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Covering-based rough set theory is a useful tool to deal with inexact, uncertain, or vague
knowledge in information systems. Geometric lattice has been widely used in diverse fields,
especially search algorithm design, which plays an important role in covering reductions. In
this paper, we construct three geometric lattice structures of covering-based rough sets through
matroids and study the relationship among them. First, a geometric lattice structure of covering-
based rough sets is established through the transversal matroid induced by a covering. Then its
characteristics, such as atoms, modular elements, and modular pairs, are studied. We also construct
a one-to-one correspondence between this type of geometric lattices and transversal matroids
in the context of covering-based rough sets. Second, we present three sufficient and necessary
conditions for two types of covering upper approximation operators to be closure operators of
matroids. We also represent two types of matroids through closure axioms and then obtain two
geometric lattice structures of covering-based rough sets. Third, we study the relationship among
these three geometric lattice structures. Some core concepts such as reducible elements in covering-
based rough sets are investigated with geometric lattices. In a word, this work points out an
interesting view, namely, geometric lattice, to study covering-based rough sets.

1. Introduction

Rough set theory [1] was proposed by Pawlak to deal with granularity in information
systems. It is based on equivalence relations. However, the equivalence relation is rather
strict, hence the applications of the classical rough set theory are quite limited. For this reason,
rough set theory has been extended to generalized rough set theory based on tolerance
relation [2], similarity relation [3], and arbitrary binary relation [4-8]. Through extending a
partition to a covering, we generalize rough set theory to covering-based rough set theory [9-
11]. Because of its high efficiency in many complicated problems such as attribute reduction
and rule learning in incomplete information/decision, covering-based rough set theory has
been attracting increasing research interest [12, 13].
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Lattice is suggested by the form of the Hasse diagram depicting it. In mathematics, a
lattice is a partially ordered set in which any two elements have a unique supremum (also
called a least upper bound or join) and a unique infimum (also called a greatest lower bound
or meet). They encode the algebraic behavior of the entailment relation and such basic logical
connectives as “and” (conjunction) and “or” (disjunction), which results in adequate alge-
braic semantics for a variety of logical systems. Lattice, especially geometric lattice, is one of
the most important algebraic structures and is used extensively in both theoretical and appli-
cable fields, such as data analysis, formal concept analysis [14-16], and domain theory [17].

Matroid theory [18, 19] borrows extensively from linear algebra theory and graph
theory. There are dozens of equivalent ways to define a matroid. Significant definitions of
a matroid include those in terms of independent sets, bases, circuits, closed sets or flats and
rank functions, which provide well-established platforms to connect with other theories. In
applications, matroids have been widely used in many fields such as combinatorial optimiza-
tion, network flows, and algorithm design, especially greedy algorithm design [20, 21]. Some
works on the connection between rough sets and matroids have been conducted [22-25].

In this paper, we pay attention to geometric lattice structures of covering based-
rough sets through matroids. First, a geometric lattice structure in covering-based rough
sets is generated by the transversal matroid induced by a covering. Moreover, we study
the characteristics of the geometric lattice structure, such as atoms, modular elements, and
modular pairs. We also point out a one-to-one correspondence between this type of geometric
lattices and transversal matroids in the context of covering-based rough sets. Second,
generally, covering upper approximation operators are not necessarily closure operators
of matroids. Then we present three sufficient and necessary conditions for two types of
covering upper approximation operators to be closure operators of matroids and exhibit
representations of corresponding special matroids. We study the properties of these matroids
and their closed-set lattices which are also geometric lattices. Third, we study the relationship
among these three geometric lattices through corresponding matroids. Furthermore, some
core concepts such as reducible and immured elements in covering-based rough sets are
studied by geometric lattices.

The rest of this paper is organized as follows. In Section 2, we recall some fundamental
concepts related to covering-based rough sets, lattices, and matroids. Section 3 establishes
a geometric lattice structure of covering-based rough sets through the transversal matroid
induced by a covering. In Section 4, we present two geometric lattice structures of covering-
based rough sets through two types of upper approximation operators. Section 5 studies
the relationship among these three geometric lattice structures. This paper is concluded and
further work is pointed out in Section 6.

2. Preliminaries

In this section, we review some basic concepts of matroids, lattices, and covering-based rough
sets.

2.1. Matroids

Matroid theory borrows extensively from the terminology of linear algebra theory and graph
theory, largely because it is the abstraction of various notions of central importance in these
fields, such as independent set, base, and rank function. We introduce the concept of matroid,
first.
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Definition 2.1 (Matroid [19]). A matroid is an ordered pair (E,2) consisting of a finite set E
and a collection 2 of subsets of E satisfying the following three conditions.

(1) peD.
(I2)IfIedand I' C I, thenI' € D.

(I3) If I1, I, € D and |I1| < |I»|, then there is an element e € I, — I; such that [y Ue € 9,
where | X| denotes the cardinality of X.

Let M = M(E, D) be a matroid. The members of J are the independent sets of M. A
set in J is maximal, in the sense of inclusion, is called a base of the matroid M.If A € 0, A
is called a dependent set of the matroid M. In the sense of inclusion, a minimal dependent
subset of E is called a circuit of the matroid M. If {a} is a circuit, we call {a} a loop. Moreover,
if {a, b} is a circuit, then a and b are said to be parallel. A matroid is called a simple matroid
if it has no loops and no parallel elements. The rank function of a matroid is a function ra; :
2F — N defined by ry(X) = max{|I| : I € X,I € 2}(X C E). For each X C E, we say
cdpm(X)={aeE:ry(X)=rmy(Xu{a})}is the closure of X in M. When there is no confusion,
we use the symbol cl(X) for short. X is called a closure set if cl(X) = X.

The rank function of a matroid, directly analogous to a similar theorem of linear
algebra, has the following proposition.

Proposition 2.2 (Rank axiom [19]). Let E be a set. A function ryg : 25 — N is the rank function
of a matroid on E if and only if it satisfies the following conditions.

(R1) Forall X € 2,0 < rp(X) < |X].
R2) If X CY CE, then rpp(X) < rp(Y).
R3) IfF X, Y CE, then rppf(XUY) +rp(XNY) <rpm(X) + v (Y).

The following proposition is the closure axiom of a matroid. It means that a operator
satisfies the following four conditions if and only if it is the closure operator of a matroid.

Proposition 2.3 (Closure axiom [19]). Let E be a set. A function clp : 2 — 2F is the closure
operator of a matroid M on E if and only if it satisfies the following conditions.

(1) If X CE, then X C clp(X).
(2) If X CY CE, then clp(X) Cclpm(Y).
(3) If X CE, cl(cl (X)) = clau(X).

)
)
)
4)IfFXCE,xeEandy € clp(X U {x}) - clm(X), then x € clpy(X U {y}).

Transversal theory is a branch of a matroid theory. It shows how to induce a matroid,
namely, transversal matroid, from a family of subsets of a set. Hence, the transversal matroid
establishes a bridge between collections of subsets of a set and matroids.

Definition 2.4 (Transversal [19]). Let S be a nonempty finite set and J = (1,2,...,m}.
F = {Fi,F,,...,Fn} denotes a family of subsets of S. A transversal or system of distinct
representatives of {Fi, F», ..., F,} is a subset {ej, ez,...,en} of S such that e; € F; for all i in
J. If for some subset K of J, X is a transversal of {F; : i € K}, then X is said to be a partial
transversal of {Fy, Fy,..., Fy}.
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Example 2.5. Let S = {1,2,3,4}, F; = {2,3}, F, = {4} and F; = {2,4}. For ¥ = {F,F,, F3},
T = {2,3,4} is a transversal of ¥ because 2 € F3,3 € Fiand 4 € F,. T' = {2,4} is a
partial transversal of F because there exists a subset of ¥, that is, {K1, K>}, such that T' is
a transversal of it.

The following proposition shows what kind of matroids are transversal matroid.

Proposition 2.6 (Transversal matroid [19]). Let = {F; : i € J} be a family subsets of E. M(¥) =
(E, O(%)) is a matroid, where D(F) is the family of all partial transversals of . One calls M (%) =
(E, O()) the transversal matroid induced by .

2.2. Lattices

Let (P,<) be an ordered set and a,b € P. We say that a is covered by b (or b covers a) if
a < b and there is no element ¢ in P with a < ¢ < b. A chain in P from xj to x, is a subset
{x0,x1,...,x,} of P such that xo < x; < -+ < x,. The length of such a chain is #n, and the
chain is maximal if x; covers x;_1 foralli € {1,2,...,n}. If, for every pair {a, b} of elements of
P with a < b, all maximal chains from a to b have the same length, then P is said to satisfy
the Jordan-Dedekind chain condition. The height hp(y) of an element y of P is the maximum
length of a chain from 0 to y. A poset (£, <) is a lattice if a Vb and a A b exist for all a,b € L.
Suppose £ is a lattice with zero element 0. If a covers 0, then a € £ is called an atom of £.
Moreover, the atoms of £ are precisely the elements of height one. It is not difficult to check
that every finite lattice has a zero and the one. A finite lattice £ is called semimodular if it
satisfies the Jordan-Dedekind chain condition and for every pair {x, y} of elements of Z, the
equality h,(x)+h2(y) > ho(xVy)+h,(xAy) holds. A geometric lattice is a finite semimodular
lattice in which every element is a join of atoms.

