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The nth-order derivative fuzzy integro-differential equation in parametric form is converted to
its crisp form, and then the new iterative method with a reliable algorithm is used to obtain an
approximate solution for this crisp form. The analysis is accompanied by numerical examples
which confirm efficiency and power of this method in solving fuzzy integro-differential equations.

1. Introduction

In 1975 Zadeh and then Dubois and Prade [1] introduced fuzzy numbers and fuzzy
arithmetic. This concept propagated widely to various problems, for example, fuzzy linear
systems [2, 3], fuzzy differential equations [4, 5], fuzzy integral equations [6-8], and
fuzzy integro-differential equations [9-12]. Additional topics can be found in [13, 14].
Recently, several numerical methods were suggested to solve integro-differential equations,
for example, Sine-Cosine wavelet used by Tavassoli Kajani et al. to obtain a solution of linear
integro-differential equations [15] and variational iteration method used by Abbasbandy and
Hashemi to formulate and solve fuzzy integro-differential equation [12], by Saberi-Nadjafi
and Tamamgar for solving system of integro-differential equations [16], and by Shang and
Han for solving nth-order integro-differential equations [17]. Some other worthwhile works
can be found in [18, 19]. Recently, Daftardar-Gejji and Jafari [20, 21] proposed the new
iterative method. This method has proven useful for solving a variety of linear and nonlinear
equations such as algebraic equations, integral equations, ordinary and partial differential
equations of integer and fractional order, and system of equations as well. The new iterative
method is simple to understand and easy to implement using computer packages and
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yields better results [21] than the existing Adomian decomposition method [22], homotopy
perturbation method [23], or variational iteration method [24]. For more details, see [25-40].

In the present work we apply the new iterative method with a reliable algorithm to
solve the nth-order derivative fuzzy integro-differential equation in its crisp form.

2. Preliminaries
In this section we set up the basic definitions of fuzzy numbers and fuzzy functions.

Definition 2.1 (see [2, 3, 12]). A fuzzy number in parametric form is an ordered pair of
functions (u(r),u(r)), 0 < r <1 which satisfy the following requirements:

(1) u(r) is a bounded left continuous nondecreasing function over [0, 1],
(2) u(r) is a bounded left continuous nonincreasing function over [0, 1],

(3) u(r) <u(r),0<r<1.

Remark 2.2 (see [6,12]). Let u(r) = (u(r),u(r)), 0 < r < 1be a fuzzy number, and we can take
W) = ) + B, w() = 3 (@) - u(r). 1)

Itis clear that u(r) > 0, u(r) = u°(r)—u?(r) and u(r) = u(r) +u?(r), and also a fuzzy number
u € E is said symmetric if u(r) is independent of r for all 0 < r < 1.

Let f : [a,b] — E for each partition P = {ty,...,t,} of [a,b] and for arbitrary ¢ €
tii1 —t;],1 <i < nsuppose that Rp = 311, f(&)(ti — tie1) and A = max{|t; —t;i4],i=1,...,n}.
The definite integral of f () over [a, b] is fs f(t)dt = lima o Rp provided that this limit exists
in the metric D. If the fuzzy function f () is continuous in the metric D, its definite integral

exists. Also we have ([} f(t,r)dt) = [} f(t,r)dtand (J] f(t,r)dt) = [{ f(t,r)dt.

Definition 2.3 (see [33]). Let f : (a,b) — Rp and ty € (a,b). We say that f' is Hukuhara
differentiable at t; if there exists an element f'(tp) € Rr, such that for all h > 0 sufficiently
small, 3f (to + h)On f (to), f (to)Om f (to — h) and

hmf(to +h)On f(t) _ 11mf<t0)®Hf(t0 - h)
h—0 h h—0 h

= f'(to), (2.2)

where ©p is Hukuhara difference, Ry is the set of fuzzy numbers, and the limit is in the
metric D.

In parametric form, if f = (f, f), then f' = (f ’,7), where f ’,7, are Hukuhara differ-
entiable of f, f, respectively.

From (2.2), the nth-order Hukuhara differentiable, f™, of f at t; can be defined as in
the following definition.

Definition 2.4. Let f™V : (a,b) — Rr and t; € (a,b) where "~V is (n - 1)th-orderHukuhara
differentiable of f at t, for all n > 1. We say that f is nth-order Hukuhara differentiable at
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to if there exists an element f (ty) € Rr such that for all h > 0 sufficiently small, 3£ (to +
h)ou f™V (to), f™ 1 (t))On f D (t — h) and

(n-1) (n-1) (n-1) (n-1) (. _
i SO0+ MORfO N () L fUD () Or " Dt — h
h—0 h ho0 h

L= f ), (2.3a)

n =1,2,.... In parametric form, as above, if = (f, 7), then f = (f ("),f(n)), where f ("),T(n)
are nth-order Hukuhara differentiable of f, f, respectively. From (2.3a), in case n = 1, we
obtain (2.2).

