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The global error bound estimation for the generalized nonlinear complementarity problem over a
closed convex cone (GNCP) is considered. To obtain a global error bound for the GNCP, we first
develop an equivalent reformulation of the problem. Based on this, a global error bound for the
GNCP is established. The results obtained in this paper can be taken as an extension of previously
known results.

1. Introduction

Let mappings F,G: R" — R",H: R" — R!, and the generalized nonlinear complementarity
problem, abbreviated as GNCD, is to find vector x* € R” such that

F(x)eX, Gx)ekX’ Fx)TG(x*)=0, H(x")=0, (1.1)

where X is a nonempty closed convex cone in R™ and X° is its dual cone, that is, £° = {u €
R™ | uTv >0, for all v € X}. We denote the solution set of the GNCP by X*, and assume that
it is nonempty throughout this paper.

The GNCP is a direct generalization of the classical nonlinear complementarity
problem which finds applications in engineering, economics, finance, and robust opti-
mization operations research [1-3]. For example, the balance of supply and demand is
central to all economic systems; mathematically, this fundamental equation in economics
is often described by a complementarity relation between two sets of decision variables.
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Furthermore, the classical Walrasian law of competitive equilibria of exchange economies
can be formulated as a generalized nonlinear complementarity problem in the price and
excess demand variables [2]. Up to now, the issues of numerical methods and existence of
the solution for the problem were discussed in the literature [4].

Among all the useful tools for theoretical and numerical treatment to variational
inequalities, nonlinear complementarity problems, and other related optimization problems,
the global error bound, that is, an upper bound estimation of the distance from a given point
in R” to the solution set of the problem in terms of some residual functions, is an important
one [5, 6]. The error bound estimation for the generalized linear complementarity problems
over a polyhedral cone was analyzed by Sun et al. [7]. Using the natural residual function,
Pang [8] obtained a global error bound for the strongly monotone and Lipschitz continuous
classical nonlinear complementarity problem with a linear constraint set. Xiu and Zhang [9]
also presented a global error bound for general variational inequalities with the mapping
being strongly monotone and Lipschitz continuous in terms of the natural residual function.
If F(x) = x, G(x) is y-strongly monotone and Hdélder continuous, the local error bound for
classical variational inequality problems was given by Solodov [6].

To our knowledge, the global error bound for the problem (1.1) with the mapping
being y-strongly monotone and Hdlder-continuous hasn’t been investigated. Motivated by
this fact, The main contribution of this paper is to establish a global error bound for the GNCP
via the natural residual function under milder conditions than those needed in [6, 8, 9]. The
results obtained in this paper can be taken as an extension of the previously known results in
[6,8,9].

We give some notations used in this paper. Vectors considered in this paper are all
taken in Euclidean space equipped with the standard inner product. The Euclidean norm of
vector in the space is denoted by || - ||. The inner product of vector in the space is denoted by

</>

2. The Global Error Bound for GNCP

In this section, we would give error bound for GNCP, which can be viewed as extensions
of previously known results. To this end, we will in the following establish an equivalent
reformulation of the GNCP and state some well-known properties of the projection operator
which is crucial to our results.

In the following, we first give the equivalent reformulation of the GNCP.

Theorem 2.1. A point x* is a solution of (1.1) if and only if x* is a solution of the following problem:

G(x)"(F(x) - F(x*)) >0, VF(x)e X,
(2.1)
H(x*) =0.

Proof. Suppose that x* is a solution of (2.1). Since vector 0 € X, by substituting F(x) = 0
into (2.1), we have G(x*)"F(x*) < 0. On the other hand, since F(x*) € X, then 2F(x*) €
K. By substituting F(x) = 2F(x*) into (2.1), we obtain G(x)"F(x*) > 0. Consequently,
G(x*)TF(x*) = 0. For any F(x) € X, we have G(x*)"F(x) = G(x*)"[F(x) - F(x*)] > 0,
that is, G(x*) € X°. Combining H(x*) = 0, thus, x* is a solution of (1.1).
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On the contrary, suppose that x* is a solution of (1.1), since G(x*) € X°, for any F(x) €
X, we have G(x*) "F(x) > 0, and from G(x*)"F(x*) = 0, we have G(x*)"[F(x) - F(x*)] > 0,

combining H (x*) = 0. Therefor, x* is a solution of (2.1). O

Now, we give the definition of projection operator and some related properties [10].
For nonempty closed convex set X C R™ and any vector x € R™, the orthogonal projection of
x onto K, that is, argmin{|ly — x|| | y € X}, is denoted by Px(x).