Next, we introduce the modular element and modular pair which are important
concepts of lattices.

Definition 2.7 (see [17]). Let £ be a lattice and a,b € L.
(ME) For all x,z € £, x > z implies x A (aV z) = (x Aa) V z, then a is called a
modular element of 2.
(MP) Forall z € £, b > zimpliesb A (aV z) = (bAa) V z, then (a,b) is called a

modular pair of £.

As we know, if a is a modular element of 2, then (a, b) is a modular pair of £ for all
b € £, which roots in an important result of lattices. For a semimodular lattice, modular pair
has close relation with height function.

Lemma 2.8 (see [17]). Let £ be a semimodular lattice, then (a,b) is a modular pair if and only if
hs(avb)+hz(anb) =hg(a)+he(b) forall a,be L.

2.3. Closed-Set Lattice of a Matroid

If M is a matroid and £(M) denotes the set of all closed sets of M ordered by inclusion, then
(£L(M),C) is a lattice. In addition to that, the operations join and meet of it are, respectively,
definedas X AY = XNYand X VY = cdpy(XUY) forall X, Y € £(M). The zero of £(M)
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is clpr(P), while the one is E. The following lemma gives another definition of a geometric
lattice from the viewpoint of matroid. In fact, the set of all closed sets of a matroid ordered by
inclusion is a geometric lattice.

Lemma 2.9 (see [19]). A lattice £ is geometric if and only if it is the lattice of closed sets of a matroid.

The following lemma establishes the relation between the rank function of a matroid
and the height function of the closed-set lattice of the matroid.

Lemma 2.10 (see [19]). Let M be a matroid. hoay (X) = rm(X) for all X € L(M).

2.4. Covering-Based Rough Sets

In this subsection, we introduce some concepts of covering-based rough sets used in this
paper.

Definition 2.11 (Covering and partition). Let E be a universe of discourse, C a family of
subsets of E, and none of subsets in C be empty. If UC = E, then C is called a covering of
E. Any element of C is called a covering block. If D is a covering of E and it is a family of
pairwise disjoint subsets of E, then P is called a partition of E.

It is clear that a partition of E is certainly a covering of E, so the concept of a covering
is an extension of the concept of a partition.

Let E be a finite set and R be an equivalent relation on E. R will generate a partition
E/R=1{Y1,Y;,...,Y,,} of E, where Y1, Y5, ..., Y,, are the equivalence classes generated by R.
For all X C E, the lower and upper approximations of X, are, respectively, defined as follows:

R0 ={re g imex),

(2.1)
R*(X) = U{Yi € % : YiﬂXaé(Z)}.

Next, we introduce certain important concepts of covering-based rough sets, such as
minimal description, indiscernible neighborhood, neighborhood, reducible element, and
approximation operators.

Definition 2.12 (Minimal description [26]). Let C be a covering of E and x € E:

Mde(x)={KeC:xe KA(VSECAxESASCK =K =5)}, (2.2)

is called the minimal description of x. When the covering is clear, we omit the lowercase C in
the minimal description.

Definition 2.13 (Indiscernible neighborhood and neighborhood [27, 28]). Let (E,C) be a
covering approximation space and x € E.

U{K: x € K € C} is called the indiscernible neighborhood of x and denoted as
Ic(x).
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N{K: x € K € C} is called the neighborhood of x and denoted as N¢(x). When the
covering is clear, we omit the lowercase C.

Definition 2.14 (A reducible covering [29]). Let C be a covering of a domain E and K € C.
If K is a union of some sets in C — {K}, we say K is a reducible element in C; otherwise K
is an irreducible element in C. If every element in C is irreducible, we say C is irreducible;
otherwise C is reducible.

Definition 2.15 (Reduct [29]). For a covering C of a universe E, when we remove all reducible
elements from C, the set of remaining elements is still a covering of E, and this new irreducible
covering has not reducible element. We call thus new covering a reduct of C and it is denoted
by reduct(C).

Definition 2.16 (Immured element [27]). Let C be a covering of E and K an element of C. If
there exists another element K’ of C such that K ¢ K’, we say that K is an immured element
of covering C.

Definition 2.17 (Exclusion [27]). Let C be a covering of E. When we remove all immured
elements from C, the set of all remaining elements is still a covering of E, and this new
covering has no immured element. We called this new covering an exclusion of C, and it
is denoted by exclusion(C).

The second type of covering rough set model was first studied by Pomykata in [30].
While the sixth type of covering-based upper approximation operator was first defined in
[31].

Definition 2.18. Let C be a covering of E. The covering upper approximation operators
SH, XH : 2F — 2F are defined as follows: For all X € 2F,

SH(X) =U{K e C: KnX#0} =U{I(x) : x € X},
XH(X) = {x: N(x) n X #0}.

SH¢ and XH¢ are called the second and the sixth covering upper approximation operators
with respect to the covering C, respectively. When there is no confusion, we omit C at the
lowercase.

3. A Geometric Lattice Structure of Covering-Based Rough Sets
through Transversal Matroid

As we know, if M is a matroid and £(M) denotes the set of all closed sets of M ordered
by inclusion, then .£(M) is a geometric lattice. In this section, we study the properties such
as atoms, modular elements and modular pairs of this type of geometric lattice through
transversal matroid induced by a covering. We also study the structure of matroid induced
by the geometric lattice. It is interesting to find that there is a one-to-one correspondence
between this type of geometric lattices and transversal matroids in the context of covering-
based rough sets.

Let E be a nonempty finite set and C a covering of E. As shown in Proposition 2.6,
M(C) = (E,J(C)) is the transversal matroid induced by covering C. Z(M(C)) is the set of
all closed sets of M(C). Especially, Z(M(p)) is the set of all closed sets of the transversal
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matroid induced by partition . Based on Lemma 2.9, we know £(M(C)) and L(M(/)) are
geometric lattices.

The theorem below connects a covering C with clyrc)(@). In fact, @ € L(M(¥F)) if and
only if ¥ is a covering.

Theorem 3.1. Let E be a set and M(¥) a transversal matroid induced by a family of F =
{F1,Fy,...,Fy} subsets of E, where Fi#0 (1 < i < m). clg(@) = 0 if and only if F is a covering
of E.

Proof. “&": According to the definition of transversal matroid, any partial transversal is
an independent set of transversal matroid. Since ¥ is a covering, any single-point set is
an independent set. Based on the definition of closure operator of a matroid, we have
v (@) = 0.

“=": Since clpg) (@) = @, any single-point set is an independent set, that is, for all
x € E, there exists i, € {1,2,...,m} such that x € F;, C E. Hence, E = U,cg{x} € Uy Fi, C
U Fi C E. Thus U, F; = E. For alli € {1,2,...,m}, Fi#0 and X, F; = E, hence ¥ is a
covering. O

Theorem 3.1 indicates that the zero of £(M(C)) is @. The following lemma presents the
form of the atoms of £(M(C)). In fact, the closure of any single-point set is an atom of the
lattice.

Lemma 3.2. Let C be a covering of E. For all x € E, clpc)({x}) is an atom of L(M(C)).

Proof. Since C is a covering, we know any single-point set is an independent set. Thus for all
x € E, rme) (clmeey({x})) = rame)({x}) = 1. As we know, the atoms of a lattice are precisely
the elements of height one. Combining with Lemma 2.10 and the fact that clasc)({x}) is a
closed set, we know clyy(cy({x}) is an atom of £Z(M(C)). O

Lemma 3.2 does not establish the concrete form of clyr(c)({x}). In order to solve that
problem, we first define two sets as follows.

Definition 3.3. Let C = {K1, Ky, ..., K,,} be a covering of a finite set E = {x1,x2,...,x,}. We
define the following.

(1) A= {Ki_U;n:L]#in : Ki_U]‘Wil,j;éin#@I i€ {1,2,,111}} = {Al,AQ,...,AS}.
(i) B = E -3, Ar.

Remark 3.4. Foralli € {1,2,...,s} and x € A;, there exists only one block such that x belongs
to it, and there exist at least two blocks such that y belongs to them for all y € B.

The following two propositions establish two characteristics of A and B.
Proposition 3.5. Let C be a covering of E. {A1, A, ..., As} U {{x}: x € B} forms a partition of E.

