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We introduce viscosity approximations by using the shrinking projection method established by
Takahashi, Takeuchi, and Kubota, for finding a common element of the set of solutions of the
generalized equilibrium problem and the set of fixed points of a quasi-nonexpansive mapping.
Furthermore, we also consider the viscosity shrinking projection method for finding a common
element of the set of solutions of the generalized equilibrium problem and the set of fixed points
of the super hybrid mappings in Hilbert spaces.

1. Introduction

Let H be a real Hilbert space with inner product (:,-) and norm || - || and C a nonempty closed
convex subset of H and let T be a mapping of C into H. Then, T : C — H is said to be
nonexpansive if |[Tx - Ty|| < |[x —y|| for all x,y € C. A mapping T : C — H is said to be
quasi-nonexpansive if ||[Tx - y|| < |[x —y| forallx e Cand y € F(T) := {x € C : Tx = x}.
Recall that a mapping ¥ : C — H is said to be 6-inverse strongly monotone if there exists a
positive real number 6 such that

(¥x - Wy, x-y) > 6||¥x-Wy|’°, VxyeC (1.1)

If ¥ is an 6-inverse strongly monotone mapping of C into H, then it is obvious that ¥ is
1/6-Lipschitz continuous.
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Let F: C x C — R be a bifunction and ¥ : C — H be 6-inverse strongly monotone
mapping. The generalized equilibrium problem (for short, GEP) for F and ¥ is to find z € C
such that

F(z,y)+(¥z,y-z) >0, ¥YyeC (1.2)

The problem (1.2) was studied by Moudafi [1]. The set of solutions for the problem (1.2) is
denoted by GEP(F, W), that is,

GEP(F,¥) ={zeC:F(z,y) +(¥Yz,y-z)>0,Yy e C}. (1.3)

If ¥ = 0in (1.2), then GEP reduces to the classical equilibrium problem and GEP(F,0) is
denoted by EP(F), that is,

EP(F)={zeC:F(zy)>0,VyeC}. (1.4)

If F = 0in (1.2), then GEP reduces to the classical variational inequality and GEP(0, ¥) is
denoted by VI(¥, C), that is,

VI(¥,C) ={z€C: (¥z,y—-z) >0, Vy € C}. (1.5)

The problem (1.2) is very general in the sense that it includes, as special cases, optimization
problems, variational inequalities, min-max problems, and the Nash equilibrium problems in
noncooperative games, see, for example, Blum and Oettli [2] and Moudafi [3].

In 2005, Combettes and Hirstoaga [4] introduced an iterative algorithm of finding the
best approximation to the initial data and proved a strong convergence theorem. In 2007, by
using the viscosity approximation method, S. Takahashi and W. Takahashi [5] introduced
another iterative scheme for finding a common element of the set of solutions of the
equilibrium problem and the set of fixed points of a nonexpansive mapping. Subsequently,
algorithms constructed for solving the equilibrium problems and fixed point problems have
further developed by some authors. In particular, Ceng and Yao [6] introduced an iterative
scheme for finding a common element of the set of solutions of the mixed equilibrium
problem and the set of common fixed points of finitely many nonexpansive mappings.
Maingé and Moudafi [7] introduced an iterative algorithm for equilibrium problems and
fixed point problems. Wangkeeree [8] introduced a new iterative scheme for finding the
common element of the set of common fixed points of nonexpansive mappings, the set of
solutions of an equilibrium problem, and the set of solutions of the variational inequality.
Wangkeeree and Kamraksa [9] introduced an iterative algorithm for finding a common
element of the set of solutions of a mixed equilibrium problem, the set of fixed points of
an infinite family of nonexpansive mappings, and the set of solutions of a general system of
variational inequalities for a cocoercive mapping in a real Hilbert space. Their results extend
and improve many results in the literature.

In 1953, Mann [10] introduced the following iterative procedure to approximate a fixed
point of a nonexpansive mapping T in a Hilbert space H as follows:

Xni1 = Xy + (1 —ay)Tx,, VneN, (1.6)



Journal of Applied Mathematics 3

where the initial point x; is taken in C arbitrarily and {a,} is a sequence in [0,1]. Wittmann
[11] obtained the strong convergence results of the sequence {x,} defined by (1.6) to Prx;
under the following assumptions:

(C1) lim,, , uax,, = 0;
(C2) 37, oy = oo;
(C3) Z;.zozl |otps1 — an| < oo,

where Pr(ry is the metric projection of H onto F(T). In 2000, Moudafi [12] introduced
the viscosity approximation method for nonexpansive mappings (see [13] for further
developments in both Hilbert and Banach spaces). Let f be a contraction on H. Starting with
an arbitrary initial x; € H, define a sequence {x,} recursively by

Xne1 = Onf(xy) + (1 —0y)Tx,, n2>1, (1.7)

where {a,} is a sequence in (0, 1). It is proved [12, 13] that under conditions (C1), (C2), and
(C3) imposed on {a,}, the sequence {x,} generated by (1.7) strongly converges to the unique
fixed point x* of Pr(r) f which is a unique solution of the variational inequality

(I-f)x*,x-x*)>0, xeC. (1.8)

Suzuki [14] considered the Meir-Keeler contractions, which is extended notion of contrac-
tions and studied equivalency of convergence of these approximation methods.

Using the viscosity approximation method, in 2007, S. Takahashi and W. Takahashi
[5] introduced an iterative scheme for finding a common element of the solution set of the
classical equilibrium problem and the set of fixed points of a nonexpansive mapping in a
Hilbert space. Let T : C — H be a nonexpansive mapping. Starting with arbitrary initial
x1 € H, define sequences {x,} and {u,} recursively by

F(un,y) + l(y —Up, Up —X) 20, VyeC,
Tn (1.9)

Xn41 = O f (xy) + (1 — ap)Tu,, VYneN.

They proved that under certain appropriate conditions imposed on {a,} and {r,}, the
sequences {x,} and {u,} converge strongly to z € F(T) N EP(F), where z = Pr(rynep(r) f (2).

On the other hand, in 2008, Takahashi et al. [15] has adapted Nakajo and Takahashi’s
[16] idea to modify the process (1.6) so that strong convergence has been guaranteed. They
proposed the following modification for a family of nonexpansive mappings in a Hilbert
space: xg € H, C; = C, u; = Pc,xp and

Yn = Aply + (1 - an)Tnun/
Cunn ={z€Cu:|lyn—2z| < llun -z}, (1.10)

Un1 = Pc,., %0, nEN,

n+l
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where 0 < a, < a < 1 for all n € N. They proved that if {T,} satisfies the appropriate
conditions, then {u,} generated by (1.10) converges strongly to a common fixed point of
T

Very recently, Kimura and Nakajo [17] considered viscosity approximations by using
the shrinking projection method established by Takahashi et al. [15] and the modified
shrinking projection method proposed by Qin et al. [18], for finding a common fixed point of
countably many nonlinear mappings, and they obtained some strong convergence theorems.

Motivated by these results, we introduce the viscosity shrinking projection method for
finding a common element of the set of solutions of the generalized equilibrium problem and
the set of fixed points of a quasi-nonexpansive mapping. Furthermore, we also consider the
viscosity shrinking projection method for finding a common element of the set of solutions of
the generalized equilibrium problem and the set of fixed points of the super hybrid mappings
in Hilbert spaces.

2. Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R the set of real
numbers. Let H be a real Hilbert space with inner product (:,-) and norm || - ||. We denote
the strong convergence and the weak convergence of {x,} tox € H by x, — x and x,, — x,
respectively. From [19], we know the following basic properties. For x,y € H and A € R we
have

[ Ax + (1= Dy = Ml + @ =D ly|* = 2@ = 0)||x - y|*. (2.1)
We also know that for u, v, x,y € H, we have
2u-v,x-y) = |[u-y||* + o - x| = lu-x|*-|lo-y| (2.2)

For every point x € H, there exists a unique nearest point of C, denoted by Pcx, such
that ||x — Pcx|| < ||x — y|| for all y € C. Pc is called the metric projection from H onto C. It is
well known that z = Pecx © (x —z,z-y) >0, forall x € H and z,y € C. We also know that
Pc is firmly nonexpansive mapping from H onto C, that is,

|| Pex - Pcy”2 <(Pcx-Pcy,x-y), VYx,y€H, (2.3)

and so is nonexpansive mapping.
For solving the generalized equilibrium problem, let us assume that F satisfies the
following conditions:

(A1) F(x,x) =0forallx € C;
(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forallx,y € C;
(A3) foreach x,y,z € C, ltil%1 F(tz+ (1 -t)x,y) < F(x,y);

(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous.

In order to prove our main results, we also need the following lemmas.
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Lemma 2.1 (see [2]). Let C be a nonempty closed convex subset of H and let F be a bifunction from

C x C into R satisfying (A1), (A2), (A3), and (A4). Then, for any r > 0 and x € H, there exists a
unique z € C such that

F(z,y)+%<y—z,z—x>20, Vy e C. (24)

Lemma 2.2 (see [4]). Let C be a nonempty closed convex subset of H and let F be a bifunction from
C x C into R satisfying (A1), (A2), (A3), and (A4). Then, for any r > 0 and x € H, define a mapping
T,x : H — C as follows:

Trx = {zeC:F(z,y)+%<y—z,z—x>ZO,VyEC} VxeH, reR. (2.5)

Then the following hold:

(i) T, is single-valued;

(ii) T, is firmly nonexpansive, that is,

ITox - Ty|* < (T,x-T,y,x-y), Vx,yeH; (2.6)

(iii) F(T,) = EP(F);

(iv) EP(F) is closed and convex.

Remark 2.3 (see [20]). Using (ii) in Lemma 2.2 and (2.2), we have

2|Tox = Toy|* < 2Ty~ Ty, x ~ )

, , , (2.7)
= T =ylI"+ 1Ty = x|I” = 1T = 2 = | Ty — I
So, for y € F(T,) and x € H, we have
Ty = wl® + I Trx = x| < floc = ul. (2.8)
Remark 2.4. For any x € H and r > 0, by Lemma 2.1, there exists z € C such that
1
F(z,y)+;<y—z,z—x>20, Vy e C. (2.9)
Replacing x with x — r¥x € H in (2.9), we have
F(Z,]/)+(‘I’X,y—2>+%(y—z,z—x>20, Vy eC, (2.10)

where ¥ : C — H is an inverse-strongly monotone mapping.
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For a sequence {C,} of nonempty closed convex subsets of a Hilbert space H, define
s - Li,C, and w - Ls, C,, as follows.

x € s - Li,C, if and only if there exists {x,} C H such that x, — x and that x,, € C,
foralln € N.

x € w - Ls,C, if and only if there exists a subsequence {C,, } of {C,} and a subsequence
{yi} € H such that y; = y and that y; € C,, foralli € N.

If Cy satisfies

Co =5 - LiyCp = w — Ls,Cy, (2.11)

it is said that {C,} converges to Cy in the sense of Mosco [21] and we write Cy = M -
lim, ,,C,. It is easy to show that if {C,} is nonincreasing with respect to inclusion, then
{Cn} converges to ;- C, in the sense of Mosco. For more details, see [21]. Tsukada [22]
proved the following theorem for the metric projection.

Theorem 2.5 (see Tsukada [22]). Let H be a Hilbert space. Let {C,} be a sequence of nonempty
closed convex subsets of H. If Co = M — lim,,_,,C,, exists and is nonempty, then for each x € H,
{Pc,x} converges strongly to Pc,x, where Pc, and Pc, are the metric projections of H onto C,, and
Co, respectively.

On the other hand, a mapping f of a complete metric space (X, d) into itself is said to
be a contraction with coefficient r € (0,1) if d(f(x), f(y)) < rd(x,y) forall x,y € C. Itis well
known that f has a unique fixed point [23]. Meir-Keeler [24] defined the following mapping
called Meir-Keeler contraction. Let (X, d) be a complete metric space. A mapping f : X — X
is called a Meir-Keeler contraction if for all € > 0, there exists 6 > O such thate < d(x,y) < e+06
implies d(f(x), f(y)) < € for all x,y € X. It is well known that Meir-Keeler contraction is a
generalization of contraction and the following result is proved in [24].

Theorem 2.6 (see Meir-Keeler [24]). A Meir-Keeler contraction defined on a complete metric space
has a unique fixed point.

We have the following results for Meir-Keeler contractions defined on a Banach space
by Suzuki [14].

Theorem 2.7 (see Suzuki [14]). Let f be a Meir-Keeler contraction on a convex subset C of a Banach
space E. Then, for every € > 0, there exists r € (0,1) such that ||x — y|| > e implies || f (x) — f(y)] <
rllx =yl forall x,y € C.

Lemma 2.8 (see Suzuki [14]). Let C be a convex subset of a Banach space E. Let T be a nonexpansive
mapping on C, and let f be a Meir-Keeler contraction on C. Then the following hold.

(i) T o f is a Meir-Keeler contraction on C.

(ii) Foreach a € (0,1), a mapping x — (1 — a)Tx + afx is a Meir-Keeler contraction on C.
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3. Main Results

In this section, using the shrinking projection method by Takahashi et al. [15], we prove
a strong convergence theorem for a quasi-nonexpansive mapping with a generalized
equilibrium problem in a Hilbert space. Before proving it, we need the following lemmas.

Lemma 3.1. Let C be a nonempty closed convex subset of a Hilbert space H and 6 > 0 and let
W :C — H be 6-inverse strongly monotone. If 0 < A < 26, then I — AW is a nonexpansive mapping.

Proof. For x,y € C, we can calculate

1T = 2¥)x = (1 = ®)y|* = [|x -y - A(¥x - ¥y)||*
= [l - yI* - 20(x - y, ¥x - Wy) + 12| Wx - Wy’
< |lx = y||? - 246 ||®x - Wy ||* + A2 |[¥x - Wy (3.1)
= [lx = [ + A1 - 26) || ¥x - wy||?

2
< lx -yl

Therefore I — A¥ is nonexpansive. This completes the proof. O

Lemma 3.2. Let C be a nonempty closed convex subset of H, and let T be a quasi-nonexpansive
mapping of C into H. Then, F(T) is closed and convex.