3. Fuzzy Integro-Differential Equation

Consider the nth-order derivative integro-differential equation [12] as follows:
T
u™ () +u(t) + A f k(s,H)u™ (s)ds = g(t), (3.1a)
0

where m,n € N,m <n,t € [0,T], A € R, g(t) is a known function and the kernel k(s,t) > 0
with the initial conditions as follows:

u®0)=he, k=0,1,...,n-1, hx €R, (3.1b)
in the fuzzy case; that is, u and g be fuzzy functions. Let

ult,r) = (u(t,r),ut,r), gt = (s, 3T)),
(3.2)

u(t,r) = (u k), @), gk = (87,27 ),

where all derivatives are, with respect to ¢, fuzzy functions. Therefore, related fuzzy integro-
differential equation of (3.1a) can be written as follows:

T
u™(t,r) +ut,r) + A f k(s, u'™ (s,r)ds = g(t, ), (33a)
. g
T
a ™ (t,r) + 7t 1) + AJ k(s,H)yu'™ (s,r)ds = g(t, 1), (3.3b)
0
and its two crisp equations can be written as follows:
T
™ (t,r) +u(t,r) + )Lf k(s,t)u™ (s,r)ds = g°(t,7), (3.4a)
0

T
W™ () +ud(t,r) + A f k(s,t)u®™ (s, r)ds = g°(t,r). (3.4b)
0
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4. New Iterative Method

For simplicity, we present a review of the new iterative method [20, 21, 34-39, 41], and then
we introduce a suitable algorithm of this method for solving the nth-order derivative fuzzy

integro-differential equations.
Consider the following general functional equation:

u=f+N(u),

(4.1)

where N is a nonlinear operator from a Banach space B — B, and f is a known function.

We are looking for a solution u of (4.1) having the series form:

The nonlinear operator N can be decomposed as follows:

w(g) e E{n(8) ~(8)}

From (4.2) and (4.3), (4.1) is equivalent to

gui =f+N(u0)+2{N<§uj> —N(guj> }

We define the recurrence relation:

Up = fr
u = N(”O)/

Up1 =N@o+up+--+uy) Ny +up +---+uy,q), n=12,....

Then

(ur+-+ups1) =N(uo+---+u,), n=12,...,

[ee] [e'e]
Sui=f+ S
i=0 i=1

The n-term approximate solution of (4.1) is given by u = ug + 11 + -+ + Uy1.

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)
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4.1. Reliable Algorithm

After the above presentation of the new iterative method, we introduce a reliable algorithm
of this method for solving any nth-order derivative fuzzy integro-differential equation.
Consider the nth-order derivative integro-differential equation (3.1a) and (3.1b) defined as

T
u™ () +u(t) + A f k(s,H)u™ (s)ds = g(t), (4.7a)
0

with the following initial conditions:

u®0)=h, k=0,1,...,n-1, hx €R. (4.7b)

The initial value problem (4.7a) and (4.7b) is equivalent to the following integral equation:
T
u(t) = ug(t) - I' [u(t) + Af k(s, tyu™ (s)ds] = uo(t) - N(u), (4.8)
0

where uy(t) is the solution of the nth-order differential equation:

% =g, ul?O)=hy, k=012..,n-1, heR, (4.9a)
T

N(u)=1I" [u(t) + AI k(s, t)u(m)(s)ds], (4.9b)
0

and I} is an integral operator of order n. Also, the two crisp equations (3.4a) and (3.4b) are
equivalent to the two integral equations:

T
u(t,r) = ug(t,r) - I’ I:uc(t,r) + /\j k(s, H)uc™ (s, r)ds] =ug(t,r) = N(u), (4.10a)

0

T
ut(t,r) = ug(t,r) - Iy [ud(t,r) + /\J k(s, t)ud("’)(s,r)ds] = ug(t,r) - N(ud>, (4.10b)
0

where u(t, ) and ug (t,r) are the solutions of the nth-order differential equations:

d"ug (k)

= g°(b), ug”0)=hi, k=0,1,2,...,n-1, h{ €R, (4.10c)

duy k) d d (4.10d)
= g(t), ug™(0)=h{, k=012,...,n-1, ki €R. .

dm
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N (u€) and N (u4) are the following two integral equations:

N@e) =1" [uf(t, r)y+ A IT k(s, Hu™ s, r)ds], (4.10e)
0

T
N@w) =1I" [ud(t, r) + AI k(s, t)uc(’”)(s,r)ds]. (4.10f)
0

We get the solution of (4.8) or the two (4.10a), (4.10b) by employing the recurrence relation
(4.5).

4.2. Convergence of the New Iterative Method
Now, we introduce the condition of convergence of the new iterative method, which is

proposed by Daftardar-Gejji and Jafari in (2006) [20], also called (DJM) [39]. From (4.3), the
nonlinear operator N is decomposed as follows [39]:

N(u) = N(ug) + [N (ug +uy) — N(uo)] + [N (uo + ug + up) — N(uog +up)] +--- . (4.11)

Let Gp = N(ug) and

n n-1
Gy = N<Zu,-> - N<Zui>, n=12,... (4.12)

Then N(u) = >.72, Gi.