Proof. Let P = {A1,As,...,As} U {{x} : x € B}. According to Definition 3.3, we know
(Ui; Ai) U (U{{x} : x € B}) = E. Now we need to prove for all P,,P, € P, LN P, = {.
According to the definition of A, if P, P, € A, then PPN P, = 0. If P, P, € {{x}: x € B}, then
P NP, = P because P; and P; are different single-points. If P, € A and P; € {{x} : x € B}, then
PNpP = @ because BN (Uizl Ak) = @, P, C Ui:l Arand P, C B. O
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Proposition 3.6. C is a partition of E if and only if B = {.

Proof. According to the definition of A and B, the necessity is obvious. Now we prove the
sufficiency. If C is not a partition, then there exist K;, K; € C such that K; N K; # 0. Thus there
exists x € E such that x € K; N Kj, that is, there exist at least K;, K; € C such that x belongs to
them, hence x € B. That contradicts the assumption that B = (. O

Based on Lemma 3.2 and Definition 3.3, we can establish the concrete form of the
atoms of lattice Z(M (C)).

Theorem 3.7. Let C be a covering of E. { A1, Ay, ..., As} U{{x}: x € B} is the set of atoms of lattice
L(M(C)).

Proof. According to the definition of A;, we may as well suppose A; = Kj, - U;”:L]. 4 Kj. Based
on C being a covering and the definition of transversal matroid, we know any single-point
set is an independent set, thus for all x € A;, {x} is an independent set. For all y € A; and
y#x,weknow x,y € Kpand x,y € Kj forall 1 <j < mand j#h, thus x and y cannot be
chosen from different blocks in the covering C. That shows that {x, y} is not an independent
set according to the definition of transversal matroid. Hence, {x} is a maximal independent
set included in A;, that is, rarc)(Ai) = 1. Next, we need to prove A; is a closed set. Since
A;i C clme)(Ai), we need to prove clasc)(Ai) C Aj, thatis, y € A; implies vy € clac) (Ai). If
y ¢ A;, based on the fact that C is a covering and the definition of A;, then there exists j #h
such that y € K. Thus {x,y}(x € A;) is an independent set. That implies y & cla(c)(Ai),
thus clpic)(Ai) = Ai. Hence, A; € £(M(C)). Combining with ry(c)(A;i) = 1, we know for all
1 <i<m, A;is an atom of lattice Z(M(C)).

According to the definition of transversal matroid and the fact that C is a covering, any
single-point set is an independent set. Thus for all x € B, rac)({x}) = 1. For all y € E and
y#x,if y € B, then there exist at least two blocks containing y according to the definition of
B. We may as well suppose y € Ki, K; and x € Kj, K}, where {Kj, K;} may be the same as
{Ki, K,}. Based on this, {x,y} is an independent set. This implies y & clyc)({x}). If y € B,
then we may as well suppose y € A;, thus y € K}, for the definition of A;, where K} may be
the same with K; or K,,. Based on this, x and y can be chosen from different blocks in covering
C, thus {x,y} is an independent set. That implies v & clpi(c)({x}). From above discussion, we
have clyc)({x}) = {x}. Hence, {x} € £(M(C)) for all x € B. Combining with rpc)({x}) =1,
we know {x} is an atom of lattice £Z(M (C)) for all x € B.

Next, we will prove the set of atoms of lattice £(M(C)) cannot be anything but
{A1,As,...,As} U {{x} : x € B}. According to Lemma 3.2, we know {clac)({x}): x € E}
is the set of atoms of lattice £(M(C)). Similar to the proof of the second part, we know that
if x € B then clpc)({x}) = {x}. If x € B, then x belongs to one of elements in A. We may as
well suppose x € A;. Combining A; is an atom with @ C clpc)({x}) € clmc)(Ai) = Ai, we
have clpc)({x}) = A;i. Hence, {A1, Ay, ..., As} U {{x}: x € B} is the set of atoms of lattice
L(M(C)). O

The proposition below connects simple matroid and the cardinal number of A;. In fact,
a matroid is simple if and only if |A;| = 1 for all A; € A.

Lemma 3.8. Let C be a covering of E. For all A; € A, if |Aj| > 2, then x and y are parallel in M(C)
forallx,y € A,.
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Proof. According to the definition of A;, we may as well suppose A; = Kj, — U;Zl,j +n Kj, where
1 < h < m Forall x,y € Aj, then x,y € Kj,, and for all j € {1,2,...,m} and j#h, we
have x ¢ K; and y ¢ K;. Thus {x,y} is not an independent set. Based on the definition of
transversal matroid and the fact that C is a covering, any single-point set is an independent
set. Thus {x} or {y} is an independent set. Hence, x, y are parallel in M(C). O

Proposition 3.9. Let C be a covering of E. M(C) is a simple matroid if and only if |A;| = 1 for all
A; € A

Proof. “=": Since M(C) is a simple matroid, it does not contain parallel elements. If there
exists A; € A such that |A;|#1, then |A;| > 2 because A; #0. According to Lemma 3.8, we
know for all x,y € A;, x,y are parallel which contradicts the assumption that M(C) is a
simple matroid. Hence, for all A; € A, |Ai| = 1.

“&": According to the definition of parallel element, if |A;| = 1 for all A; € A, then
M (C) does not contain parallel elements; otherwise, we may as well suppose x, i are parallel,
then there exists only one block which contains x,y. Hence, there exists A; € A such that
x,y € A;, thatis, |A;| > 2. This contradicts the fact that |A;| = 1 for all A; € A. Based on the
definition of transversal matroid and the fact that C is a covering, any single-point set is an
independent set, thus M(C) does not contain loops. Hence, M(C) does not contain parallel
elements and loops which implies that M(C) is a simple matroid. O

When a covering degenerates into a partition, we also have the above results.
Corollary 3.10. Let P = (P, P,, ..., Py} be a partition of E. D is the set of atoms of lattice L(Mp).

Corollary 3.11. Let P = {Py, P, ..., Py} be a partition of E. M(D) is a simple matroid if and only
if |P;| =1 for all P; € P.

For a geometric lattice .£(M(C)), any closure of single-point is an atom of it. However,
the closure of any two elements of E may not be a element which covers some atoms of
this lattice. The following proposition shows in what condition clai(c)({x, y}) covers certain
atoms of lattice Z(M (C)).

Proposition 3.12. Let C be a covering of E. For all x,y € E, clypc)({x,y}) covers clpc)({x}) if
and only if there does not exist A; € A such that x,y € A;.
Proof. “<": For all x,y € E, {x} C {x,y}, then clpmc)({x}) € clmey({x,y}) and 1 =
rme) (el ({x})) < rmey(clmey({x,¥})) = rmeey({x,y}) < [{x,y}| = 2. Now we need to
prove rye) (clmee) (1, 1)) = 2. 1 racey (clme) ({x, ¥)) = rme)(fx, y}) =1 = rme) ({x}), then
{x,y} ¢ 0(C), that is, there is only one block contains x, y. It means that there exists A; € A
such that x, y € A;. That contradicts the hypothesis. Hence, ra(c) (clac) ({x, y})) = 2, that is,
clye)({x, y}) covers clpc) ({x}).

“=": For all x,y € E, if there exists A; € A such that x,y € A;, then there is only one
block contains x, y, thus x, y € O(C), hence {x,y} C clapc)({x}). That implies clpc)({x,y}) C
clac)({x}) which contradicts the assumption that clpsc)({x,y}) covers clarc)({x}). O

The modular element and the modular pair are core concepts in lattice. As we know, if
a is a modular element of £, then (g, b) is a modular pair of £ for all b € £, which roots in an
important result of lattices. The following theorem shows the relationship among modular
element, modular pair and rank function of a matroid in lattice £(M).
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Theorem 3.13. Let M be a matroid and L(M) the set of all closed sets of M.

(1) Forall X,Y € £L(M), (X,Y) is a modular pair of L(M) if and only if rapr(XUY) +rp (XN
Y) =rm(X) +rm(Y).

(2) Forall X € L(M), X is a modular element of £(M) if and only if rpr(XUY ) +ry(XNY) =
rm(X) +rm(Y), forallY € L(M).

Proof. (1) According to Lemmas 2.8 and 2.10, we know (X,Y) is a modular pair of £(M)
if and only if rp(X) + rm(Y) = rm(X VYY) + rm(XAY) = rp(clp(X U Y)) +rp(XNY) =
(X UY) +rpy(XNY).

(2) It comes from the definition of modular element and (1). O

Let {A;: i € I'} be the set of atoms of lattice Z(M(C)), where I' denotes the index set.
The following theorem shows the relationship among atoms, modular pairs, and modular
elements of the lattice.

Theorem 3.14. Let C be a covering of E. Foralli,j € T
(1) (Ai, Aj) is a modular pair of L(M(C)).
(2) A is a modular element of L(M(C)).