Lemma 2.2. Foranyu € R™, v € X, then

(i) (Px(u) —u,v - Pg(u)) 20,

(i) IPk(u) = Px(@)[| < |lu -l
For (2.1), p > O is a constant, e(x) := F(x) — Px[F(x) — fG(x)] is called projection-type
residual function, and let r(x) := ||e(x)||. The following conclusion provides the relationship

between the solution set of (2.1) and that of projection-type residual function [11], which is
due to Noor [11].

Lemma 2.3. x is a solution of (2.1) if and only if e(x) =0, H(x) = 0.
To establish the global error bound of GNCP, we also need the following definition.

Definition 2.4. The mapping F : R* — R™ is said to be

(1) y-strongly monotone with respectto G : R* — R™ if there are constants y > 0, y > 1
such that

(F(x) - F(y),G(x) - G(y)) > pl|x - y||'™", Vx,y€R% (2.2)

(2) Holder-continuous if there are constants L > 0, v € (0, 1] such that

|F(x)-F(y)|| < L||lx-y||°, YxyeR" (2.3)

In this following, based on Lemmas 2.2 and 2.3, we establish error bound for GNCP in
the set Q := {x € R" | H(x) = 0}.

Theorem 2.5. Suppose that F is y-strongly monotone with respect to G and with positive constants
W, Y, both F and G are Holder continuous with positive constants Ly > 0, L, >0, v1, v, € (0,1],
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respectively, and pu < (L1 + Lof) (2L + Lyp) holds. Then for any x € Q = {x € R* | H(x) = 0},
there exists a solution x* of (1.1) such that

1/ min{ovy,05} L L 1/(1+y-min{vy,02})
r(x +
(50595) <lx-xls (P rrw)

2L, + Lop pu ’ o
ifr(0 < - f"Lzﬂ.
( % >1/max{vl,vz} < <L1 ;#Lzﬂr(x)>1/(1+ymax{v1,vz}>’ ,
if (x) > 2Ly + Lyp.
(ﬁ)ymmzvm} < x'] < <L1 ;#Lzﬁr(x))1/(1+Y—max{v1,vz})’ y
i - fﬂLzﬂ <r(x) <2L; + Lop.
Proof. Since
F(x) - e(x) = Px [F(x) - fG(x)] € X, 2.7)
by the first inequality of (2.1),
(F(x) - e(x) - F(x*))TBG(x*) > 0. 2.8)
Combining F(x*) € £ with Lemma 2.2(i), we have
(F(x*) = Px [F(x) - BG(x)], Px [F(x) - fG(x)] - [F(x) - pG(x)]) > 0. (2.9)
Substituting Px[F(x) — BG(x)] in (2.9) by F(x) — e(x) leads to that
(F(x) - F(x*) - e(x)) " [e(x) — BG(x)] > 0. (2.10)

Using (2.8) and (2.10), we obtain

[(F(x) - F(x")) —e(x)]" [e(x) + B(G(x") - G(x))] 20, (211)



Journal of Applied Mathematics 5

that is,

BIF(x) - F(x")]T[G(x") - G(x)] + e(x) "[(F(x) - F(x")) - B(G(x") - G(x))] - e(x) e(x) > 0.
(2.12)

Base on Definition 2.4, a direct computation yields that
e = "7 < % |(Fx) = Fxe)T(G () - G
o) [(F@) - F@)) + f(G) - G))] —e(@)e(x)}
(2.13)

pu
< ﬁ{lle(x)ll(llz-’(x) = F()|+ (G (x) = G}
1

{r()[Lallx = x*|["" + pLallx — x"[|*] }.

Combining this, we have

S
(5

1/(1+y-minf{ovy,v2})
r(x)> , iflx—x*| <1,

[l — x™|| < (2.14)

, if e —x*|| > 1.