Set
up = f, (4.13)
U, =Gy, n=12,.... (4.14)
Then
u= iui (4.15)

is a solution of the general functional equation (4.1). Also, the recurrence relation (4.5)
becomes

u0=fr

u, =Gy, n=1,2,....

(4.16)
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Using Taylor series expansion for G;,i =1,2,...,n, we have

2
u
Gi = N(ug + 1) = N(uo) = N(up) + N'(uo)ur + N"(uo)

k
+ = N(uo) = ZN“‘ (1)
4
Ga = N(uo +u1 +uz) = N(uo + 1) = N'(uo + ur)uz + N"(uo + w1) 57 (4.17)
J
| LG
j=1Li=0
u w2yl
(i1 +iz+i3) 372"
Gs = ZZ ZN“ = (o) il il gl

l3 112 011 0

In general:

G, = i i i [N(ZLl i) (1) <ﬁ%>] . (4.18)

i=1i,1=0  i1=0 j=1 i°

In the following theorem we state and prove the condition of convergence of the method.

Theorem 4.1. If N is C*) in a neighborhood of uy and
N (@o)|| = sup{ N o) .., 1) < Il < 1,1 < <} < L, (4.19a)

for any n and for some real L > 0 and ||u;|| < M < 1/e, i = 1,2,..., then the series X", G, is
absolutely convergent, and, moreover,

|G|l < LM"e" Y(e-1), n=1,2,.... (4.19b)

Proof. In view of (4.18),

Gy ||<LM"Z Z Z(H > LM"e" (e -1). (4.19¢)

In 11y,1—0 110 ]1 ]

Thus, the series 3%, [|G,|| is dominated by the convergent series LM (e — 1) 3%, (Me)™ !,
where M < 1/e. Hence, 377, G, is absolutely convergent, due to the comparison test.
For more details, see [39]. O



8 Journal of Applied Mathematics
5. Numerical Examples

Example 5.1. Consider the following fuzzy integro-differential equation:

1

w(tr)+ L[ ks huts,nds = g(tr), 0<tr<t, 5.1)
0

where u(t,r) = (u(t,r),u(t,r)) = (-2rt,4 + rt) is the exact solution for (5.1), g(t,r) =
(g(t,r),g(t,r)) = (2r = 2rt/3, r + 2t + rt/3, k(s,t) = st, and A = 1, with the initial
conditions u(0,7) = 0, u(0,r) = 4. Taking g°(t,r) = (1/2)(g(t,r) + g(t,r)) = —r/2+t—rt/6,
g4t r) = (1/2)(g(t,r)-g(t, 7)) = 3r/2+t+rt/2. The exact solution for related crisp equations
isuc(t,r) =2-rt/2, u? (?, r) = 2+ 3rt/2. At first, we identify u¢(t,r) and u?(t,r). From (3.4a)
and (3.4b), (5.1), where n = 1, we have

1
u (1) + J‘ stu‘(s,r)ds = g°(t,r), u(0,r) =2, (5.2a)
0

1

ud'(t,r) +f stu(s,r)ds = gd(t,r), u?(0,7) = 2. (5.2b)
0

From (4.10c), (4.10d), we obtain

rt 2t 3rt £ ri?

c _,_t B d - e A 5.3
uy(t,r) =2 2+2 7 uy(t,r) =2+ 5 +2+4. (5.3)

Therefore, from (4.10a), (4.10b) the fuzzy integro-differential equations (5.2a) and (5.2b) are
equivalent to the following integral equations:

cimen T B TE I e
u(t,r)y=2 REIET) I; Ostu (s,1)ds],

J‘1 stu‘(s, r)ds] .

0

(5.4)

w(t,r)y=2+—+—=+—-1,

3rt 2 ri?
2 2 4
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Let N(u‘) = —It[fg stu®(s,r)ds], N(u?) = —It[fg stu?(s,r)ds]. Therefore, from (4.5), we can
obtain easily the following first few components of the new iterative solution for (5.1):

rt 2 ri? 3rt 2 ri?
ug(t,r)=2—z+z—ﬁ, ug(t,r)=2+7+5+f,
912 9rt? 92 9rf?
c _ cy_ 2t 72 d — O
ui(t,r) = N(u§) = T + % uf (t,1) N<uo> 6 3
912 9rf? 912 9rf?
c - _ v d -2 L (55)
wtr) =158~ 7eg Halb7) = 155+ 55
92 9rt? 92 9rt?
< t/ = - P d t/ == T T Aq AN’
us(tr) =~ e5536 * 393216 us(67) = ~ 5536 ~ 31072

and so on. The 6-term approximate solution is

5 2 2
rt t rt
c t/ = ¢ = 2— = — — hoRN1z’
W) = 2 =25 ~ oaeae * 39316
5 2 2 (5.6)
3rt t rt
d d
tr) = =2 T CEEaz 12100
u(t,r) nz:é”n T2 T 65536 131072

It is clear that the iterations converge to the exact solution of the two crisp equations u¢, u“

as the number of iteration converges to oo, that is, lim, . uy(t,r) = 2 -rt/2 = ug ,,, and
limn_muﬁ(t, r)=2+3rt/2 = ugxact. From the relations between u, u, u¢, u?, and u in Section 2,
it follows immediately that this solution is the solution of the fuzzy integro-differential
equation (5.1).

