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Suppose that E is a real normed linear space, C is a nonempty convex subsetof E,T: C — Cisa
Lipschitzian mapping, and x* € C is a fixed point of T. For given xy € C, suppose that the sequence
{x,} C Cisthe Mann iterative sequence defined by x;,1 = (1 -ay)x, +a,Tx,,n >0, where {a,} isa
sequence in [0, 1], 35 a? < o, 3% @, = oo. We prove that the sequence {x,} strongly converges
to x* if and only if there exists a strictly increasing function @ : [0,00) — [0, 00) with ®(0) = 0
such that limsup, _, _infj, —x)efx,—x) { (T = X%, j (X0 = X)) = [l = x*[| + (| — x*[|)} <O.

1. Introduction

Let E be an arbitrary real normed linear space with dual space E*, and let C be a nonempty
subset of E. We denote by J the normalized duality mapping from E to 2E" defined by

Je)={feE : (x f)=IxI’ = IfI’}, VxeE, (1.1)

where (-, -) denotes the generalized duality pairing.
A mapping T : C — E is called strongly pseudocontractive if there exists a constant
k € (0,1) such that, for all x, y € C, there exists j(x — y) € J(x — y) satisfying

(Tx =Ty, j(x~y)) < A-k)|lx-y|I" (1.2)
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T is called ¢-strongly pseudocontractive if there exists a strictly increasing function ¢ : [0, c0) —
[0, 00) with ¢(0) = 0 such that, for all x, y € C, there exists j(x — y) € J(x — y) satisfying

(Tx=Ty,j(x~y)) < llx =yl - d(llx - yI) I - vl (1.3)

T is called generalized ®-pseudocontractive (see, e.g., [1]) if there exists a strictly increasing
function @ : [0,0) — [0, 00) with ®(0) = 0 such that

(Tx =Ty, j(x~y)) < [lx =yl - (|lx - yl) (1.4)

holds for all x, y € C and for some j(x —y) € J(x - y).

Let F(T) = {x € C : Tx = x} denote the fixed point set of T. If F(T) #0, and (1.3)
and (1.4) hold for all x € C and y € F(T), then the corresponding mapping T is called
¢-hemicontractive and generalized ®-hemicontractive, respectively. It is well known that these
kinds of mappings play important roles in nonlinear analysis.

¢-hemicontractive (resp., generalized ®-hemicontractive) mapping is also called uni-
formly pseudocontractive (resp., uniformly hemicontractive) mapping in [2, 3]. It is easy
to see that if T is generalized ®-hemicontractive mapping, then F(T) is singleton.

It is known (see, e.g., [4, 5]) that the class of strongly pseudocontractive mappings is a
proper subset of the class of ¢-strongly pseudocontractive mappings. By taking @(s) = s¢(s),
where ¢ : [0,00) — [0,00) is a strictly increasing function with ¢(0) = 0, we know that
the class of ¢-strongly pseudocontractive mappings is a subset of the class of generalized @-
pseudocontractive mappings. Similarly, the class of ¢-hemicontractive mappings is a subset
of the class of generalized ®-hemicontractive mappings. The example in [6] demonstrates
that the class of Lipschitzian ¢-hemicontractive mappings is a proper subset of the class of
Lipschitzian generalized ®-hemicontractive mappings.

It is well known (see, e.g., [7]) that if C is a nonempty closed convex subset of a real
Banach space Eand T : C — C is a continuous strongly pseudocontractive mapping, then
T has a unique fixed point p € C. In 2009, it has been proved in [8] that if C is a nonempty
closed convex subset of a real Banach space Eand T : C — C is a continuous generalized
@-pseudocontractive mappings, then T has a unique fixed point p € C.

Many results have been proved on convergence or stability of Ishikawa iterative
sequences (with errors) or Mann iterative sequences (with errors) for Lipschitzian ¢-
hemicontractive mappings or Lipschitzian generalized ®-hemicontractive mapping (see, e.g.,
[4-6, 9-12] and the references therein). In 2010, Xiang et al. [6] proved the following result.

Theorem XCZ (see [6, Theorem 3.2]). Let E be a real normed linear space, let C be a nonempty
convex subset of E, and let T : C — C be a Lipschitzian generalized ®-hemicontractive mapping. For
given xg € C, suppose that the sequence {x,} C C is the Mann iterative sequence defined by

X1 = (1= Pu)xn + PuTxn, n>0, (1.5)
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where {B,} is a sequence in [0, 1] satisfying the following conditions:
(1) X520 Pn = o0,
(2) ZioBr < oo

Then {x,} converges strongly to the unique fixed point of T in C.

The main purpose of this paper is to give necessary and sufficient condition for the
Mann iterative sequence which converges to a fixed point of general Lipschitzian mappings
in an arbitrary real normed linear space. As an immediate consequence, we will obtain
necessary and sufficient condition for the Mann iterative sequence which converges to a
solution of a general Lipschitzian operator equation Tx = f.

2. Preliminaries
The following lemmas will be used in the proof of our main results.

Lemma 2.1 (see, e.g., [12]). Let E be a real normed linear space. Then for all x,y € E, we have
I+ l” < =P +2(y, j(x +v)), Vi(x+y) € J(x+y). (21)

Lemma 2.2 (see, e.g., [13]). Let {a,}, {bn}, {ca} be three nonnegative sequences satisfying the
following condition:

an1 < (1 +by)a,+c,, Yn>nyg, (2.2)

where ny is some nonnegative integer, 3.7 b, < oo, and 3,2, ¢, < oo. Then the limit lim,, _, . a,
exists.