Proof. (1) Since C is a covering, clyc) (@) = 0. A; and A; are atoms, so A; N A; = (. According
to Theorem 3.13, we need to prove rai(c)(AiUA;) +7amc) (AiNA;) = ramc) (Ai) +Tmc) (A;), that
is, rm(c)(Ai U Aj) = 2. According to the submodular inequality of ras(c), we have ) (Ai U
A]') + TM(C)(Ai ﬂA]') < TM(C)(Ai) +7M(C) (A]'), thatis, 1 < M(C) (A; UA]') <2.1If TM(C)(Ai UA]') =
1 =rmc)(Ai), then A; C clprc)(A;) = A; which contradicts that A; N A; = 0.

(2) A;is a modular element of £(M(C)) if and only if rarc) (Ai U A) + rae) (AiNA) =
TM(C)(Ai) + TM(C)(A) forall A € ,ﬁ(M(C))

Case 1. If A; and A are comparable, that is, A; C A, then rpic)(Ai U A) + rve)(AiN A) =
rm(c) (Ai) + 1mc) (A).

Case 2. If A; and A are not comparable, there are two cases. One is that A is an atom of
L(M(C)), the other is that A is not an atom of £Z(M(C)). If A is an atom of £Z(M(C)), then
we obtain the result from (1). If A is not an atom of £Z(M(C)), then AN A; = 0. Hence,
rymc)(A) < rme) (AUA;) <rame)(A) + L If rype) (AU A;) = ey (A), then A; C clpey(A) = A
which contradicts that A; N A = (. Hence, ra1(c) (AU Aj) = rpe)(A) + 1.

In a word, for all A € Z(M(C)), ramc)(Ai U A) +rare) (Ai N A) = rarey (Ai) + rveey (A),
that is, A; is a modular element of Z(M(C)) foralli eT. O

When a covering degenerates into a partition, it is not difficult for us to obtain the
following result.

Corollary 3.15. Let ) be a partition of E. For all P;, P; € p:
(1) (P;, P;) is a modular pair of L(M(P)).
(2) P; is a modular element of L(M(D)).
The following lemma shows how to induce a matroid by a lattice. In fact, if a function

f on a lattice is nonnegative, integer-valued, submodular and f (@) = 0, then it can determine
a matroid.
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Lemma 3.16 (see [19]). Let Lg be a lattice of subsets of a set E such that Lg is closed under
intersection, and contains §) and E. Suppose that f is a nonnegative, integer-valued, submodular
function on Lg for which f(@) = 0. Let 9(Lg, f) = {X CE: f(X) 2 |XNT|, forall T € Lg}.
D(Lg, f) is the collection of independent sets of a matroid on E.

According to the definition of £Z(M(C)), we find that £Z(M(C)) is closed under
intersection, and contains @ and E. Moreover, the rank function of M(C) is a nonnegative,
integer-valued, submodular function on £(M(C) for which ryic)(#) = 0. Similar to
Lemma 3.16, we can obtain the following theorem.

Theorem 3.17. Let C be a covering of E. We define D(L(M(C)), rmc)) = {X C E : rmee)(Y) 2
IXNY|, forallY € £Z(M(C))}, then M(E, D(L(M(C),m(c))) is a matroid.

For any given matroid M, we know that for all X C E, X is an independent set of
M if and only if rp;(X) = |X|. Moreover, based on the properties of rank function, we have
rm(X) < |X]. Hence, X is an independent set of M if and only if rp(X) > |X| forall X C E.

Lemma 3.18. Let M be a matroid. X is an independent set of M if and only if for all closed set Y of
M, rp(Y) 2 1XNY|.

Proof. “=": Since for all closed set Y, X N Y C X and X is an independent set, X N Y is an
independent set of M according to the independent set axiom of a matroid. Hence, we have
rm(Y) >ru(XNY) > |XNY]

“<":For all closed set Y, rp(Y) > |XNY]|. Especially, for Y = clp(X), we have rp (X) =
rm(clpm (X)) =rm(Y) > [ X NY| = [X]|. Hence, X is an independent set of matroid M. O

What is the relation between the two matroids induced by a covering and a geometric
lattice, respectively? In order to establish the relation between them, we first denote 7 z(p1(c))
as the rank function of M(E, D(£(M(C),rnm(c))) on E. The following theorem shows there
is a one-to-one correspondence between geometric lattices and transversal matroids in the
context of covering-based rough sets.

Theorem 3.19. Let C be a covering of E. For all X C E, D(L(M(C),rm(c)) = I(M(C)) and
om0 (X) = rme) (X)-

Proof. According to Lemma 3.18, we know that D(L(M(C),rmc)) = {X € E : rmie)(Y) 2
IXNY|, forall Y € £Z(M(C))} and I(C) = {X C E : rpey(X) = |X|} are equivalent, that is,
M(E,I(L(M(C),rm(c))) and M(E,D(C)) are equivalent. So does rsnm(c))(X) = rmc)(X) for
all X CE. O

When a covering degrades into a partition, we can obtain a matroid M (D) = (E,J(P)),
where J(P) = (X CE :for all P, € 0,|XNP| <1} and raypy (X) =max{|I|: I C X, I € D(D)} =
H{P; e p:P,nX+#0}| forall X CE. Aswe know, forall X,Y € Z(M), X VY =clpy(XUY). If
the matroid is M (), then X VY = X UY.

Lemma 3.20 (see [25]). If D is a partition of E and M is the matroid, then clps = R* forall X C E.

Lemma 3.21. Let D be a partition of E. Forall X,Y € Z(M(P)), X VY =X UY.
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PTOOf. XVY = CIM(/)) (XUY) = R* (XUY) = R* (X) UR* (Y) = ClM(p) (X) UCIM(p) (Y) =XUY. O
Based on the above two lemmas, we can obtain the following proposition.

Proposition 3.22. Let [0 be a partition of E. For all X C E, 0(L(M(D)),rmp)) = I(M(D)) and
Ty (X) = rmep) (X)-

Proof. We need to prove only D(L(M(P)), rm(p)) = 2(M(P)). Forall X € D(L(M(D)), rmp)),
then rarp)(Y) > | X NY|forall Y € Z(M(P)). Since P; € Z(M(P)), IXNPi| < rvpy(P) = 1.
Thus X € 2(M(P)). Hence, 2(L(M (D), rmp)) € I(M(P)). According to Lemmas 2.9 and
3.21, for all Y € Z(M(P)), there exists K C {1,2,...,m} such that Y = V,.x P; = Ujex P
Thus rpp)(Y) = [K and [X N Y] = [X N (Uiex P)| = [Uiex (X N P)| = Xjex IX N Pil. For
all X € 9(M(P)), XN Pj| < 1. Hence, IXNY| = 3,k IX NP < [K| = rppy(Y), that s,
I(M(P)) CI(LM(P)), rm(p))- O

4. Two Geometric Lattice Structures of Covering-Based Rough Sets
through Approximation Operators

A geometric lattice structure of covering-based rough sets is established through the
transversal matroid induced by a covering, and its characteristics including atoms, modular
elements, and modular pairs are studied in Section 3. In this section, we study matroidal
structures and the geometric lattice structures from the viewpoint of covering upper
approximation operators. The conditions of two types of upper approximation operators to
be matroidal closure operators are obtained, and the properties of the matroids and their
geometric lattice structures induced by the operators are also established.

Pomykata first studied the second type of covering rough set model [30]. Zhu and
Wang studied the axiomatization of this type of upper approximation operator and the
relationship between it and the Kuratowski closure operator in [27]. First, we give some
properties of this operator.

Proposition 4.1. Let C be a covering of E. SH has the following properties:

(1) SH(®) =0,
(2) X CSH(X) forall X CE,
(3) SH(XUY)=SH(X)USH(Y) forall X,Y CE,
(4) x € SH({y}) ® y € SH({x}) forall x,y € E,
(5) X CY CE= SH(X) CSH(Y),
(6) forallx,y € E,y € SH(X U {x}) - SH(X), then x € SH(X U {y}).
Proof. (1)-(5) were proven in [30, 32, 33]. Here we prove only (6). According to (3), we know

SH(X U {x}) - SH(X) = SH(X) USH({x}) - SH(X) = SH({x}) - SH(X). If y € SH(X U {x}) -
SH(X), then y € SH({x}). According to (4) and (5), we have x € SH({y}) C SH(XU{y}). O

We find that the idempotent of SH is not valid, so what is the condition that guarantees
it holds for SH? We have the following conclusion.

Proposition 4.2. Let C be a covering of E. For all X C E, SH(SH(X)) = SH(X) if and only if
{I(x) : x € E} induced by C forms a partition of E.
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Proof. “&": According to (2), (5) of Proposition 4.1, we have SH(X) € SH(SH(X)). Now we
prove SH(SH(X)) € SH(X). For all x € SH(SH(X)), there exists y € SH(X) such that x € I(y).
Since y € SH(X), there exists z € X such that y € I(z). According to the definition of I(y),
we know y € I(y), thus I(z) NI(y) #0. For {I(x) : x € E} forms a partition, I(z) = I(y). Since
x € I(y), x € I(z), that is, x € SH(X), thus SH(SH(X)) C SH(X).