Example 5.2. Consider the following fuzzy integro-differential equation:
1
u'(t,r) + )Lf k(s tyu(s,r)ds =g(t,r), 0<tr<1 (5.7)
0

In this example u(t,r) = (u(t,r), u(t,r)) = (2rt,4rt) is the exact solution for (5.7), g(t,r) =
(g(t,r),g(tr)) = 2rt/3,4rt/3, k(s,t) = st, A = 1, and the initial conditions are u(0,r) = 0,

u'(0,r) = 2r, u(0,r) = 0, ﬂ’(O,r) = 4r. Also, the exact solution for related crisp equations
is uc(t,r) = 3rt, u(t,r) = rt with g°(t,r) = rt, g%(t,r) = rt/3. At first, we identify u(t,7),
u(t,r). From (3.4a) and (3.4b), (5.7), where n = 2, we have

1
u (t,7) +J stu(s,r)ds = g°(t, 1), u(0,r) =0, uc(0,r) =3r, (5.8a)
0

1
u®' (t,7) + f stul(s,r)ds = g*(t,r),  ui(0,r)=0, u'O,r)=r. (5.8b)
0
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From (4.10c), (4.10d), we obtain

3 3

c rt rt
ug(t,r) =3rt + < ug(t,r) =rt+ T8 (5.9)

Therefore, from (4.10a), (4.10b), the fuzzy integro-differential equations (5.8a) and (5.8b) are
equivalent to the following integral equations:

3

rt !
uc(t, 7") = 3Tt + ? - Itz f Stuc(sr T)dS 7
0

, : (5.10)
ul(t,r) =rt + qi ~I? I:J‘ stud(s,r)ds:I.
8 0

Let N(u°) = —Itz[fé stu(s,r)ds], N(uf) = —If[fé stu?(s,r)ds]. Therefore, from (4.5), we can
obtain easily the following first few components of the new iterative solution for (5.7):

rt3 rt3
ug(t,r) =3rt + < ug(t,r) =rt+ 18"
31rt3 31rt3
ui(t,r)ZN(ug) :_ﬁ’ uf(t,r)=N<ug> :—m,
3183 31rt?
c _ d _ (5.11)
Lt =500 L) = 1555
3183 29rt?
C t - __ - d t - =
u5(t1) = ~Ta5g00000° 5" =~ $37a00000"
and so on. The 6-term approximate solution is
. >, . rt3 4 > rt3
= = -_———— = = - - 12
witr) nzz()”" 370~ Tassoooo0” T ,IZZO”" "~ 137400000 612)

It is clear that the iterations converge to the exact solution of u¢,u as n — oo, that is,

limy, ., o ug, (t,7) = 3rt = ug, , limy o ul(t,r)y=rt= ugxa - As the above example the solution
of (5.7) follows immediately.

Example 5.3. The third example is the fuzzy integro-differential equation:
1
u'(t,r) + )Lf k(s t)u'(s,r)ds = g(t,r), 0<tr<1, (5.13)
0

where u(t,r) = (u(t,r),u(t,r)) = (rt,4 — 3rt) is the exact solution for (5.13), g(t,r) =
(g(t,r),g(tr)) =(-rt/2,3rt/2), k(s,t) = st, A = =1, and the initial conditions are u(0,r) =0,
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u'(0,r) = r, u0,r) =4, ﬁ’(O,r) = —3r. The exact solution for related crisp equations is
uc(t,r) = 2—rt, u(t,r) = 2 - 2rt with g°(t,r) = rt/2, g*(t,r) = rt. At first, we identify

u(t,r), and from (3.4a) and (3.4b), (5.13), where n = 2, we have

uc(t,r),
) 1 J ]
uc (t,r) —I stuc (s,r)ds = g°(t,r), u(0,r) =2, u®(0,r) =-r, (5.14a)
0
u 1 u u
u® (t,1) —I stu? (s,r)ds = gd(t, r), ut(0,7) =2, u? (0,7) = -2r. (5.14b)
0
From (4.10c), (4.10d), we obtain
£ £
uy(t,r)=2—-rt+ r1_2’ ul(t,r) =2-2rt+ % (5.15)

Therefore, from (4.10a) and (4.10b), the fuzzy integro-differential equations (5.14a) and