Proof. We first show that F(T) is closed. Let {z,} be any sequence in F(T) with z, — z. We
claim that z € F(T). Since C is closed, we have z € C. We observe that

lz=Tz[| < [|z = zall + |20 - TZ||
<z = zall + |z = zal| (3.2)

=2z =z

Since z,, — z, we obtain that ||z — Tz|| < 0 and hence z = Tz. This show that z € F(T).
Next, we show that F(T) is convex. Let x,y € F(T) and a € [0,1]. We claim that
ax + (1 -a)y € F(T). Putting z = ax + (1 - &)y, we have

lz=Tz|? = |lax + (1 - a)y - Tz||2

||a(x—Tz) + (1 -a)(y-Tz) ||2

allx - Tz|* + (1 - a)|ly - Tz||2 —a(l-a)||x- y”2

IN

allx —z|?+ (1 - a)|ly - z||2 —a(l-a)||x- y||2
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=all0=@) (- + A= faly -0 - a -0 x -y
= {a(l —a)+a*(l-a)—a(l- a)}”x - y||2

=a(l-a)(1 —cx+0c—1)||x—y||2 =0.
(3.3)

Hence F(T) is convex. This completes the proof. O

Theorem 3.3. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — R be a bifunction satisfying (A1), (A2), (A3), and (A4) and let ¥ be a 6-inverse
strongly monotone mapping from C into H. Let T : C — C be a quasi-nonexpansive mapping which
is demiclosed on C, that is, if {wy} C C,wr — wand (I - T)wy — 0, then w € F(T). Assume
that Q = GEP(F,¥) N F(T) #0 and f is a Meir-Keeler contraction of C into itself. Let the sequence
{x,} C C be defined by

Ci=C, x1=x€C,

F(zun,y) + (¥xp, Yy — za) + %(zn - Xp,Y—zn) 20, VyeC,

Yn = ApXy + (1 - an)Tan (34)

Cun={z€Cun:|lyn—2z| < lxn -z},
Xn+1 = Pe,, f(xn), VYneN,

where Pc,,, is the metric projection of H onto Cpy1 and {a,} C [0,1] and {A,} C (0,26) are real
sequences satisfying

liminfa, <1, 0<a<i,<b<26, (3.5)

n—oo

for some a,b € R. Then, {x,} converges strongly to zy € Q, which satisfies zy = Pa f (zo).

Proof. Since Q is a closed convex subset of C, we have that Py is well defined and
nonexpansive. Furthermore, we know that f is Meir-Keeler contraction and we know from
Lemma 2.8 (i) that Pof of C onto Q is a Meir-Keeler contraction on C. By Theorem 2.6,
there exists a unique fixed point zg € C such that zg = Pqf(zo). Next, we observe that
zn =Ty, (%, — 1, ¥x,) for each n € N and take z € F(T) N GEP(F,¥). From z = T, (z — 1,,¥z)
and Lemma 2.2, we have that for any n € N,

Iz = 2l|? = ITy, (30 — Xn %) = T, (2 — A, ¥2)|?
< 1 (en = 1, ¥x,) = (z = L, P2)|2 (3.6)

< l2n = 217,

Next, we divide the proof into several steps.
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Step 1. C,, is closed convex and {x,} is well defined for every n € N.
It is obvious from the assumption that C; := C is closed convex and Q C Cj. For any
k € N, suppose that C is closed and convex, and © C Ci. Note that for all z € Ck,

ly - 2|I” < N1k = 21 = |Jyx - 2||” = [l — 2l <0
= [|lyell® + 1217 = 20y, 2) — ikl - [1zP + 2(x6,2) <O (3.7)

= |yl - 2(yx - xx, 2) = Ixel* < 0.

It is easy to see that Cy.q is closed. Next, we prove that Cy.; is convex. For any u, v € Cj4q and
a € [0,1], we claim that z := au + (1 - a)v € Cyq. Since u € Ci1, we have ||yi — u|| < [|xx — ul|
and so ||k — ul* < ||xx — ul?, that s, [lyl|* — 2(yk — xk, u) — [|xk||> < 0. Similarly, v € Ci,1, we
get lyell? ~ 2(yi -~ x4, 0) ~ ]2 < 0.

Thus,

allyel|® - 2(yi — xi, aut) — aflxi||* < 0,

(3.8)
(= @) lyell” = 2y = xi, (1 - @)v) = (1 = )i < 0.
Combining the above inequalities, we obtain
i ll” = 2y — e au + (1 = @)o) = x> < 0. (3.9)

Therefore ||yx — z|| < ||xx — z||. This shows that z € Ci,; and hence C.; is convex. Therefore
C, is closed and convex for all n € N.

Next, we show that Q c C,, for all n € N. For any k € N, suppose that v € Q C Ci.
Since T is quasi-nonexpansive and from (3.6), we have

||yk - v||2 = |lexk + (1 — )Tz — o
= flak (xx = v) + (1 - ) (Tzx - 0)|?
< agllxi = o|* + (1 - ag) | Tz — 0|
(3.10)
< agllxx = ol + (1 - ax) |2k - 0|
< agllxk — o> + (1 - o) ||k — 0|
= |Jxk - 0|*.

So, we have v € Cy41. By principle of mathematical induction, we can conclude that C, is
closed and convex, and Q c C,,, for all n € N. Hence, we have

P #QcCCpCCy, (3.11)

for all n € N. Therefore {x,} is well defined.
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Step 2. limy, _, o ||, — u|| = 0 for some u € ;2 C, and (f(u) —u,u—y) >0forall y € Q.

Since ,Z; Cy is closed convex, we also have that Pn» ¢, is well defined and so
Pn=, ¢, f is a Meir-Keeler contraction on C. By Theorem 2.6, there exists a unique fixed point
u € 2y Cy of P2, ¢, f. Since C, is a nonincreasing sequence of nonempty closed convex
subsets of H with respect to inclusion, it follows that

w;agzcﬁcn:M— lim C,,. (3.12)

n— oo
n=1

Setting u,, := Pc, f (u) and applying Theorem 2.5, we can conclude that

lim uy = Ppz, ¢, f(w) = u. (3.13)

Next, we will prove that lim,, _, oo ||x, —u|| = 0. Assume to contrary that limsup,, _, _||x,—u|[#0,
there exists € > 0 and a subsequence {||x,, — ul|} of {||x, — ul|} such that

X, — uH >e, YjEN, (3.14)
which gives that
lim sup Xn; — u” >e>0. (3.15)
jooe

We choose a positive number ¢’ > 0 such that

lim sup |

jooo

Xn; — u” >e >0. (3.16)

For such €', by the definition of Meir-Keeler contraction, there exists 6, > 0 with

'+ g <limsup||x,, — u”, (3.17)
jo oo
such that
||x-y| <& +6s implies | f(x)-f(v)| <€, (3.18)

for all x, y € C. Again for such &', by Theorem 2.7, there exists 7o € (0,1) such that
|x -yl > +6s implies ||f(x)—f(y)|| <rellx-yl (3.19)
Since u,, — u, there exists ny € N such that

lun —ul|| < 6o, Vn > nyg. (3.20)

By the idea of Suzuki [14] and Kimura and Nakajo [17], we consider the following two cases.
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Case I. Assume that there exists ny > ng such that
lxcn, — ul| < € + 6¢. (3.21)
Thus, we get

[l 1 = wll < [12m 41 = Unga || + (40,01 — ]