“=":In order to prove {I(x): x € E} forms a partition, we need to prove that for all
x,y € E, if I(x) N I(y)#0, then I(x) = I(y). If I(x) N I(y)#0, then there exists z € I(x) N
I(y). For SH(SH({x})) = U{I(u) : u € I(x)} and z € I(x), then I(z) € SH(SH({x})) =
SH({x}) = I(x). Based on the definition of I(z) and z € I(x), we have x € I(z), thus I(x) C
SH(SH({z})) = SH({z}) = I(z). Hence, I(x) = I(z). Similarly, we can obtain I(y) = I(z), thus
I(x) =1(z) = I(y). O

The following theorem establishes a necessary and sufficient condition for SH to be a
closure operator.

Theorem 4.3. Let C be a covering of E. SH is a closure operator of a matroid if and only if {I(x): x €
E} induced by C forms a partition of E.

Proof. It comes from Propositions 4.1 and 4.2 and (2), (5), and (6) of Proposition 2.3. O

For a given covering C of E, we may as well suppose the set of indiscernible
neighborhoods of E as {I(x) : x € E} = {I(x1),1(x2),...,1(xs)} where x1,x5,...,xs € E.

Definition 4.4. Let C be a covering of E. We define 0/ = {I C E : [INI(x;)] <1, foralli €
{1,2,...,s}}.

As we know, if {I(x) : x € E} = {I(x1),I(x2),...,I(xs)} forms a partition of E, then
M(E,2'") is a matroid and SH is the closure operator of a matroid. Thus SH can determine a
matroid, and the independent sets of the matroid induced by it are established as follows:

Dsu(C)={ICE:Vxel, x¢SHUI - {x})}. 4.1)

The following proposition shows M(E,Jsy) = M(E,2’) under the condition that {I(x) : x €
E} forms a partition of E.

Proposition 4.5. Let C be a covering of E. If {1(x): x € E} induced by C forms a partition of E, then
M(E,Dsy(Q)) is a matroid and Dsy(C) = 0.

Proof. Let g = {I C E : forallx € I,x ¢ cl(I - {x})}. we know that if an operator cl
satisfies (1)—(4) of Proposition 2.3, M(E,Dq) is a matroid. {I(x) : x € U} induced by C
forms a partition, hence, M(E, Jsi(C)) is a matroid. Since SH(I) = Uyd I(y), SH(I - {x}) =
Uyel_{x} I(y). According to the definition of I(x), we know x € I(x). On one hand, for all
I € Ds15(C), we know that forall x € I, x ¢ SH(I—{x}), thatis, forally e land y #x, x € I1(y).
If I ¢ 0, that is, there exists 1 < i < s such that |I N I(x;)| > 2, then we may as well suppose
there exist u, v such that u,v € I(x;) and u,v € I. Since u € I(u),v € I(v) and {I(x) : x € E}
forms a partition, I(u) = I(v) = I(x;). Based on that, we know there exists u € I and u#v
such that u € I(v), that implies contradiction. Hence, I € 2', that is, Jsi(C) C 2'. On the other
hand, if I ¢ Osy(C), then there exists x € I such that x € SH(I — {x}) = Uyd,[x} I(y). That
implies that there exists y € I and y # x such that x € I(y). Since x € I(x) and {I(x): x € U}
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forms a partition, I(x) = I(y). Thus x,y € I N I(x), that implies |I N I(x)| > 2, thatis, I ¢ 0.
Hence, 9’ C Js11(C). O

We denote the rank function of M(E,OJsi(C)) by rspg. Then some properties of
M(E, Os11(C)) are established in the following proposition.

Proposition 4.6. Let C be a covering of E. If {I(x): x € E} = {I(x1),1(x2),...,1(xs)} induced by
C forms a partition of E, then

(1) X isabase of M(E, Osi1(C)) if and only if | XNI(x;)| = 1 foralli e {1,2,...,s}. Moreover,
M(E,Ds1(C)) has |I(x1)||I(x2)| - - [I(xs)]| bases.

(2) Forall X CE, rsy(X) = [{I(xi) : I(xi) N X #0, i=1,2,...,5}].

(3) X is a dependent set of M(E, Osi(C)) if and only if there exists I(x;) € {I(x) : x € E}
such that |I(x;) N X| > 1.

(4) X is a circuit of M(E, Jsu(C)) if and only if there exists I(x;) € {I(x) : x € E} such that
X C I(x;) and |X| = 2.

Proof. (1) According to the definition of base of a matroid, we know that X is a base of
M(E,Osu(C)) & X is a maximal independent set of M(E,Jsi(C)) & |XNI(x;)| =1forallie
{1,2,...,s} because Jsp1(C) = 2'. Since X is a base of M(E, Ds(C)) and I(x1),I(x2),...,I(xs)
are different, M(E, Jsi(C)) has |I(x1)||I(x2)] - - - |I(xs)| bases.

(2) According to the definition of rank function, we know rsu(X) = |Bx| = [{I(x;) :
[BxNI(x;)| =1} < |{I(x;) : XNI(x;) #0}|, where Bx is a maximal independent set included in
X. Now we just need to prove the inequality [{I(x;): |BxNI(x;)| = 1}] < |[{I(x;): XNI(x;) #0}]
does not hold; otherwise, there exists 1 < i < s such that I (x;)NX #@ and I (x;)NBx = @ because
Bx € Os(C). Thus there exists e; € I(x;) N X such that Bx U {¢;} C X and Bx U {e;} € Jsy(C).
That contradicts the assumption that By is a maximal independent set included in X. Hence,
reu(X) = [{I(x;) : I(x;)) N X #0, i=1,2,...,5s}|

(3) According to the definition of dependent set, we know that X is a dependent set
© X ¢ Jgiy(C) & thereexistsi € {1,2,...,s} such that [X N I(x;)| > 1.

(4) “=": As we know, a circuit is a minimal dependent set. X is a circuit of
M(E, Js1(C)), then there exists i € {1,2,...,s} such that |I(x;) N X| = 2. Now we just need to
prove |X| = 2; otherwise, we may as well suppose X = {x,y, z} where x,y € I(x;) N X. Thus
we can obtain |[(X - {z})NI(x;)| = 2, thatis, X - {z} & Jsu(C). That contradicts the minimality
of circuit. Combining |X| = 2 with |I(x;) N X| = 2, we have X C I(x;).

“&”: Since |X| = 2, we may as well suppose X = {x,y}, and |X N I(x;)| = 2 because
there exists I(x;) € {I(x): x € E} such that X C I(x;), thus X is a dependent set. For all j €
{1,2,...,s}, [{x} nI(xj)| <1and |{y} NnI(xj)| <1 which implies {x} and {y} are independent
sets, hence X is a circuit of M(E, Jsi(C)). O

For a covering C of E, we denote Lsy(M(C)) as the set of all closed sets of
M(E, Jsi(C)). When {I(x) : x € E} = {I(x1),I(x2),...,1(xs)} forms a partition of E, then
forall X,Y € Lsy(M(C)), X AY =XNY,XVY =SH(XUY) =SH(X)USH(Y) =X UY and
SH(?) = 0.
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Proposition 4.7. Let C be a covering of E. If {I(x) : x € E} = {I(x1),1(x2),...,1(xs)} forms a
partition of E, then

(1) I(x1),I(x2),...,I(xs) are all atoms of L(Mgp).

(2) Forall x,y € E and x #y, there does not exist I(z) € {I(x1),1(x2),...,1(xs)} such that
x,y € I(z) if and only if SH({x,y}) covers SH({x}) or SH({y}).

(3) Foralli,j€{1,2,...,s},(I(x;), I(x;})) is a modular pair of Lsz(M(C)).
(4) Forallie€ {1,2,...,s},1(x;) is a modular element of Ls(M(C)).

Proof. (1) comes from Corollary 3.10, Theorem 4.3 and Proposition4.5. Based on
Proposition 3.12 and Theorem 4.3, we can obtain (2). According to Corollary 3.15,
Theorem 4.3 and Proposition 4.5, it is easy to obtain (3) and (4). O

Based on Theorem 4.3, we know that a necessary and sufficient condition for SH to be
a closure operator of a matroid is that {I(x): x € E} forms a partition of E. The following two
propositions show what kind of coverings can satisfy that condition.

Lemma 4.8. Let C be a covering of E and K € C. If K is an immured element, then I1(x) is the same
in Casin C—-{K}.