(5.14b) are equivalent to the integral equations:

3

1
u(t,r)=2-rt+ A + 17 J stu€ (s,r)ds|,
12 o

(5.16)

d LA ! d
wi(t,r) =2=2rt+ —— + I| | stu®(s,r)ds|.
0

Let N(u¢) = If[jg stu'(s,r)ds], N(uf) = If[jg stu? (s, r)ds]. Therefore, from (4.5), we can
obtain easily the following first few components of the new iterative solution for (5.13):

3 3

rt d rt
ug(t,r)=2—rt+ﬁ, uo(t,r)=2—2rt+?,
. . 7rt 4 J 7rt?
ul(t’r):N(uO):_ 96 4 ul(t/r):N<u0>:_ 48 7
7rt3 7rt
(t,1) = —— dt,r) = ——, (5.17)
) = =75, ) =55
7rtd 7rt3
c t - d t - __ -
ustr) =-30515  “5t7) = ~Togg08’
and so on. The 6-term approximate solution is
5 3

(5.18)

5 3
rt r
“(r)=Dus=2-rt+ — 0o, At,r) =D uf=2-2rt .
wt.r) HZ:O”" " ome ) HZ:O”" " 196608
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It is clear that the iterations converge to the exact solution of u,ut as n — oo, that is,
limy, ot (t7) = 2 =1t = ug_, limy o ud(t,r) = 2 - 2rt = uf . Therefore the solution

of (5.13) follows immediately.

Example 5.4. Let us consider the following fuzzy integro-differential equation:
1
u'(t,r) +u(t,r) + Af k(s t)yu(s,r)ds=g(t,r), 0<tr<l1, (5.19)
0

with the exact solution u(t,r) = (u(t,r),u(t,r)) = 3rt,8 —rt), g(t,r) = (g,8) = (2rt,8 — 4t -
(2rt/3)), k(s,t) = st, A = -1, and the initial conditions u(0,r) = 0, 2(0,7) =3r, u(0,r) =8,
u (0,7) = —r. The exact solution for related crisp equations is u°(t,r) = 4+ rt, u(t,r) = 4-2rt
with ¢°(t, 1) = 4 - 2t +2rt/3, g(t,r) = 4 — 2t — 4rt/3. From (3.4a), (3.4b), and (5.19), where
n = 2, the two crisp equations are

1
uc"(t,r) +u(t,r) - f stu®(s,r)ds = g°(t, 1), u®(0,r) =4, uc 0,7)=r, (5.20a)
0

1
ud”(t,r) + ud(t,r) - f stud(s, r)ds = gd(t,r), ud(O, r) =4, u® (0,7) =-2r. (5.20b)
0

From (4.10c), (4.10d) we obtain

£ £ 2rt
ug(t,r):4+rt+2t2—§+%, ug(t,r):4—2rt+2t2—§—r7. (5.21)

Therefore, from (4.10a), (4.10b), the fuzzy integro-differential equations (5.20a) and (5.20b)
are equivalent to the following integral equations:

£ !
u(t,r)=4+rt+ 217 — 3 + 5 + It2 —u(t,r) +I stu‘(s,r)ds|,
0
(5.22)
d AL Lo
ut(t,r)y =4-2rt+ 2t - 379 +I7|—u(t,r) + | stu(s,r)ds|.
0
Let
1
Nu°) = It2 [—uc(t, )+ J‘ stu‘(s, r)ds],
0
(5.23)

N(ud> = It2 [—ud(t,r) + Jl stud(s,r)ds].

0
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Therefore, from (4.5), we can obtain the following first approximate solutions for (5.19):

£t £ 2
uS(t,r)=4+rt+2t2—§+%, ug(t,r)=4—2rt+2t2—§—rT,

uj(t r)——2t2+&t3——29ﬁ3 —ﬁ+£—£
L 180 270 6 60 1807

ud(tr)——2t2+&t3+—29rt3—ﬁ+£+f
LA 180 135 6 60 90’

(5.24)
3118 42103 735 29r8® 0 t7 rt’

)=

wbT) = =500 ~ 113400 T 6 3600 T 5400 ' 180 2520 T 7560

Wt r) = _311P . 421r# . #7329t . v
2T = "1500 T 56700 T 6 T 3600 2700 T 180 2520 3780’

and so on. In the same manner the rest of components can be obtained. The 5-term approxi-
mate solution is

N 2.8739#3 B 0.1019r#3 N 0.0523t° N 0.0023rt
3143448 9430344 27216 20412

4
uc(t,r) = Zuﬁ =4+rt
n=0

B 0.023¢” B 0.001r#” B 0.13#° B 0.01r# . 0.01#1° B 0.01#1 . 0.01rt!
10584 95256 108864 163296 9072 199584 = 598752