= ”PCn1+1f(xn1) - PCnlﬂf(u)” + {[ttms1 — ul

(3.22)
< ”f(xnl) - f(u)” + ||u111+1 - u”
<e+6,.
By induction on {n}, we can obtain that
”xn - u” <&+ ¢, (323)
for all n > ny. In particular, for all j > ng, we have n; > j > ny and
| Xn; = u” <& +6,. (3.24)
This implies that
lim sup| Xp; = u” <g+6y < limsup| Xn; = ulf, (3.25)
joo jmo
which is a contradiction. Therefore, we conclude that ||x,, —u|| — 0Oasn — oo.
Case I1. Assume that
lxn —ul| > € +6y, VYn>ng. (3.26)
By (3.19), we have
lf (xxn) = fF@)|| < rellxn —ull, Vn>ne. (3.27)
Thus, we have
%01 =t || = ”PCmf(xn) - PCn+1f(u)||
< f (o) = fFQ)|
(3.28)

<rellxn —ull

< e ([loen = nl| + [l = ul]),
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for every n > ny. In particular, we have

+

< rs’(

for every j > ng (n; > j > ng). Let us consider

X1 = Unl Xn; = Un, Un; — U ) (3.29)

lim sup| Xp; = Up, || = limsup

n— oo ]—>OO

Xnj+1 — Un;+1

Xp; — Un;

|

)

< relim sup| Xp; = Up, || + T lim sup|
jooo joo

< relimsup (

joo»

Un; ~ ”|| (3.30)

= rglim sup|

j—oo

xn]- - un,-

< limsup

jooo

Xp; = Un;

7

which gives a contradiction. Hence, we obtain that
lim ||x,, —u|| =0, (3.31)
n—oo

and therefore {x,} is bounded. Moreover, {f(x,)}, {z+}, and {y,} are also bounded. Since
Xn+1 = Pc,,, f (x4), we have

(f(n) = Xns1, Xm0 —y) 20, Yy € Cpan. (3.32)
Since Q C Cp11, we get
(f(xn) = Xps1, %01 —y) 20, VneN, yeQ. (3.33)
We have from x,, — u that
(fu)—u,u—-y)y>0, VyeQ. (3.34)
Step 3. There exists a subsequence {||x,, — zy, ||} of {||x, — zx||} such that ||x,, — z,,]| — 0 as
i — oo.
We have from (3.13) and (3.31) that

[0 = Xnaall < [l2en = ull + ([ = wnaa || + [[ttne1 = X
= [l2tn = ull + 1 = upaall + || Pe,.. f (xn) = Pe,o f (w) | (3.35)

< loen = ull + 1 = || + || f (xen) = F()|| — O
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From x,,1 € C,+1, we have that
lyn = st || < 11260 = s, (3.36)
and so ||y, — xu+1]] — 0. We also have
1y = xull < [[yn =2 || + 201 = 2all — 0. (3.37)

From liminf,_, ,a, < 1, there exists a subsequence {ay,} of {a,} and ay with 0 < ag < 1 such
that a,, — ap. Since ||x, — Y|l = ||Xn — @nxy — (1 — )T zy|| = (1 — ap)||xn — Tzy||, we have

ITzy, — x| — 0 asi—s oo. (3.38)
Using Lemma 2.2 (ii) and (3.6), we have

20 = 2|* = | Ty, (% — L ¥x,) = Ty, (2 = 1, ¥2) |1

IN

((cn = An¥xp) = (z = Ly ¥2), 24 — 2)

—((xn = L) ¥xp) — (z - AM¥2),2-z,)

1
5 (1Gen = W) = (2= LW + 122 - 2P

It = 1 W) = (2 = 1, ¥2) + (z - z) )

< 2 (1= 2P+ 2 2P = e~ 20) ~ A (¥~ ¥2) )
= 2 (e = 2l + l = 2l = e = 2P + 20— 20 W — W) = 2 W, — W),
(3.39)
So, we have
IZn = 21> < |2n = 2I1* = 1|20 = Zall* + 200 (2 — 2, ¥x,, — ¥2) — A2 ||¥x,, — Pz||°. (3.40)

Let us consider

Iy = 2lI = llotn Gt = 2) + (1 = @) (T2 - 2) I
< ayllx, - 2”2 +(1-a,)||Tz, - 2”2
< apllxn - Z”2 + (1 =au)|lzn - Z”2

= a||xn = 2|* + (1 = ) [T, (I = 1L, ¥)x, — Ty, (I = L, ¥) 21
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< oy — 2P+ (1= a) | (T = L, ¥)x, — (I - A, ¥)z|)?
= oy — z|* + (1 - a) || (30 - 2) = An (¥, = ¥2)|?
= ylloxn = zII* + (1 - an) [l — zI* + (1 - @) A3 ¥, - ¥z
=21 —a)Au{x, — z,¥x, - ¥z)
<l = z[* + (1= an) A2 ||®x, — z|* = 2(1 - a,) A6 || ¥, — Pz||
= [0 = zI* + (1 = @) (An = 26) 4| ¥x — Wz

< |lxp = z|* + (1 - &) (b - 26)b||¥x, — ¥z|*.

(3.41)
In particular, we have
(1 - ) (26 = LYWy, — ¥2I> < [l = 2117 = ||y, - 2|
, (3.42)
< ot =y ™ + 2[|2m = v [ 1y = =]|-
Since a,, — ap with ap <1 and ||xy,, — y,|| — 0, we obtain that
|¥x,, - ¥z|| — 0. (3.43)

Using (3.40), we have

[y = 2|1° < @allxn = 2l + (1 = @n)l|zn — 21
< a2y — 2|7 + (1 - )
x (1t = 21 = ltn = 2all? + 2t = 20, Wity = W2z) = A2 |[Wox, - W)
< anlltn = 2|2+ (1= ) (12 = 212 = 12 = 2l + 24l = 20| [¥ 20 — W]
< oo = 2 = (1= @) 1200 = Zall® + 201 = ) A (12| + 120 l]) [, — ¥z]|
< lxn = 2P = (1= an)llxn = zall” + 2(1 = )M ®x,, - ¥z]),

(3.44)

where M := sup{||x,|| + ||yl : m € N}.
So, we have

2
(1= au)|lxn - Zni”z < o, = Z||2 - ”:‘/ni - Z” +2(1 - ay)bM||¥x,, — ¥Pz||

< [l = v + 2020 = vy, = 21| + 201 - @) MWy, = W]
(3.45)
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We have from a,,, — ay, (3.37), and (3.43) that

ll2n, = zu; || — O. (3.46)

Step 4. Finally, we prove that u € Q := F(T) N GEP(F, ¥).
Since v, = apx, + (1 — a,)Tz,, we have y, — Tz, = a,(x, — Tz,). So, from (3.38) we
have

”yn,- - Tzni ” = ani”xni - Tzni” — 0. (347)

Since [|zn, — Tz || < |zn, = Xl + 160, = Y|l + 1Yy — T2, |l, from (3.37), (3.46), and (3.47) we
have

1zn, = Tzy,|| — 0. (3.48)

Since x,, — u, we have z,, — u. So, from (3.48) and the demiclosed property of T, we have

u € F(T). (3.49)