1/(1+y-max{vi,02})
)

On the other hand, for the first inequality of (2.1), by Lemmas 2.3 and 2.2(ii), we have

r(x) = [le(x) —e(x)|l
= [[F(x) = Pi[F(x) = pG(x)] = F(x") + Pi [F(x*) = BG(x)] ||
= |[F(x) = F(x")|| + || Pac [F (x) = BG(x)] = P [F(x") = BG(x")] ||

(2.15)
<|IF(x) = F(x*)|| + || [F(x) = BG(x)] = [F(x*) = BG(x")] ||
=2[|F(x) = F(x")|| + BIIG(x) = G(xM)||
<2Ly||x = x| + Loflxc — ||,
Thus,
r(x) 1/ min{ovy,03} )
, i flx—x"| <1,
llx = x*| > <2Ll +L2ﬂ) (2.16)

T(x) 1/maX{’U1,ZJz} .
,if |l —x*|| > 1.
<2L1+L2ﬂ) if e =2t =
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Combining (2.14) with (2.16) for any x € R", if |[x — x*|| < 1, then

r(x) 1/ min{oy,0,} . L +L2ﬁ 1/(1+y-min{vy,v2})
— 7 < lx=x*|| < — 14. 2.17
<2L1 N L2ﬁ> < Jlx = x*|| € min < B r(x)> , ( )

For any x € R", if |x — x*|| > 1, then

r(x) 1/ max{v,0,} L +L2ﬁ 1/(1+y-max{v1,02})
_— 13 < x| < ([ ——=— . 2.18
max{<2L1+Lzﬁ> Ay s lhexlis < Pu r(x)> 219

If r(x) < pu/ (L1 + Lpp), then ((L1 + Lof)/pu)r(x) <1, by (2.17), we have ||x - x*|| < 1,
and using (2.17) again, we obtain that (2.4) holds.

If r(x) > Lop + 2Ly, then r(x)/(2L; + Lf) > 1, combining this with (2.18), we have
[lx = x*|| > 1, and using (2.18) again, we conclude that (2.5) holds.

If pu/ (L1 + Lyp) < r(x) <2L; + Lyf, then

L+ Lyp r(x)
—r(x)>1, — <1 2.19
ﬂ‘u ( ) Lzﬂ + 2L1 ( )
Combining (2.17) with (2.18), we conclude that (2.6) holds. O

Definition 2.6. The mapping H involved in the GNCP is said to be a-strongly monotone in R”
if there are positive constants ¢ > 0, a > 1 such that

(x-y,H@) -H(y)) zollx-y[", VxyeR" (2.20)

Base on Theorem 2.5, we are at the position to state our main results in the following.

Theorem 2.7. Suppose that the hypotheses of Theorem 2.5 hold, H is a-strongly monotone, and the
set Q := {x € R" | H(x) = 0} is convex. Then, there exists a constant p > 0, such that, for any
x € R", there exists x* € X* such that

e = >l < p{IH@)I* + R(x)}, vxeRY, (221)
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where
p 1/(1+y-min{vy,v2})
(] Lt LB QL+ PL) (L1 L2f) -
o Py P o]
/(1+y-min{vy,v,})
<max Ly ; Lzﬂ, (2L1 + ﬂLzﬁ) (Ll + L2ﬁ) —max{v;,v; }> o ,
p w
= max< &
p Li+ Lo (2Ly + BLo) (L1 + Lop) Vi
max , O.— min ’01 vz ,
Pu Pu o)
/(1+y-max{vy,v
(max L1 + Lzﬁ/ (2L1 + ﬂLz) (Ll + LZ)B) —max{vy,v;} > o ,
{ P P )
(2.22)
Qmﬂmmmem“WMW”‘
r(x) + ||H (x) | max{ore2)/a 1/(L+y-min{or 02
R(x) = max5 > (2.23)

1/ (1+y-max{ov1, 0, }

)