Proof. If x ¢ K, then Ic(x) = Ic_k)(x). If x € K, then I¢(x) = Uy K' U K. Since K is
an immured element, there exists x € K’ such that K C K'. Thus I¢(x) = Uy K'UK =
Urex K' = Ic—(k(x). Hence, I(x) is the same in C as in C - {K}. O

Proposition 4.9. Let C be a covering of E. If exclusion(C) is a partition of E, then {I(x): x € E}
induced by C also forms a partition of E.

Proof. Since exclusion(C) is a partition of E, {I(x) : x € E} induced by exclusion(C) forms
a partition. Suppose {Kj, K>, ..., K} is the set of all immured elements of C. According to
Lemma 4.8, we know for all x € E, I(x) is the same in exclusion(C) as in exclusion(C)U{K}.
Thus {I(x): x € E} induced by exclusion(C) U {K;} forms a partition of E. And the rest may
be deduced by analogy, we know that for all x € E, I(x) is the same in exclusion(C) asin C,
thus {I(x): x € E} induced by C forms a partition of E. O

The proposition below establishes a necessary and sufficient condition for {I(x): x €
E} forms a partition of E from the viewpoint of coverings.

Proposition 4.10. Let C be a covering of E. {I(x): x € E} induced by C forms a partition of E if and
only if C satisfies (T RA) condition: For all x,y,z € E, x,z € K1 € C, y,z € Ky € C, there exists
K3 € Csuch that x,y € Ks.

Proof. “<": For all x,y € E, I(x) NI(y) = @ or I(x) N I(y)#0. If I(x) N I(y) #0, then there
exists z € I(x) and z € I(y). According to the definition of I(x) and I(y), there exist K1, K»
such that x, z € K; and y, z € K,. According to the hypothesis, we know there exists K3 € C
such that x,y € K3. Now we need to prove only I(x) = I(y). For all u € I(x), there exists
K € C such that u,x € K. Since x,y € K3, there exists K’ € C such that u,y € K’, that is,
u € I(y), thus I(x) C I(y). Similarly, we can prove I(y) C I(x). Hence, I(x) = I(y), that is,
{I(x): x € E} forms a partition of E.
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“="”:Forallx,y,z € E, x,z€ Ky € Cand y,z € K; € C, we can obtain z € I(x) and
z € I(y). That implies I(x) N I(y) #@. Since {I(x): x € E} forms a partition of E, I(x) = I(y).
Thus there exists K3 € C such that x, y € K. O

The following theorem presents a necessary and sufficient condition for SH to be a
closure operator of a matroid from the viewpoint of coverings.

Theorem 4.11. Let C be a covering of E. C satisfies (TRA) condition if and only if SH induced by C
is a closure operator of a matroid.

Proof. It comes from Theorem 4.3 and Proposition 4.10. O

The sixth type of covering-based upper approximation operator was first defined in
[31]. Xu and Wang introduced this type of covering-based rough set model and studied the
relationship between it and binary relation based rough set model. The following proposition
gives some properties of this covering upper approximation operator.

Proposition 4.12 (see [26]). Let C be a covering of E. XH has the following properties:

(1) XH(E) = E,

(2) XH(0) =0,

(3) X C XH(X) forall X CE,

(4) XH(XUY) = XH(X) UXH(Y) forall X,Y CE,
(5) XH(XH(X)) = XH(X) forall X CE,

(6) forall X CY C E = XH(X) C XH(Y).

From the above proposition, we find that XH does not satisfy the (4) of Proposition 2.3.
The following proposition establishes a necessary and sufficient condition for XH to satisfy
the condition.

Proposition 4.13. Let C be a covering of E. For all x,y € E and X C E, XH satisfies
yeXH(XU{x})—XH(X):>xeXH(XU{y}) (4.2)

ifand only if {N(x): x € E} forms a partition of E.

Proof. =: For all x,y € E, if N(x) N N(y) #0, then there exists z € N(x) N N(y). Let X = 0.
According to (2) of Proposition 4.12, we know that if y € XH({x}) then x € XH(y), that is, if
x € N(y) then y € N(x). Since z € N(x), N(z) € N(x). According to the assumption, we
also have x € N(z), thatis, N(x) C N(z). Thus N(x) = N(z). Similarly, z € N(y), we have
N(z) = N(y). Thus N(x) = N(z) = N(y). Hence, {N(x): x € E} forms a partition of E.

&: Since XH(XUY) = XH(X) UXH(Y) forall X, Y C U, y € XH(X U {x}) - XH(X) =
XH(X) U XH({x}) - XH(X) = XH({x}) - XH(X). Now we prove x € XH({y}). Since y €
XH({x}), x € N(y). Because the fact that { N(x): x € E} forms a partition of E, x € N(x) and
x € N(y), we have N (x) = N(y), thus y € N(x), thatis, x € XH({y}). Hence x € XH({y}) C
XH(X U {y}). O
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The following theorem establishes a necessary and sufficient condition for XH to be a
closure operator of a matroid.

Theorem 4.14. Let C be a covering of E. {N(x): x € E} induced by C forms a partition of E if and
only if XH is a closure operator of a matroid.

Proof. It comes from (3), (5), and (6) of Propositions 4.12 and 4.13. O

For convenience, for a given covering C of E, we may as well suppose the set of all
neighborhoods as {N(x) : x € E} = {N(x1), N(x2),...,N(x¢)} where x1,x5,...,x; € E.

Definition 4.15. Let C be a covering of E. We define 9" = {I CE: [INN(x;)| <1, foralli €
{1,2,...,t}}.

Theorem 4.14 indicates that if {N(x) : x € E} forms a partition of E, then XH is a
closure operator of a matroid. Hence, XH can determine a matroid, and the independent sets
of the matroid induced by it are established as follows:

Oxu(C) = (I CE:Vx el x ¢ XH(I - {x))). (4.3)

Similar to the case of SH, we can obtain the following results.

Proposition 4.16. Let C be a covering of E. If {N(x) : x € E} induced by C forms a partition of E,
then M(E, Oxy(C)) is a matroid and Dxy(C) = D".

rxy denotes the rank function of M(E, Oxu(C)) and Lxy (M (C)) denotes the set of all
closed sets of M(E, Jxu(C)). Then we can obtain the following proposition.

Proposition 4.17. Let C be a covering of E. If {N(x) : x € E} = {N(x1), N(x2),..., N(xt)}
induced by C forms a partition of E, then

(1) X isa base of M(E, Oxp(C)) if and only if XNN (x;)| =1 (1 < i <t), and M(E, Dxu(C))
has [N (x1)|IN (x2)] - - - [N (x5)| bases.
(2) Forall X CE, rxug(X) = [{N(x;): N(x;) n X #0, 1 <i<t}]

(3) X is a circuit of M(E,Jxu(C)) if and only if there exists N(x;) € {N(x): x € E} such
that X C N(x;) and |X| = 2.

(4) X is a dependent set of M(E, Oxp(C)) if and only if there exists N(x;) € {N(x) : x € E}
such that [N (x;) N X| > 1.

(5) {N(x1), N(x2),..., N(xt)} is the set of all atoms of lattice Lxy(M(C)).

(6) Forall x,y € E and x #y, there does not exist N(z) € {N(x1), N(x2),...,N(x;)} such
that x,y € N(z) if and only if XH({x, y}) covers XH({x}) or XH({y}).

(7) Foralli,j € {1,2,...,t}, (N(x;), N(x;)) is a modular pair of lattice Lxy(M(C)).
(8) Forallie {1,2,...,t}, N(x;) is a modular element of lattice Lxy(M(C)).
The proof of Propositions 4.16 and 4.17 is similar to that of Propositions 4.5, 4.6, and

4.7, respectively. So we omit the proofs of them. Similar to the case of SH, we also study what
kind of coverings can make {N(x): x € E} form a partition of E. This paper establishes
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only two kinds of coverings. There are some coverings which satisfy the condition appear in
[34, 35].

Lemma 4.18. Let C be a covering on E and K be reducible in C. For all x € U, N (x) is the same in
CasinC-{K}.

Proof. For all x € E, Md(x) is the same for covering C and covering C — {K}, so N(x) =
NMd(x) is the same for the covering C and covering C — {K}. O

Proposition 4.19. Let C be a covering of E. If reduct(C) is a partition of E, then {N(x): x € E}
induced by C is also a partition of E.

Proof. Since reduct(C) is a partition of E, {N(x) : x € E} induced by reduct(C) forms a
partition of E. Suppose {K1, Ko, ..., K} is the set all reducible elements of C. According to
Lemma 4.18, we know that for all x € E, N (x) is the same in reduct(C) as in reduct(C)U{ K1},
thus {N(x): x € E} induced by reduct(C) U {K;} forms a partition of E. And the rest may be
deduced by analogy, then we can obtain for all x € E, N(x) is the same in reduct(C) as in C,
thus { N (x): x € E} induced by C forms a partition of E. O

The following proposition establishes a sufficient condition for {N(x): x € E} tobe a
partition of E from the viewpoint of coverings.