We next show that u € GEP(F, ¥). Since z,, = Ty, (x,, — A,¥x,), for any y € C we have

F(any> +<‘Pxn,3/—2n>+%(y—zn,zn—xr& > 0. (3.50)
From (A2), we have
—F(y,zn) + (¥Xn, Y — zn) + )Li(y — Zn, Zn — Xn) 20 (3.51)
and so
1
(Yxp, Yy — zn) + r(y—zn,zn —xn) > F(Y,2a). (3.52)

Replacing n by n;, we have

Zp; — X,

<1Px"i’y - Zni> + <]/ — Zn;,
An

)2 F,2). (3.53)

Note that ¥ is 1/6-Lipschitz continuous, and from (3.46), we have

Wz, — Px, || — O. (3.54)
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Fort € (0,1] and y € C, let z; = ty + (1 — t)u. Since C is convex, we have z; € C. So, from
(3.53) we have

Zp

. — Xn.
(21 = 20, W20) 2 (21 = 2, W) = (2] = 20, W0) = (31 = 2, 2 )+ PG 20)
;

i

= (2} — zn, Pz — ¥xp,) - <z;‘ - Zn,, Z"")L_ xni> + F(z}, zn,)
i (3.55)
= (2] — 20, ¥z} —Wzy,) + (2} — 2n, Yz, — Pxp,)
- <zf - Zn,, Zm = X > + F(z}, zn,).-
A,
From (z} — z,, ¥z; — ¥z,,) > 0, we have
* * * * Z"i - xni *
(zf = zn,, W2¢) 2 (2{ — 20, ¥z, = W) — ( 20 = 2y, 1 +F(z, zn,)- (3.56)
n;
Thus,
Zn — Xn,
(2F = 20, 2) = 112f = 20| W20, = ¥l 2 =l|27 = 20 ||| =5 || + F (25, 20,)- (3.57)
M
From Step 3 and (3.54), we obtain
(zf —u,¥zi) > F(z{,u). (3.58)

From (A1), (A4), and (3.58), we have

0= F(z;,z;) = F(z},ty + (1 - Hu)
< tF(zf,y) + (1 - t)F(z},u)
(3.59)
<tF(z,y) + (1 —t)(zf —u, ¥z})

<tF(z,y) + 1 -y —u, ¥z;),

and hence

0<F(z},y)+(1-t)(y—u¥z}). (3.60)
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Letting t | 0 and from (A3), we have that for each y € C,

0 < lim(F(=5,9) + (1~ )(y -1, ¥))
= ltilrgl(F(ty +(1-Hu,y)+ A -t)(y—u tPy + (1 -t)Pu)) (3.61)

< F(uy) +(y —u,Yu).

This implies that u € GEP(F,¥). So, we have u € F(T) N GEP(F,¥). We obtain from (3.34)
that u = zp and hence, {x,} converges strongly to zy. This completes the proof. O

By Theorem 3.3, we can obtain some new and interesting strong convergence
theorems. Now we give some examples as follows.
Setting f(x,) = x,Vn € N in Theorem 3.3, we obtain the following result.

Corollary 3.4. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — R be a bifunction satisfying (A1), (A2), (A3), and (A4) and let ¥ be a 6-inverse
strongly monotone mapping from C into H. Let T : C — C be a quasi-nonexpansive mapping which
is demiclosed on C. Assume that Q # @ and let C; = C and {x,} C C be a sequence generated by
x1=x € Cand

F(zun,y) + (¥xp,y — za) + %(zn - Xp,Y—zn) 20, VyeC,

Yn = Xy + (1 — ay) Tz, (3.62)
Cont = {2 € Cot ||yn - z|| < llxa - 2},

Xps1 =Pc,,x, VneN,

where Pc,,
such that

is the metric projection of H onto Cyq and {a,} C [0,1] and {1,,} C [0,28) are sequences

liminf a,, <1, 0<a<l, <b<26, (3.63)

n—oo

for some a € R. Then {x,} converges strongly to zy = Pozo.

Setting ¥ = 0 in Theorem 3.3, we obtain the following result.
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Corollary 3.5. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — R be a bifunction satisfying (A1), (A2), (A3), and (A4). Let T : C — C be a quasi-
nonexpansive mapping which is demiclosed on C. Assume that EP(F) N F(T) # @ and f is a Meir-
Keeler contraction of C into itself. Let C1 = C and {x,} C C be a sequence generated by x1 = x € C
and

F(zu,y) +%<zn—xn,y—zn> >0, VyeC,

Yn = anXny + (1 - a,)Tz,, (3.64)
Cuit = {2 € Cut ||y — 2| < lln — zII},
Xni1 = Pe,., f(xn), VneN,

where Pc, , is the metric projection of H onto Cyq and {a,} C [0,1] and {A,} C [0, oo) are sequences
such that
liminfa, <1, O<a<i, (3.65)

for some a € R. Then {x,} converges strongly to zg € F(T') N EP(F).

Setting ¥ = 0 and f(x,) = x for all n € N in Theorem 3.3, we obtain the following
result.

Corollary 3.6. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : C xC — R bea bifunction satisfying (A1), (A2), (A3), and (A4). Let T : C — C be an quasi-
nonexpansive mapping which is demiclosed on C and assume that EP(F)NF(T) # 0. Let C; = C and
{xn} C C be a sequence generated by x1 = x € C and

F(zu,y) +%<zn—xn,y—zn> >0, VYyeC,

Yn = apxn + (1 - aa) Tz, (3.66)
Cn+1 = {Z € Cn : ”yn - Z” < ||le - Z“}’

Xps1 =Pc,,x, VneN,

where Pc, ., is the metric projection of H onto Cy.q and {a,} C [0,1] and {A,} C [0, oo) are sequences
such that
liminfa, <1, O<a<i, (3.67)
n—oo

for some a € R. Then {x,} converges strongly to zg € F(T') N EP(F).

Next, using the CQ hybrid method introduced by Nakajo and Takahashi [16], we
prove a strong convergence theorem of a quasi-nonexpansive mapping for solving the
generalized equilibrium problem.
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Theorem 3.7. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — Rbea bifunction satisfying (A1), (A2), (A3), and (A4) and let ¥ be a 6-inverse strongly
monotone mapping from C into H. Let T : C — C be an quasi-nonexpansive mapping which is
demiclosed on C. Assume that Q # @ and f is a Meir-Keeler contraction of C into itself. Let Q1 = C
and {x,} C C be a sequence generated by x, = x € C and

F(zn,y) + (¥xn,y — zn) + %(zn —Xn,Y—2zn) 20, Vye(C,

Yn = XXy + (1 - an)Tznr
3.68
Co={z€C:|lyn—z| <llxn—2zl}, (3.68)
Qn= {Z €Qu1: <f(xn—l) — Xn, Xn — Z> > O}r

Xn+l = PCnﬁan(le)/ Vn e I\I/
where Pc,nq, is the metric projection of H onto C,, N Q, and {a,} C (0,1) and {A,} C (0,26) satisfy

0<a,<b<1, 0<c<), <d<26, (3.69)

forsome b,c,d € R. Then, {x,} converges strongly to zg € Q, which satisfies zg = Pq f (zo).