>1/(1+

> y-max{vi,v2})
)

r(x) + |[H(x)| o

(r
(r@) + [ H @ |mintoee) /o
(

Proof. For given x € R", we only need to first project x to Q := {x € R" | H(x) = 0}, that
is, there exists a vector x € Q such that ||x — x| = dist(x, Q). By Definition 2.6, there exist
constants o > 0, a > 0 such that

e =T < (x - %, Hx) - HD)
< l-FHE) - HE) (224)
= - FHE,

that is, dist(x, Q) = ||lx = x|| < (1/0)||H (x)]|*/*.
Since

r(®) - r(x) < le(x) —e(X)]
= [{EGx) = P [F(x) = G(0)]} = {F(X) = P [F(X) = pGE) |
< |IF(x) = FG)Il+ || Pa (F(x) = pG(x)) = P (F(X) = BG)) |
< |IF @) = FG)Il+ || (F(x) = fG(x)) = (F(X) - BG@)) |
<2|F(x) - F@)| + BIG(x) - G)l|
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< 2La|lx = X[ + BLalx - ]|

p (2Ly + BLy) | = X|™™ ) if lx - x| < 1
= | 2Ly + BLy) [l = x| | = ]| > 1

(2Ly + BLy)dist(x, Q)™M if |x - X[ <1
(2Ly + BLy)dist(x, Q)™ 122 if |lx — || > 1,
(2.25)

Combining this, we have

(2Ly + BLy)dist(x, Q)™M if |x - X[ <1

2.26
(2L, + ﬂLz)dist(x,Q)maX{v"”Z}, if |x—%| > 1. (226)

r(x) <r(x)+ {

Combining (2.26) with Theorem 2.5, we have the following results.
Case 1 (if r(x) < pu/ (L1 + Lop) and ||x — X|| £ 1). Combining (2.4) with the first inequality in
(2.26), we can obtain that

[l = x"|| < dist(x, Q) + [|Ix — x|

L1 + LZ‘B
—7
Pu

IN

1/(1+y-minf{ov1,v2})
®)

dist(x, Q) + (

IN

dist(x, Q)

Li+L 2Ly + BLy) (L, + L A
+< 1+ 2ﬂr(x)+( 1+ pLy) (L + zﬁ)dist(x,g)mm{vl,vz}

1/(1+y-min{v,v2})
P P >

IN

l||H(x)||1/“ +rl1<1’(x) + ||H(x)“min{‘ul,z;z}/a>1/(l+}’_min{‘01,‘02])
(&)

IN

. 1/(1+y-min{vy,v,})
Pl{IIH(x)Il”“ + (r) + IH @) et /) - }

7

(2.27)

where 11 = (max{(Ly + Lo) /B, (2La + BLo) (Ly + Lo)/ fp) o= mintoen) 1/ (Hymmintovez)),
p1 =max{1/o,m}.
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Case 2 (If r(x) < Pu/ (L1 + Lpp) and ||x — x|| > 1). Combining (2.4) with the second inequality
in (2.26), we can also obtain that

[l = x"|| < dist(x, Q) + [l — x|

L1 + Lzﬁ
P

>1/(1+y—min{v1,vz )]

IN

dist(x, Q) + < r(x)

IN

dist(x, Q)

. <L1 + Lzﬁr(x) . (2Ly + BLy) (L1 + L)

= dist(x, Q)ma"{vl'DZ}
Pu Pu

>1/(1+y—min{v1,v2])

1/(1+y-min{ovy,v2})

IN

1 24 maxyoq,0. 24
SHHEOI ™+ 2 (r(x) + [ H )"0

1/(L+y-min{o1,0,))
< P2{|IH(x)II1/“ + (r(x) + IIH(X)IImaX{m'vZ]/“> e }
(2.28)

where = (max{(L1 + Lzﬂ)/ﬁﬂ/ ((2L1 + ﬁLQ)(Ll + Lzﬂ)/ﬂﬂ)o_max{v]’DZ} })1/(1+Y—mm{vl,vz}),

p2 =max{1/c,m}.

