ”Nl/zAHN’l/z“ - ||\7*AHN’1VH
<|[raEN" || + [|r ANV, || + | AHN V|

P (=A%l * A
T 01+0 ( MN | (pmm) MN || (mm)

+ | SV AL GENTV | + | TN (AT, E) Vi

AN

(4.27)

2 ([EAbn ] gy * [ EZNn]
< EA + [|[EA
T o140 ( MN (MM MN | (MMm)

+ 51| ALNE| o+ o[ AbnE|

(NN) (NN

which proves the theorem. O

Remark 4.11. If M = I,, and N = I, in Theorem 4.10, the bound (4.21) is reduced to bound
(1.6).
The following three corollaries can be also easily obtained.

Corollary 4.12. Let A € C;P" and A=A+EeC™ andlet A= QH and A = QH be their
MN-WPDs of A and A, respectively. Then

”N_ H”(NN) = %(”EAIVINH(MM) - ”EA}LVIN”(MM)> " 01||AR4NE”(NN)' (4.28)

Corollary 4.13. Let A € C;"" and A=A+EecCm™, andlet A= QH and A = QH be their
MN-WPDs of A and A, respectively. Then

”ﬁ_ H”(NN) < oflfél <||EA}FVIN||(MM) * ||EATMN"(MM)> * 61||AR4NE”(NN)‘ (4.29)



14 Journal of Applied Mathematics

Corollary 4.14. Let A € C;*" and A = A+ E € C**, and let A = QH and A = QH be their
MN-WPDs of A and A, respectively. Then

”E_ H“(NN) < %(”EA}LWN”(MM) - ||EAR4N||(MM)>' (4.30)

5. Conclusion

In this paper, we obtain the relative and absolute perturbation bounds for the weighted
polar decomposition without the restriction that the original matrix and its perturbed matrix
have the same rank. These bounds are the corresponding generalizations of those for the
(generalized) polar decomposition.
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