Proposition 4.20. Let C be a covering of E. If C satisfies (EQU) condition: For all K € C, for all
x,y € K, the number of blocks which contain x is equal to that of blocks which contain y, then
{N(x): x € E} induced by C forms a partition of E.

Proof. For all x,y € E, if N(x) N N (y) #0, then there exists z € E such that z € N(x) and z €
N (y), that is, the blocks which contain x also contain z and the blocks which contain y also
contain z. Hence, there exist K;, K! such that x, z € K; and y, z € K!. Without loss of generality,
we suppose {Ki, Ky, ..., K} is the set of all blocks which contain x and {K, K, ..., K;} is
the set of all blocks which contain y. Since the number of blocks which contain z is equal to
that of blocks which contain x, { Ky, K5, ..., K} is the set of all blocks which contain z, thus
{K},K,...,K}} € {K{,Ky,...,K}. Hence, N(x) C N(y). Similarly, we can prove N(y) C
N(x). Hence, N(x) = N(y), thatis, {N(x): x € E} forms a partition of E. O

Based on Theorem 4.14, Propositions 4.19 and 4.20, we can obtain the following two
corollaries.

Corollary 4.21. Let C be a covering of E. If reduct(C) is a partition of E, then XH is a closure
operator of a matroid.

Corollary 4.22. Let C be a covering on E. If C satisfies (EQU) condition, then XH is a closure
operator of a matroid.

5. Relationships among Three Geometric Lattice Structures of
Covering-Based Rough Sets

In Section 3, the properties of the geometric lattice induced by a covering have been studied
by the matroid M(E,J(C)). Section 4 presents three sufficient and necessary conditions for
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two types of covering upper approximation operators to be closure operators of matroids.
Moreover, we exhibit two types of matroidal structures through closure axioms, and then
obtain two geometric lattice structures of covering-based rough sets. In this section, we
study the relationship among above three types of geometric lattices through corresponding
matroids. We also discuss the reducible element and the immured element’s influence on the
relationship among this three types of matroidal structures and geometric lattice structures.

The following proposition shows the relationship between Jsp(C) and J(C), and the
relationship between Lgi; (M (C)) and L(M(C)).

Proposition 5.1. Let C be a covering of E. If SH induced by C is a closure operator, then Osp(C) C
2(C) and L5 (M(C)) € L(M(C)).

Proof. Since SH induced by C is a closure operator, {I(x): x € E} = {I(x1),1(x2),...,1(xs)}
forms a partition of E. For all I € Jsy(C), suppose I = {i1,i,...,ix} (@ < s) such that
i1 € I(x;,), i2 € I(x3,),...,1q € I(x;,) and {I(xy),I(x3,),..., I(xi,)} C {I(x1),I(x2),...,I(xs)}.
According to the definition of I(x), there exists {K;,, Kj,,..., Kj, } € C such thati; € K, i» €
Ki,,...,ix € Kj,. Since {I(x1),1(x2),...,1(xs)} forms a partition of E, thus {K;,, Kj,,..., K, }
are different blocks. According to the definition of transversal matroid, we have I € 2. Hence,
Jsu(C) € I(C).

Forall X € Lgiy(M(C)), X = SH(X) = U ex I (x). Now we need to prove X € L(M(C)),
thatis, clayc)(X) = X = {x | rmc)(X) = rme)y (XU {x})}. Since X C clp(ey (X), if clpe) (X) # X,
then clyc)(X) € X, that is, there exists y € X such that rac)(X) = ramc)(X U {y}). Suppose
T = {t,t2,..., 1} (t <s)is amaximal independent set included in X, then {t1,t,,..., 4} C X =
Uqxex I(x) and there exist different Ky, K5, ..., K¢ such that foralli € {1,2,...,t}, t; € K;. Since
y € X, I(x)NI(y) =0 for all x € X. Based on {I(x1),I(x2),...,I(x;s)} forms a partition of E,
there exists K C I(y) such that Ky, K5, ..., K¢, K are differentblocks and y € K, thus TU{y} is
a maximal independent set included in XU {y}. Hence, we have rarc) (XU {y}) = rme)(X) +1
which contradicts rarc) (X) = rac) (X U {y}). Thus we can obtain clysc) (X) = X. O

The following proposition illustrates that in what condition the indiscernible
neighborhoods are included in the geometric lattice induced by C.

Proposition 5.2. Let C be a covering of E. If SH induced by C is a closure operator, then for all
x €E, I(x) € £(M(C)).

Proof. Since SH induced by C is a closure operator, {I(x) : x € E} forms a partition of E.
Thus, for all x € E, SH(I(x)) = Uyel(x) I(y) = I(x), that is, I(x) € Lsy(M(C)). According to
Proposition 5.1, I(x) € £L(M(C)). O

We give an example to help understand the relationship between Lgy(M(C)) and
L(M(C)) better.

Example 53. Let C = {{1,2},{1,3},{2,3},{4,5}}. I(1) = I(2) = I(B) = {1,2,3},
I14) = I(5) = {45} Let T = {1,2}. T € OIJ(C) but T ¢ Jsu(C) because
IT N I(1)] = 2. Hence, 2(C) € Dsu(C). Lsu(M(C)) = 1{0,{1,2,3},{4,5},{1,2,3,4,5}}.
L(M(C)) = {0,{1},{2},{3},{4,5},{1,2},{1,3}, {2,3}, {1,4,5}, {2,4,5}, {3,4,5}, {1,2,3},
{1,2,4,5}, {1,3,4,5}, {2,3,4,5}, {1,2,3,4,5}}. It is obvious that Z(M(C)) € Lsy(M(C)). The
structures of Lsy(M(C)) and £(M(C)) are showed in Figure 1.
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{1,2,3,4,5)

{2,3,4,5} {1,2,3,4,5}

{1,2 3. & 57(3,4,5) {1,2,3) \4,5)

Figure 1: The lattice of Z(M(C)) (resp., Lxu(M(C))) and Lsy (M (C)).

Remark 5.4. Let C be a covering of E. Although XH induced by C is a closure operator, it has
no relationship between Jxy(C) and J(C), and has no relationship between L (M(C)) and
L(M(QC)).

The following example illustrates the above statements.

Example 5.5. Let C = {K1, Ky, K3, K4} be a covering of E = {a,b,c,d,e, f, g, h,i}, where K; =
{a/b/i}/ K> = {a/b/cld/e/f}/ K3 = {f/g/h}/ Ky = {C/d/e/g/h/i}' Then N(El) = N(b) =
{a,b},N(c) = N(d) = N(e) = {c,d,e}, N(f) = (f}, N(g) = N(h) = (g} and N(i) = {i}.
Let T = {a,c, f, g i}. It is clear that T € Oxu(C), but T ¢ O(C) because |T N K;| = 2, thus
Oxu(C) € 2(C). Let T' = {a,c,d}. Itis clear that T' € 2(C), but T' ¢ Dxy because |T' N N(c)| =
2, thus J(C) € Oxu(C). Let X = {a,b,i}. X € Lxu(M(C)) for XH(X) = X. However, X ¢
L(M(C)) for clpy(X) = {a,b,c,d,e,i}. Let X = {a}. X € L(M(C)) for clpyi)(X) = X.
However, X ¢ Lxi(M(C)) for XH(X) = {a,b} #X.

The following proposition shows the relationship between sy (C) and Ixu(C), and
the relationship between Lgy (M (C)) and Lxu(M(C)).

Proposition 5.6. Let C be a covering of E. If XH and SH induced by C are closure operators, then
Ds1(C) € Ixu(C) and Lsy(M(C)) € Lxu(M(C)).

Proof. If XH and SH induced by C are closure operators, then {N(x): x € E} and {I(x): x €
E} form a partition of E, respectively. For all x € X, N(x) = ex K € Uiex K = I(x), thus
{N(x): x € E} is finer than {I(x): x € E}. Based on this, we can obtain Jsy(C) C Ixu(C).
For all X € Lsy(M(C)), X = SH(X) = Uex I(x). Since x € N(x) C I(x), X =
Urex{x} € Upex N(x) € Uyex I(x) = X, thus, X = U,ex N(x), that is, X € Lxg(M(C)).
Hence, Lsp(M(C)) C Lxu(M(C)). O

Example 5.7. From Example 5.3, we know N(1) = {1}, N(2) = {2}, N(B) = {3},
N@) = NGB) = {45} and I(1) = I(2) = I(3) = {1,2,3}, I(4) = I(5) = {4,5}.
Let I = {1,2}. It is clear that I € Oxg(M(C)) but I ¢ OJsy(M(C)) because |I N
I(1)| = 2. Hence Oxu(M(C)) € Osu(M(C)). Lsu(M(C)) = {0,{1,2,3},{4,5},{1,2,3,4,5}} and
Lxu(M(C)) = {0, {1}, {2}, {3}, {4,5}, {1,2}, {1,3}, {2,3}, {1,4,5}, {2,4,5}, {3,4,5}, {1,2,3},



Journal of Applied Mathematics 21

{1,2,4,5}, {1,3,4,5}, {2,3,4,5}, {1,2,3,4,5}}. It is obvious that Lxy(M(C)) € Lsy(M(C)).
The structures of them are showed in Figure 1.