(5.25)
PRI IR NI
B 0.023t” N 0.0017t" B 0.13¢° N 0.01r# N 0.01£1° B 0.01#1 B 0.0lrt“‘
10584 47628 108864 81648 9072 199584 299376
Now, let us define the absolute value of the nth-term error by |e,(t,r)| = |[u*(t, 1) -

u,(t,r)|, where u*(t, r) is the exact solution and u,(t, r) is the nth-term approximate solution
respectively. It is clear from previous above solutions that the smallest value of the absolute
nth-term error is at t = r = 0, that is, |e,(0,0)| = (|e5(0,0)|,[e4(0,0)|) = (0,0), n = 0,1,...,4
and the largest value is at t = r = 1 as shown in Table 1. Therefore the iterations converge to
the exact solution of u¢, u?, that is, lim,, _ ug(t,r) =4+rt =ug , lim, . uﬁ(t, r)=4-2rt =
ugxact, and the solution of (5.19) follows immedjiately.

Example 5.5. The final example is the following fuzzy integro-differential equation:

1
u'(t,r) +u(t,r) + )Lf k(s tyu'(s,r)ds = g(t,r), 0<tr<1, (5.26)
0
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Table 1
n 0 1 2 3 4
les | 1.777778 7.96296292 3.395065* 4.5887° 56777
le? | 1.444444 7407407472 15432147 4.3601°5 3.967

with the exact solution u(t, r) = (u(t,r), u(t,r)) = Brt, 4 +rt), g(t,r) = (3,3) = (2rt, 4 +2rt/3,

k(s,t) = s’t, A = —1 and the initial values u(0,7) = 0, ¥'(0,r) = 3r, u(0,r) = 4, 1/_1,(0, r)=r.
The exact solution for related crisp equations is u¢(t, r) = 2+2rt, u(t,r) = 2—rt with g°(t,r) =
2+4rt/3, gd(t, r) =2 -2rt/3. As above, where n = 2, the two crisp equations are

1
uc//(t, r)+uc(t,r) —’[ sztucl(s,r)ds = g°(t, 1), u(0,r) =2, uCl(O,r) =2r,
0

(5.27a)
u 1 U U
ut (t,r) + ud(t,r) —I s2tu (s,r)ds = gd(t,r), ud(O, r)=2, u? 0,r) = —r.
0
(5.27b)
As the above examples, we obtain
3 3
ug(t,r)=2+2rt+t2+2r7t, ug(t,r)=2—rt+t2—%. (5.28)

Therefore, the fuzzy integro-differential equations (5.27a) and (5.27b) are equivalent to the
following integral equations:

2rt3 ! ,
u(t,r) =2+ 2rt + 1> + -+ IZ-u(t,r) + f s*tuc (s, r)ds |,
0
(5.29)
rt? ! :
ul(t,r) =2 —rt+ 1> - 5 + If —ul(t,r) + f s*tu? (s,r)ds]|.
0
Let
1 ]
N(u) = It2 [—uc(t, r) + f s*tuc (s, r)ds],
0
(5.30)

N(ud> = It2 [—ud(t,r) + Il sztud’(s,r)ds].

0
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Table 2
n 0 1 2 3 4
le<| 1.2222222 1111111172 2222222273 1.757303* 4332476
led| 8.8888897! 5.555555673 2.2341269973 1.3038902°* 1.196127°
Therefore, we obtain
2rt? £
ug(t,r)=2+2rt+t2+rT, ug(t,r)=2—rt+t2—%,
R S S
c _ 42 =z o~
mlbn) ==+ 5 =5 "3 " g
Bt
d 2
ujt,r)=—t+—-+-—-—+-—,
12 10 12 180 (531)
Wt 7) = 918 403rf . P . rt? AN rt’
2277771080 18900 12 240 100 360 3780
Wt r) = 9P . 403t . P R rt’
2¥7777 1080 37800 12 240 200 360 7560
and so on. The 5-term approximate solution is
4 3 3 5 5
0.337t3 5.0753rt> 0.073£° 0.0041rt
“(tr) = Yu§ =2+2rt - -
W) = 2 =24 2t = e Te7i70g * e0ds 10206
0.01+ .\ 0.017rt7 0.1  0.01r N 0.01¢1° . 0.01¢"
9072 = 15876 72576 27216 = 18144 299376’ (5.32)
4 3 3 5 5 '
0.337£% 5.0753rt> 0.073t° 0.0041rt
d d
t,r) = =2-rt— -
Wit = 2 =21t e * 31aus T 6048 | 20412
0.01t7 0.017rt’ 0.1¢° 0017t 0.01£° 0.01¢"

T 9072~ 31752 72576 54432 | 18144 598752

As the previous example, it is clear from the obtained results that the smallest value of
the absolute nth-term error is |e,(0,0)| = (|e(0,0)],e4(0,0)|) = (0,0), n = 0,1,...,4, and the
largest value is at t = r = 1 as shown in Table 2. Therefore, the iterations converge to the exact

solution of u¢, u, that is, limy,_, o, us(t,r) =2+2r
Therefore, the solution of (5.26) follows immediately.