Proof. As in the proof of Theorem 3.3, we have that the mapping Pq f of C onto Q is a Meir-
Keeler contraction on C. By Theorem 2.6, there exists a unique fixed point zy € C such that
zo = Pof(zo). Next, it is clear that C, is closed and convex. Next, we will show that Q,, is
closed and convex for all n € N. For any n € N, let {z; } be a sequence in Q,, such that zx — z.
For each k € N, we observe that

0 < (2tn = 2k, f (Xn1) = Xu) = %(llf(xn_o = 2l = v = 2l = I f (ko) = ] [)- (370)

Taking k — oo, we get (x,, — z, f(x,-1) — x,) > 0 and then z € Q,,. Therefore Q,, is closed.

Next, we will show that Q, is convex. For any u,v € Q,, and a € [0,1], put z =
au + (1 — a)v. We claim that z € Q,. Since u € Q,, we have (ax, — au, f(x,-1) — x,) > 0.
Similarly, since v € Q,, we have ((1 - a)x, — (1 - a)v, f(x,-1) — x,) > 0. Thus,

0<(axy —au+ (1-a)x, — (1 -a)v, f(xp-1) = xu)
= (xn —au— (1 -a)v, f(xp-1) = Xn) (3.71)
= (xn— 2, f(Xn-1) — Xn).
It follows that z € Q,,, and therefore we have that Q, is convex. We obtain from both C,, and
Q, which are closed convex sets for every n € N that C,, N Q, is closed and convex for every
n € N.

Next, we will show that C, N Q, is nonempty. Let z € F(T) N GEP(F,¥). We will
show that z € C, for any n € N. We notice that z, = T}, (x, — 1,¥x,) for each n € N and
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z =T),(z - 1,¥z). From ¥ which is an inverse strongly monotone mapping Lemma 2.2 (ii),
Lemma 3.1, we obtain

lzn — z|| < ||xn — z||, foranyn e N. (3.72)
Since T is quasi-nonexpansive with the fixed point z and from (3.72), we have
= =1 < e~ =P (373)

So, we have z € C,,. Therefore F(T) N GEP(F, %) c C,, forall n € N.
Next, we will show that

F(TYnGEP(F,¥)cC,NnQ,, VYnelN. (3.74)
It is obvious that F(T) N GEP(F, ¥) c C = Q;. Hence
F(T)NGEP(F,¥) cCi N Q. (3.75)
For any k € N, suppose that
F(T) nGEP(F, ¥) C Cx N Qk. (3.76)
Since xy41 = Pe,no, f (xk), we have
(f (xk) = Xies1, X1 —2) 20, Vz € Ce N Q. (3.77)
In particular, for any z € F(T) N GEP(F, ¥), we obtain that
(f (xi) = Xpes1, Xpe1 — 2) 2 0. (3.78)
This shows that z € Q1. Hence F(T) N GEP(F, ¥) C Q1. Therefore, we conclude that
F(T) NGEP(F,¥) C Cgs1 N Qks1- (3.79)
By principle of mathematical induction, we can conclude that

F(T)NGEP(F,¥) c C,NQ,, VneN. (3.80)

Hence {x,} is well defined. Since Pn=, g, f is a Meir-Keeler contraction on C, there exists a
unique element u € C such that u = Pn= o, f(u). For each n, let u, = Py, f (u). Since F(T) N
GEP(F,¥) C Qu+1 C Qu, we have from Theorem 2.5 that u, — u. Notice that x,, = Py, f (x-1).
Thus, as in the proof of Theorem 3.3, we get x,, — u and hence {x,} is bounded. Moreover,

Tim flocy = 2al| =0, lim [|yn — x| = 0. (3.81)
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As the proof of Theorem 3.3, we have that
v = 2|7 < 120 = 212 + (1 = @) (A — 26) [ ¥ix, — 2|2 (3.82)
Thus,
[ = z||> < s — 2II2 + (1 - a)(d - 26)d||¥x, — Wz|]? (3.83)
and so

(1-a)(26 - d)d|[Wax, — Pz < [, = z[” — ||y - 2°

(3.84)
< 1w = yll” + 201w =l 1~ 2.
Since (1 -a)(26 —d)d > 0 and ||x, — y,|| — 0, we obtain that
|[¥x, — ¥Pz|| — 0. (3.85)
Using (3.40) in Theorem 3.3, we have
1y = zl|* < 1w = 27 = (1 = b)[l2tn = zall* + 201 = @)d M| ¥ix,, - ¥z, (3.86)
where M := sup{[|x,| + lyall}. So, we have
(1=B)llxn = zall” < [0 = 2I” = [lym - 2I|* + 2(1 - )dM|[[¥x,, - ]|
(3.87)
< 1%n = yall” + 2)|%0 = v || ||y - 2|| + 2(1 = @)dM || ¥x,, - Wz]].
We have from 1 -b >0, ||x, — y,|| — 0and (3.85) that
|0 = zull — O, (3.88)
which implies that
Zp — U. (3.89)
Notice that
l2n = || = 30 — @nxn = (1 = ) Tzu|| = (1 — ) |20 — Tzall, (3.90)

and from limsup, ,_a, <b <1, we have

T2y — %u]| — O. (3.91)
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Since y, = apx, + (1 — a,)Tz,, we have vy, — Tz, = a,(x, — Tz,). So, from0<a<a,<b<1
and (3.91), we obtain

|yn = Tza|| —0 (3.92)

and hence

1zn = Tzn|| — 0. (3.93)

From (3.89), (3.93), and the demiclosed property of T, we have u € F(T). As in the proof of
Theorem 3.3 we have that u € F(T) N GEP(F, ¥). Since F(T) N GEP(F, ¥) C Qp1, we get

<f(xn) — Xn+l, Xn+l — ]/> >0, (3.94)
foralln € Nand y € F(T) N GEP(F, ¥). We have from x,, — u that
(fw) —u,u-y) >0, (3.95)

for all y € F(T) n GEP(F,¥), which implies that u = Pqf(u). It follows that u = z, since
zo € F(T) N GEP(F, ¥) of Po f is unique. Hence, {x,} converges strongly to z. This completes
the proof. O

Setting f(x,) = x, for all n € N in Theorem 3.7, we obtain the following result.

Corollary 3.8. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — Rbea bifunction satisfying (A1), (A2), (A3), and (A4) and let ¥ be a 6-inverse strongly
monotone mapping from C into H and let T : C — C be a quasi-nonexpansive mapping which is
demiclosed on C. Assume that Q := GEP(F, %) N F(T) # 0. Let Q1 = C and {x,,} C C be a sequence
generated by x, = x € C and

F(zn,y) + (¥xp,y — zn) + %(zn —Xn,Y—2zn) 20, YyeC,

Yn =Xy + (1 —a,)Tz,,
3.96
Co={z€C:|lyn-z| < llxu-2zl}, (3.96)
Qn=1{z€Qp1:{(x—x4,x,—2z) >0},

Xpi1 = Pc,ng,x, VneN,
where Pc,no, is the metric projection of H onto C,, N Q,, and {a,} C (0,1) and {1,,} C (0,206) satisfy

0<a,<b<1, 0<c<), <d<26, (3.97)

forsome a,b,c,d € R. Then {x,} converges strongly to zog = Po f (o).

Setting ¥ = 0 in Theorem 3.7, we obtain the following result.