When a covering degenerates into a partition, we can obtain the following result.

Theorem 5.8. If C is a partition of E, then Osy(C) = Oxu(C) = I(C) and Lsy(M(C)) =
Lxn(M(C)) = £(M(C)).

Proof. Since C is a partition of E, I(x) = N(x) = K(x € K) forall x € E, and for all X C E,
SH(X) = XH(X) = R*(X). Thus Jsu(C) = Ixu(C) = 9(C) and Lsu(M(C)) = Lxu(M(C)) =
L(M(C)). O

Next, we discuss the reducible element and immured element’s influence on matroidal
structures and geometric lattice structures. First, we study the reducible element and
immured element’s influence on J(C).

Theorem 5.9. Let F be a family of subset of E and K € ¥. O(F — {K}) C O(F).

Proof. For all I € O(¥ - {K}), we may as well suppose I = {iy,is,...,i;} whereiy,i,...,i; € E.
According to the definition of transversal matroid, there exist different blocks K1, K5, ..., K; €
¥ satisfy K; # K and i; € K| forall 1 <i, j < t. Thus I € O(¥). O

The following example illustrates 2(¥) € (¥ — {K}).

Example 5.10. Let F = {Kj, K3, K3} be a family of subset of E = {1,2,3,4}, where K; = {1,2},
KZ = {1/3}1 K3 = {3} 0(?) = ZEI O(; - {K3}) = {Q/{l}r {2}r{3}/{1/3}1{1/2}{2/3}} Hence,
O(F) € O(F - {K}).

Let C be a covering of E and F = C. As we know, reducible elements and immured
elements are members of C. Based on Theorem 5.9, it is not difficult for us to obtain the
following four corollaries.

Corollary 5.11. Let C be a covering of E and K € C. If K is reducible, then 2(C — {K}) € 9(C).
Corollary 5.12. Let C be a covering of E. O(reduct(C)) € 9(C).

Corollary 5.13. Let C be a covering of E and K € C. If K is an immured element, then 2(C—{K}) C
2(C).

Corollary 5.14. Let C be a covering of E. D(exclusion(C)) C 2(C).

The following theorem shows the reducible element and immured element’s influence
on geometric lattice structure £(M(C)).

Theorem 5.15. Let F be a family of subset of E and for all K € . Z(M(F — {K})) C L(M(¥)).

Proof. First, we prove clg({x}) C clg_(x({x}) forall x € E. For all y € clg_x({x}), {x,y} €
D¢-1xy € D¢. Thus y & clg({x}) which implies clg({x}) C clg_(x)({x}).

Second, we need to prove that any atom of Z(M(¥ — {K})) is a closed set of
L(M(¥F)), that is, clg(clg—k)({x})) = clg-(x)({x}). Since clg_x)({x}) € clg(clg_(x)({x})) €
clg (k) (clg-(x) ({x})) = clg-x) ({x}), clg (clg- k) ({x})) = clg_(x) ({x}).
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Third, we need to prove Z(M(¥ - {K})) € L(M(¥)). For all X € LZ(M(¥ - {K})),
X = Vide ik ({x}) = Vzl\/?:lClq:({x]'}) because L(M(F — {K})) is a atomic lattice, thus
X € 2(M(F)). 0

The following example shows that Z(M(¥)) € Z(M(¥ - {K})), where K € ¥.

Example 5.16. Based on Example 5.10, we have Z(M(¥)) = 2F and Z(M(¥ - {K3}))
{0,{1},{2},1{3},{1,2,3}}. It is clear that Z(M(¥)) € L(M(¥F - {K3})).

Similarly, when ¥ is equal to C, we can obtain the following four corollaries.

N

Corollary 5.17. Let C be a covering of E and K € C. If K is reducible, then L(M(C - {K}))
L(M(C)).

Corollary 5.18. Let C be a covering of E. L(M (reduct(C))) € L(M(C)).

Corollary 5.19. Let C be a covering of E and K € C. If K is an immured element, then £L(M(C -
{K})) € L(M(C)).

Corollary 5.20. Let C be a covering of E. L(M (exclusion(C))) C L(M(C)).

Let C be a covering of E and SH induced by C a closure operator. If a reducible element
K of C is removed from the covering C, then covering C — {K} may not still be a covering
which makes SH be a closure operator. Hence, we omit the discussion of the relationship
between Jsi(C) and Jsi(C — {K}).

Example 5.21. Let E = {1,2,3} and C = {Kj, Ky, K3} where K; = {1,2}, K, = {1,3}, K5 =
{1,2,3}.1(1) = 1(2) = I(3) = {1,2,3}, thus {I(x): x € E} forms a partition of E. Hence, SHis a
closure operator induced by C. It is clear that K3 is a reducible element, C — {K3} = {K3, K3 }.
Then the indiscernible neighborhoods induced by C - {K3} are I(1) = {1,2,3}, I(2) = {1,2},
I(3) = {1,3}. we find that {I(x) : x € E} cannot form a partition of E. Hence, SH is not a
closure operator induced by C — {K3}.

The following theorem presents an immured element’s influence on Jsi(C) and
Lsp(M(C)).

Theorem 5.22. Let C be a covering of E and K an immured element of C. If SH induced by C is a
closure operator, then SH induced by covering C — { K} is also a closure operator. Moreover, Dsy(C) =
Dsu(C - {K}) and Lsp(M(C)) = Lsy(M(C - {K})).

Proof. It comes from Lemma 4.8 and Theorem 4.3. O

As we know, if C is a covering of E, K; and K are two elements of C, and K is an
immured element of C, then Kj is an immured element of C if and only if K is an immured
element of the covering C — {K;}. Combining this with Theorem 5.22, we can obtain the
following corollary.

Corollary 5.23. Let C be a covering of E. If SH induced by C is a closure operator, then SH induced by
exclusion(C) is also a closure operator. Moreover, Dsp(C) = Dsp(exclusion(C)) and Lsy(M(C)) =
Lsp(M(exclusion(C))).

Now we consider the reducible element’s influence on Jx(C) and Ly (M (C)).
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Theorem 5.24. Let C be a covering of E and K be a reducible element. If XH induced by C is a
closure operator, then XH induced by covering C—{ K} is also a closure operator. Moreover, Dxp(C) =
Oxu(C - {K}) and Lxg(M(C)) = Lxn(M(C - {K})).

Proof. Since XH induced by C is a closure operator, {N(x) : x € E} induced by C forms a
partition. Based on the definition of Jxy(C) and Lemma 4.18, XH induced by C — {K} is also
a closure operator and JOxx(C) = Ixu(C - {K}). O

As we know, if C is a covering of E, K € C, K is reducible in C and K; € C - {K}, then
Kj is reducible in covering C if and only if it is reducible in covering C — {K'}. Based on this
and Theorem 5.24, we can obtain the following result.

Corollary 5.25. Let C be a covering of E. If XH induced by C is a closure operator, then XH induced
by reduct(C) is a closure operator. Moreover, Oxy(C) = Oxp(reduct(C)) and Lxy(M(C)) =
Lxy(M(reduct(C))).

Let C be a covering of E and XH induced by C a closure operator. If an immured
element K is removed from the covering C, then C — { K} may not still be a covering which
makes XH be a closure operator. So we omit the discussion of the relationship between
Oxu(C) and Ixu(C - {K}).

Example 5.26. Suppose K; = {1}, K, = {1,2}, K3 = {2,3}, K4y = {3}, K5 = {1,2,3} and
C1 = {Ky,K5,K3,Ks}. Then N(1) = {1}, N(2) = {2} and N(3) = {3}, thus {N(x) : x € E}
forms a partition of E. Hence, XH is a closure operator. It is clear that K; is an immured
element, and the neighborhoods induced by C - {K;} are N(1) = {1,2}, N(2) = {2} and
N@3) = {3}, thus {N(x) : x € E} cannot form a partition of E. Hence, C — {K;} is not a
covering which makes XH be a closure operator.

6. Conclusions

This paper has studied the geometric lattice structures of covering based-rough sets through
matroids. The important contribution of this paper is that we have established a geometric
lattice structure of covering-based rough sets through the transversal matroid induced by a
covering and have presented two geometric lattice structures of covering-based rough sets
through two types of covering upper approximation operators. Moreover, we have discussed
the relationship among the three geometric lattice structures. To study other properties of the
geometric lattice structure induced by a covering and to study other geometric lattices from
the viewpoint of other upper approximation operators are our future work.
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