_ 4,C : d _n _ _ ,d
t=ug o lim, up(t,r) =2-rt=ug ..
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6. Conclusion

In this work, the new iterative method used with a reliable algorithm to solve the nth-order
derivative fuzzy integro-differential equations in crisp form and the cases of first- and second-
order derivatives are taken into account. The obtained results concluded that the approximate
solutions are in high agreement with corresponding exact solutions, which means that this
method is suitable and effective to solve fuzzy integro-differential equations. Moreover, the
solutions of the higher order fuzzy integro-differential equations can be calculated, as a future
prospects, in a similar manner.

References

[1] D. Dubois and H. Prade, “Operations on fuzzy numbers,” International Journal of Systems Science, vol.
9, no. 6, pp. 613-626, 1978.

[2] B. Asady, S. Abbasbandy, and M. Alavi, “Fuzzy general linear systems,” Applied Mathematics and
Computation, vol. 169, no. 1, pp. 34-40, 2005.

[3] M. S. Hashemi, M. K. Mirnia, and S. Shahmorad, “Solving fuzzy linear systems by using the Schur
complement when coefficient matrix is an M-matrix,” Iranian Journal of Fuzzy Systems, vol. 5, no. 3,
pp- 15-29, 2008.

[4] S. Abbasbandy, T. A. Viranloo, O. Lopez-Pouso, and J. J. Nieto, “Numerical methods for fuzzy
differential inclusions,” Computers & Mathematics with Applications, vol. 48, no. 10-11, pp. 1633-1641,
2004.

[5] S. Abbasbandy, J.]. Nieto, and M. Alavi, “Tuning of reachable set in one dimensional fuzzy differential
inclusions,” Chaos, Solitons and Fractals, vol. 26, no. 5, pp. 1337-1341, 2005.

[6] S. Abbasbandy, E. Babolian, and M. Alavi, “Numerical method for solving linear Fredholm fuzzy
integral equations of the second kind,” Chaos, Solitons and Fractals, vol. 31, no. 1, pp. 138-146, 2007.

[7] E. Babolian, H. Sadeghi Goghary, and S. Abbasbandy, “Numerical solution of linear Fredholm fuzzy
integral equations of the second kind by Adomian method,” Applied Mathematics and Computation,
vol. 161, no. 3, pp. 733-744, 2005.

[8] M. Friedman, M. Ma, and A. Kandel, “Numerical solutions of fuzzy differential and integral
equations,” Fuzzy Sets and Systems, vol. 106, no. 1, pp. 35-48, 1999, Fuzzy modeling and dynamics.

[9] Y. C. Kwun, M. J. Kim, B. Y. Lee, and ]J. H. Park, “Existence of solu-tions for the semilinear fuzzy
integro-differential equations using by successive iteration,” Journal of Korean Institute of Intelligent
Systems, vol. 18, pp. 543-548, 2008.

[10] J. H. Park, ]J.S. Park, and Y. C. Kwun, Controllabillty for the Semilinear Fuzzy Integro-Differential Equations
with Nonlocal conditions, Fuzzy Systems and Knowledge Discovery, vol. 4223 of Lecture Notes in Computer
Science, Springer, Berlin, Germany.

[11] A. V. Plotnikov and A. V. Tumbrukaki, “Integrodifferential inclusions with Hukuhara’s derivative,”
Nelmimt Kolivannya, vol. 8, no. 1, pp. 80-88, 2005.

[12] S. Abbasbandy and M. S. Hashemi, “Fuzzy integro-differential equations: formulation and solution
using the variational iteration method,” Nonlinear Science Letters A, vol. 1, no. 4, pp. 413418, 2010.

[13] P. Diamond and P. Kloeden, Metric Spaces of Fuzzy Sets, World Scientific, River Edge, NJ, USA, 1994.

[14] D. Dubois and H. Prade, Fuzzy Sets and Systems: Theory and Applications, vol. 144, Academic Press,
New York, NY, USA, 1980.

[15] C. M. Tavassoli Kajani, M. Ghasemi, and E. Babolian, “Numerical solution of linear integro-
differential equation by using sine-cosine wavelets,” Applied Mathematics and Computation, vol. 180,
no. 2, pp. 569-574, 2006.

[16] J. Saberi-Nadjafi and M. Tamamgar, “The variational iteration method: a highly promising method
for solving the system of integro-differential equations,” Computers & Mathematics with Applications,
vol. 56, no. 2, pp. 346-351, 2008.

[17] X. Shang and D. Han, “Application of the variational iteration method for solving nth-order integro-
differential equations,” Journal of Computational and Applied Mathematics, vol. 234, no. 5, pp. 1442-1447,
2010.

[18] A. A. Hemeda, “Variational iteration method for solving wave equation,” Computers & Mathematics
with Applications, vol. 56, no. 8, pp. 1948-1953, 2008.