Journal of Applied Mathematics 23

Corollary 3.9. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : Cx C — R be a bifunction satisfying (A1), (A2), (A3), and (A4) and let T : C — C be
an quasi-nonexpansive mapping which is demiclosed on C. Assume that EP(F) N F(T) # 0 and f
is a Meir-Keeler contraction of C into itself. Let Q1 = C and {x,} C C be a sequence generated by
x1=x € Cand

F(zy,y) + %(zn - Xp,Y—2zn) 20, VyeC,
Yn = ApXy + (1-a,)Tz,,
Co={z€C: ||yu-z| < lIxa-=Il}, (3.98)
Qn = {z € Qu1: (f(Xn1) — X, xn — 2) 20},
Xni1 = Pe,ng, f(xn), Vn €N,

where Pc,nq, is the metric projection of H onto C, N Q, and {a,} C (0,1) and {1, } C (0, o0) satisfy

0<ay<b<l, 0O<c<A, (3.99)

for some a,b,c € R. Then {x,} converges strongly to zg € F(T) N EP(F).
Setting ¥ = 0 and f(x,) = x,Vn € N in Theorem 3.7, we obtain the following result.

Corollary 3.10. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — R be a bifunction satisfying (A1), (A2), (A3), and (A4) and let T : C — Cbea
quasi-nonexpansive mapping which is demiclosed on H. Assume that EP(F) N F(T) #@. Let Q1 = C
and {x,} C C be a sequence generated by x; = x € C and

F(zn,y) + %(zn—xn,y—zn> >0, VYyecC,

Yn = anXp + (1 —a,)Tzy,,

3.100
CnZ{Z€C2”yn—Z“S“xn_Z”}/ ( )

Qn = {Z € Qn—l : <x_xnrxn_z> > 0},

Xpi1 = Pc,ng,x, VneN,

where Pc,~q, is the metric projection of H onto C, N Qy and {a,} C (0,1) and {1, } C (0, o0) satisfy

O<a<a,<bxl, O0<c<A,, (3.101)

for some a,b,c € R. Then {x,} converges strongly to zo € F(T) NEP(F).
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4. Applications

In this section, we present some convergence theorems deduced from the results in the
previous section. Recall that a mapping T : C — H is said to be nonspreading if

2|Tx =Tyl < [T~ y|* + | Ty ~ x||” (1)

for all x, y € C. Further, a mapping T : C — H is said to be hybrid if
2 (4.2)

7

3I|Tx = Ty||” < [l ~ yI* + ITx - y||" + | Ty - x

for all x,y € C. These mappings are deduced from a firmly nonexpansive mapping in a
Hilbert space.
A mapping F : C — H is said to be firmly nonexpansive if

|Fx - Fyl||” < (x -y, Fx - Fy), (4.3)

for all x, y € C; see, for instance, Browder [25] and Goebel and Kirk [26]. We also know that
a firmly nonexpansive mapping F can be deduced from an equilibrium problem in a Hilbert
space.

Recently, Kocourek et al. [27] introduced a more broad class of nonlinear mappings
called generalized hybrid if there are a, § € R such that

allTx =Tyl + - wllx Tyl < pITx -yl + 1 -p)llx-yl’, @

for all x,y € C. Very recently, they defined a more broad class of mappings than the class
of generalized hybrid mappings in a Hilbert space. A mapping S : C — H is called super
hybrid if there are a, ,y € R such that

al|Sx - Sy||*+ (1 - a+y)|x - Sy
<+ B-ay)|Sx-y|*+@-p-(B-a-1)y)|x-y|* (4.5)
+ (a-B)ylx = SxI? + x|y - Syl

for all x,y € C. We call such a mapping an («, §, y)-super hybrid mapping. We notice that
an (a, p,0)-super hybrid mapping is (a, f)-generalized hybrid. So, the class of super hybrid
mappings contains the class of generalized hybrid mappings. A super hybrid mapping is
not quasi-nonexpansive generally. For more details, see [20]. Before proving, we need the
following lemmas.

Lemma 4.1 (see [20]). Let C be a nonempty subset of a Hilbert space H and let a, B, and y be real
numbers with y # —1. Let S and T be mappings of C into H such that T = (1/(1+y))S+(y/(1+y))1.
Then, S is (a, B, y)-super hybrid if and only if T is (a, B)-generalized hybrid. In this case, F(S) =
F(T).

Lemma 4.2 (see [20]). Let H be a Hilbert space and let C be a nonempty closed convex subset of H.
Let T : C — H be a generalized hybrid mapping. Then T is demiclosed on C.
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Setting T := (1/(1 +y))S + (y/(1 + 7))l in Theorem 3.3, where S is a super hybrid
mapping and y is a real number, we obtain the following result.

Theorem 4.3. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — Rbea bifunction satisfying (A1), (A2), (A3), and (A4) and let ¥ be a 6-inverse strongly
monotone mapping from C into H. Let a, p and y be real numbers with y# —landletS:C — H
be an (a, B, y)-super hybrid mapping such that GEP(F,¥) N F(S) #0 and let f be a Meir-Keeler
contraction of C into itself. Let C; = C and {x,} C C be a sequence generated by x1 = x € C and

F(zun,y) + (¥xp,y — za) + %(zn - Xp,Y—zn) 20, VyeC,

_ 1 Y
Yn —anxn+(1_an)<mszn+ mzn>/ (4.6)
Cp1 = {Z €eCy: “yn _Z” < ||xn _Z”}/
xn+1 = PC,,,,lf(xn)/ Vn € N/

where Pc, , is the metric projection of H onto Cpyq and {a, } C (0,1) and {A,} C (0,26) are sequences
such that
liminfa, <1, 0<a<i,<b<26, (4.7)
n— oo

for some a,b € R. Then {x,} converges strongly to zo = Pr(syncer(rw) f (20)-

Proof. PutT = (1/(1 +7))S + (y/(1 + y))I; we have from Lemma 4.1 that T is a generalized
hybrid mapping and F(T) = F(S). Since F(T) # @, we have that T is quasi-nonexpansive.
Following the proof of Theorem 3.3 and applying Lemma 4.2, we have the following result.

O

Setting f(x,) = x,Vn € N in Theorem 4.3, we obtain the following result.

Corollary 4.4. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — Rbea bifunction satisfying (A1), (A2), (A3), and (A4) and let ¥ be a 6-inverse strongly
monotone mapping from C into H. Let a, B, and y be real numbers withy# —landlet S: C — H
be an (a, B, y)-super hybrid mapping such that GEP(F, W) N F(S) #@. Let C; = C and {x,} C Cbea
sequence generated by x1 = x € C and

F(zun,y) + (¥xp,y — za) + %(zn - Xn,Y—zn) 20, VyeC,

1
yn:anxn+(1_‘xn)<1+yszn+1IYZn>, (48)

Cpi = {Z €Cy: ”]/n _Z” < lxn _Z”}/

Xp1 = Pc,,x, VneN,
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where Pc, ., is the metric projection of H onto Cyaq and {a,} C (0,1) and {1} C (0,206) are sequences
such that
liminfa, <1, O0<a<l,<b<?26, (4.9)
n—oo

for some a,b € R. Then {x,} converges strongly to zg € F(S) N GEP(F, ¥).
Setting ¥ = 0 in Theorem 4.3, we obtain the following result.