Case 3 (if r(x) > pu/ (L1 +Lop) and || x—X|| < 1). Combining (2.5)-(2.6) with the first inequality
in (2.26), we can obtain that

[lx = x*|] < dist(x, Q) + ||x — x|

Ll + Lzﬂ

>1/(1+ymax{v1,v2})

IN

dist(x, Q) + <

r(x)

IN

dist(x, Q)

+ <L1 + Lzﬂr(x) N (2L1 +ﬂL2)(L1 + Lzﬂ)

— dist(x, Q)™ o)
P P

> 1/(1+y-max{vy,02})

1/(1+y-max{vi,v2})

IN

1 a min{v,,02}/a
SHHEI + 13 (r(x) + [ HE) ™0 #17)

7

. 1/ (1+y-max{v1,v2})
SPl{lIH(x)||1/“+ (r) + IH ol /o) TR }

(2.29)

where 13 = (max{ (L1 + Lo)/ , (2Ly + PLo) (Ly + Lo) / pu)o~minterea )t/ Grrmmaxtene))
p3 =max{1/c, 13}
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Case 4 (If r(x) > Pu/(L1 + Lop) and ||x — x|| > 1). Combining (2.5)-(2.6) with the second
inequality in (2.26), we can also obtain that

[l = x*|| < dist(x, Q) + || — x|

L1 + Lzﬂ

1/ (1+y-max{ovy,02})
< dist(x, Q) + < r(?))
Pu
< dist(x, Q)
1/(1+y-max{vy,v2})
Li+L 211+ BLy) (L1 + L
+ < 1 + Zﬁr(x) + ( 1 ﬂ 2)( 1 Zﬂ) dist(x,Q)maX{vl,‘Uz}>
P Pu

1/(1+y-max{vy,v2})

IN

1 o max{v, 0} /a
SHH I + 14 () + [ H )" )

IN

P4 a m 1/(1+y-max{v1,02})
{”H(x)”l/ (1 (x) + “H(x)“ ax{vl’DZ]/a> ’ }/

where 73 = (max{(Ly + Lop) /i, (2La + BLo)(Ly + Lof) / ppe)o=mextonez] )/ (Fmmaxtoneal).
pa =max{1/o,ns}.
By (2.27)—(2.30), we can deduce that (2.21) holds. O

Based on Theorem 2.7, we can further establish a global error bound for the GNCP.
First, we give that the needed result from [12] mainly discusses the error bound for a
polyhedral cone to reach our claims.

Lemma 2.8. For polyhedral cone P = {x € R" | Dix = di,Dyx < dp} with D; € R*", D, €
R™n d e R, and dy € R™, there exists a constant ¢, > 0 such that

dist(x, P) < c1[|D1x — di || + (Dax — db).||] V¥x € R™. (2.31)

Theorem 2.9. Suppose that the hypotheses of Theorem 2.5 hold, and H is linear mapping. Then, there
exists a constant y > 0, such that, for any x € R", there exists x* € X* such that

x = x*|| < p{l|H(x)|| + R(x)}, Vxe€R", (2.32)
where

[ (r) + [H @)t
(r(x) + I G ee!
(r() + IH (|
(rx) + I o)

1/(1+y-min{vy,v2})

> 1/(1+y-minf{o;,v2})

R(x) = max-« 1/ (Ly-max{on0a)) (- (2.33)

i 1/(1+y-max{vy,02})

\ J
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Proof. For given x € R", we only need to first project x to Q, that is, there exists a vector
x € Q such that ||x — X|| = dist(x, Q). By Lemma 2.8, there exists a constant 7 > 0 such that
dist(x, Q) = ||x = X|| < 7||H(x)||. In the following, the proof is similar to that of Theorem 2.7,
and we can deduce that (2.32) holds. O

Remark 2.10. If the constraint condition H(x) = 0 is removed in (1.1), F is strongly monotone
with respect to G (i.e., y = 1), and both F and G are Lipschitz continuous (i.e., v1 = v, = 1),
the error bound in Theorems 2.5, 2.7, and 2.9 reduces to result of Theorem 3.1 in [9].

If the constraint condition H(x) = 0 is removed in (1.1) and F(x) = x, G(x) is strongly
monotone (i.e.,, y = 1) and Lipschitz continuous (i.e.,, v1 = v, = 1), the error bound in
Theorems 2.5, 2.7, and 2.9 reduces to result of Theorem 3.1 in [8].

If the constraint condition H(x) = 0 is removed in (1.1) and F(x) = x, G(x) is y-
strongly monotone in set {x € R" | ||x — x*|| < 1} and Hélder continuous, the error bound in
Theorems 2.5, 2.7, and 2.9 reduces to result of Theorem 2 in [6].
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