Journal of Applied Mathematics 17

[19] A. A. Hemeda, “Variational iteration method for solving non-linear partial differential equations,”
Chaos, Solitons and Fractals, vol. 39, no. 3, pp. 1297-1303, 2009.

[20] V. Daftardar-Gejji and H. Jafari, “An iterative method for solving nonlinear functional equations,”
Journal of Mathematical Analysis and Applications, vol. 316, no. 2, pp. 753-763, 2006.

[21] S. Bhalekar and V. Daftardar-Gejji, “New iterative method: application to partial differential
equations,” Applied Mathematics and Computation, vol. 203, no. 2, pp. 778-783, 2008.

[22] G. Adomain, Solving Frontier Problems of Physics: the Decomposition Method, Kluwer, 1994.

[23] J.-H. He, “Homotopy perturbation technique,” Computer Methods in Applied Mechanics and Engineering,
vol. 178, no. 3-4, pp. 257-262, 1999.

[24] A.F Elsayed, “Comparison between variationaliteration method and homotopy perturbation method
for thermal diffusion and diffusion thermo effects of thixotropic fluid through biological tissues with
laser radiation existence,” Applied Mathematical Modelling. In press.

[25] S. Haji Ghasemi, “Fuzzy Fredholm-Volterra integral equations and existance and uniqueness of
solution of them,” Australian Journal of Basic and Applied Sciences, vol. 5, no. 4, pp. 1-8, 2011.

[26] T. Allahviranloo and M. Ghanbari, “Solving fuzzy linear systems by homotopy perturbation
method,” International Journal of Computational Cognition, vol. 8, pp. 27-30, 2010.

[27] H.-K. Liu, “On the solution of fully fuzzy linear systems,” International Journal of Computational and
Mathematical Sciences, vol. 4, no. 1, pp. 29-33, 2010.

[28] B. Bede and S. G. Gal, “Solutions of fuzzy differential equations based on generalized differentiabil-
ity,” Communications in Mathematical Analysis, vol. 9, no. 2, pp. 2241, 2010.

[29] Y. Chalco-Cano and H. Romédn-Flores, “Comparation between some approaches to solve fuzzy
differential equations,” Fuzzy Sets and Systems, vol. 160, no. 11, pp. 1517-1527, 2009.

[30] Y. Chalco-Cano, H. Roman-Flores, and M. D. Jiménez-Gamero, “Generalized derivative and -
derivative for set-valued functions,” Information Sciences. An International Journal, vol. 181, no. 11, pp.
2177-2188, 2011.

[31] L. Stefanini, “A generalization of Hukuhara difference and division for interval and fuzzy
arithmetic,” Fuzzy Sets and Systems, vol. 161, no. 11, pp. 1564-1584, 2010.

[32] L. Stefanini and B. Bede, “Some notes on generalized Hukuhara differentiability of interval-valued
functions and interval differential equations,” Working Paper, University of Urbino, 2012.

[33] B. Bede and L. Stefanini, “Generalized differentiability of fuzzy-valued functions,” Working Paper,
University of Urbino, 2012.

[34] A. A. Hemeda, “New iterative method: application to nth-order integro-differential equations,”
International Mathematical Forum, vol. 7, no. 47, pp. 2317-2332, 2012.

[35] V. Daftardar-Gejji and S. Bhalekar, “Solving fractional boundary value problems with Dirichlet
boundary conditions using a new iterative method,” Computers & Mathematics with Applications, vol.
59, no. 5, pp. 1801-1809, 2010.

[36] S. Bhalekar and V. Daftardar-Gejji, “New iterative method: application to partial differential
equations,” Applied Mathematics and Computation, vol. 203, no. 2, pp. 778-783, 2008.

[37] S. Bhalekar and V. Daftardar-Gejji, “Solving evolution equations using a new iterative method,”
Numerical Methods for Partial Differential Equations, vol. 26, no. 4, pp. 906-916, 2010.

[38] H. Jafari, S. Seifi, A. Alipoor, and M. Zabihi, “An iterative method for solving linear and nonlinear
fractional diffusion-wave equation,” International e-Journal of Numerical Analysis and Related Topics, vol.
3, pp- 20-32, 2009.

[39] S. Bhalekar and V. Daftardar-Gejji, “Convergence of the new iterative method,” International Journal
of Differential Equations, vol. 2011, Article ID 989065, 10 pages, 2011.

[40] O. S. Fard and M. Sanchooli, “Two successive schemes for numerical solution of linear fuzzy
Fredholm integral equations of the second kind,” Australian Journal of Basic and Applied Sciences, vol.
4,10. 5, pp. 817-825, 2010.

[41] V. Daftardar-Gejji and S. Bhalekar, “Solving fractional diffusion-wave equations using a new iterative
method,” Fractional Calculus & Applied Analysis, vol. 11, no. 2, pp. 193-202, 2008.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