Corollary 4.5. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — Rbea bifunction satisfying (A1), (A2), (A3), and (A4). Let a, B, and y be real numbers
withy# —-1andlet S : C — H bean (a, B, y)-super hybrid mapping such that EP(F)NF(S) # @ and
let f be a Meir-Keeler contraction of C into itself. Let C1 = C and {x,} C C be a sequence generated
by x1 =x € Cand

F(Zn/y)-i_)tl(Zn_xn/y_zn)ZO, Vyec,

_ 1 Y
yn—anxn+(1_an)<1+yszn+ 1+an>, (410)
Cui1 ={z€Cp:||yn—z| < lIxn—2zll},
Xnt1 = PC,,,,lf(xn)/ Vn € N/

where Pc,., is the metric projection of H onto Cy.q and {a,} C (0,1) and {A,} C (0, 00) are sequences
such that
liminfa, <1, O<a<i, (4.11)
n—oo

for some a € R. Then {x,} converges strongly to zg € F(S) NEP(F).

Setting ¥ = 0 and f(x,) = x, for all n € N in Theorem 4.3, we obtain the following
result.

Corollary 4.6 (see [20], Theorem 5.2). Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let F : C x C — R be a bifunction satisfying (A1), (A2), (A3), and (A4). Let
a, B, and y be real numbers with y# —1and let S : C — H be an (a, B, y)-super hybrid mapping
such that EP(F) N F(S) #0. Let C1 = C and let {x,} C C be a sequence generated by x1 = x € C and

F(Zn/y>+%<zn_xn/y_zn>20, VyEC,

1
yn :anxn*'(l_‘xn)(mszn"'#zn)/ (412)

Cpi = {Z €Cy: ”]/n _Z” < lxn _Z”}/

Xp1 = Pc,,x, VneN,
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where Pc, ., is the metric projection of H onto Cy4q and {a,} C (0,1) and {A,} C (0, c0) are sequences
such that

liminfa, <1, 0< Ay, (4.13)

n—oo

for some a € R. Then {x,} converges strongly to zg € F(S) N EP(F).

Setting T := (1/(1 +¥))S + (y/(1 + y))I in Theorem 3.7, where S is an super hybrid
mapping and y is a real number, we obtain the following result.

Theorem 4.7. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — Rbea bifunction satisfying (A1), (A2), (A3), and (A4) and let ¥ be a 6-inverse strongly
monotone mapping from C into H. Let a, B, and y be real numbers withy # —landlet S:C — H
be an (a, B, y)-super hybrid mapping such that GEP(F,¥) n F(S) # 0 and let f be a Meir-Keeler
contraction of C into itself. Let Q1 = C and {x,} C C be a sequence generated by x1 = x € C and

F(zun,y) + (¥xp,y — za) + %(zn - Xn,Y—zn) 20, VyeC,

1
Yn = ApXy + (1- an)(mszn + #ZTI)/
(4.14)
Co={z€C:|lyn—2z| < llxu—zl},

Qn={z€Qu1: (f(xn1) —xn,x, — z) >0},

Xn+1 = Pc,ng, f(xn), VneN,
where Pc,no, is the metric projection of H onto C,, N Q, and {a,} C (0,1) and {A,} C (0,26) satisfy

0<ay<b<l, 0O<c<A,<d<26 (4.15)

for some b,c,d € R. Then {x,} converges strongly to zo = Pr(syncep(rw) f (20)-

Proof. PutT = (1/(1 +7))S + (y/(1 + y))I; we have from Lemma 4.1 that T is a generalized
hybrid mapping and F(T) = F(S). Since F(T) #®, we have that T is quasi-nonexpansive.
Following the proof of Theorem 3.7 and applying Lemma 4.2, we obtain the following result.

O

Setting f(x,) = x,Yn € N in Theorem 4.7, we obtains the following result.

Corollary 4.8. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — Rbea bifunction satisfying (A1), (A2), (A3), and (A4) and let ¥ be a 6-inverse strongly
monotone mapping from C into H. Let a, B, and y be real numbers withy# —landlet S: C — H
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be an (a, B, y)-super hybrid mapping such that GEP(F,¥) N F(S) # 0 and let f be a Meir-Keeler
contraction of C into itself. Let {x,} C C be a sequence generated by x1 = x € C and

F(zn,y) + (¥xp,y — zn) + %(zn —Xn,Y—2zn) 20, VYyeC,

_ 1 Y
Yn = Ay + (1 (xn)<1+YSzn+ 1+an>,
(4.16)
Co={z€C:|lyn—z| <llxn—2zl},
Q,={zeC:(x—-xp,x,—2z) >0},

Xp+1 = Pe,ng,x, VnEN,

where Pc,nq, is the metric projection of H onto C,, N Q, and {a,} C (0,1) and {A,} C (0,206) satisfy

0<a,<bx<l, O0<c<A,<d<26, (4.17)

for some b, c,d € R. Then {x,} converges strongly to zy € F(S) N GEP(F, ¥).
Setting ¥ = 0 in Theorem 4.7, we obtain the following result.

Corollary 4.9. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let
F : CxC — R bea bifunction satisfying (A1), (A2), (A3), and (A4). Let a, B, and y be real numbers
withy#-1andlet S : C — H bean (a, B, y)-super hybrid mapping such that EP(F)NF(S) # @ and
let f be a Meir-Keeler contraction of C into itself. Let Q1 = C and {x,} C C be a sequence generated
by x1 =x € Cand

F(zu,y) +%<zn—xn,y—zn> >0, VyeC,

_ _ 1 o
Yn = Anxy + (1 (xn)<1+YSzn+ 1+an>,
(4.18)
Co={z€C:|lyn—z| <llxn—2zl},
Qn= {Z €Qu1: <f(xn—1) — Xn, Xn _Z> > 0}/

Xntl = PC,mQ,,f(xn)/ Vn €N,
where Pc,~q, is the metric projection of H onto C, N Q, and {a,} C (0,1) and {1, } C (0, o0) satisfy
0<a,<b<1, 0<c<hy, (4.19)

for some b, c € R. Then {x,} converges strongly to zg € F(S) N EP(F).

Setting ¥ = 0 and f(x,) = x,Vn € N in Theorem 4.7, we obtain the following result.
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Corollary 4.10 (see [20], Theorem 5.1). Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let F : C x C — R be a bifunction satisfying (A1), (A2), (A3), and (A4). Let
a, B, and y be real numbers with y# —1and let S : C — H be an (a, B, y)-super hybrid mapping
such that EP(F) N F(S) # 0. Let {x,} C C be a sequence generated by x; = x € C and

F(zn,v) +J\i<zn—xn,y—zn> >0, VyeC,

_ _ 1 r
o= @+ (1= ) (=524 oz,
(4.20)
Co={z€C:|lyn—2z| < llxu—zl},

Qun={zeC:{(x,—z,x—-2z,) >0},

Xpi1 = Pc,ng,x, VneN,

where Pc,nq, is the metric projection of H onto C, N Qy and {a,} C (0,1) and {1, } C (0, c0) satisfy

0<an,<b<l, 0<c<M\, (4.21)

for some b, c € R. Then {x,} converges strongly to zq € F(S) NEP(F).
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