Lemma 2.3. Suppose that ¢ : [0,00) — [0, 00) is a strictly increasing function with ¢(0) = 0 and
there exists a natural number ng such that a,, b,, €,, and a, are nonnegative real numbers for all
n > ny satisfying the following conditions:
(1) ans1 £ (1 +by)an — app(ans1) + aney, for all n > ny,
(i) iy, bn < oo, lim, €, =0,
(iii) X2, an = oo

Then lim,, _, xa,, = 0.

Proof. Without loss of generality, let lim,, _,,, inf a, = a. Now, we will show that a = 0.
Consider its contrary: a > 0 or a = oo. For any given r € (0, a), there exists a nonnegative
integer n; > ng such that a, > r > 0 and ¢, < 1/2¢(r) < 1/2¢(an.1) for all n > ny. By

condition (i), we have

1
An+l < (1 + bn)an - an‘P(an+1) + Xy - E(P(anJrl)

= (1 + b")an - %anfp(an-#l) (23)

<(1+by)ay,, VYn2>mn.
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Using Lemma 2.2 and condition (ii), we obtain that lim,_,,a, exists and {a,} is bounded.
Suppose that a, < M (for all n > n;), where M is a nonnegative constant. It follows that

1 1
any < (1 + bn)an - zan‘/’(am—l) <ay-— Ean(l)(r) + Mbn(vn > nl)- (24)
Thus,
1 [o'e] [o'e]
o = E(P(r) rgl a, < anp, + M;l b, < oo, (2.5)

which is a contradiction. Therefore,

liminfa, = 0. (2.6)

n—oo

By condition (ii), for all € > 0, there exists a nonnegative integer n, > 1y such that

en<ple) (Yn2>mny), i b, <In2. (2.7)

n=mnp

By (2.6), there exists a natural number N > n, such that an < €. Now, we prove the following
inequality (2.8) holds for all k > N:

k—
ag<e- exp<z1 bn>. (2.8)

n=N

It is obvious that (2.8) holds for k = N. Assuming (2.8) holds for some k > N, we prove that
(2.8) holds for k + 1. Suppose this is not true, that is, a1 > € - exp(ZﬁzN b,). Then a1 > €
and so ¢(ak+1) > ¢(e). Noting that 1 + by < exp(bk), it follows from condition (i), (2.7), and
(2.8) that

k1 < (1 +by)ax — axp(arer) + arex

< (1 +br)ax — axp(e) + arp(e)

k—
<e-(1+by) exp(Z1 bn> (2.9)

n=N

k
§e~exp<z bn>,
n=N
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which is a contradiction. This implies that (2.8) holds for k + 1. By induction, (2.8) holds for
all k > N. From (2.7), and (2.8), we have

limsupay <e- exp<z bn> < 2e. (2.10)

k— o0 n=N

Taking ¢ — 0, we obtain lim,,,, sup ax = 0. By (2.6), we have lim,,_, ,, a, = 0. This completes
the proof. O

Remark 2.4. Lemma 2.3 is different from Lemma 3 in [14], which requires that b, = 0 for all
n > 0. It is also different from Lemma 2.3 in [6], which requires that 377 a,&, < co.

3. Main Results

Theorem 3.1. Let E be a real normed linear space, C be a nonempty convex subset of E, let T : C — C
be a Lipschitzian mapping, and let x* € C be a fixed point of T. For given xo € C, suppose that the
sequence {x,} C C is the Mann iterative sequence defined by

Xp1 = (1 —ap)x, +a,Tx,, n>0, (3.1)

where {a,} is a sequence in [0, 1] satisfying the following conditions:

(i) Xoso a5 < o,
(if) X2 oy = oo.

Then {x,} converges strongly to x* if and only if there exists a strictly increasing function @ :
[0,00) — [0, 00) with ®(0) = 0 such that

lim sup inf ){(Txn—x*,j(xn—x*)> —[Jxn = x*||* + D(||x —x*||)} <0. (3.2)

n— oo j(xn_x*)ej(xn_X*

Proof. First, we prove the sufficiency of Theorem 3.1.
Suppose there exists a strictly increasing function @ : [0,00) — [0, 0) with ®(0) =0
such that (3.2) holds. Let

= (T o) - - P O x| (33)

j(n—x*)€] (atn—x*

Then there exists j(x, — x*) € J(x, — x*) such that
(Txy — X%, (0 = X)) = |20 — x*[|* + (|26, — x*[|) <y + %, Vn > 1. (34)

By (3.2), we obtain lim,_,,, sup y, < 0. Taking &, = 1/(n + 1) + max{y,+1,0} (for all n > 0),
then

lim ¢, = 0. (3.5)

n—oo
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From (3.1) and (3.4), by using Lemma 2.1, we obtain

121 = x|
= (1= au)(xn - x*) + oy (Tx, - x*)HZ
2 *112 * . %
< (1= an)||l2en = X7 + 22, (Toxn — x*, j (3041 — x))
< (1—ay)?||xn - x*||2 + 20, (TxXpe1 — X, j(Xpa1 — X))

+ 20, (Txy = Txps1, j(Xne1 — X7))

(3.6)
< (1 - ay)?[lxn = x| + 2ax, [len+1 = x| = D(llxr = x°[) + Y1 + —
+2Lay||xn = xpea | - 3001 — 7|
< (1= )0 = X + 20 [t = 21 = D1 = %) + &
+2Lay || xn — xpsa | - X1 — x|,
where L is the Lipschitzian constant of T. It follows from (3.1) that
[l = 2na1ll = lletn (2cn = Txn) ||
< an([loen = x| + ITx" = Txul]) (3.7)
< an(1+L)]Jxn — x7|.
Substituting (3.7) into (3.6), we have
e = x*[17 < (1= @)l = x*[1* + 20| 2001 = 7|17 = 20, D (|| 2001 — 7))
+ 2065 + 2L(1 + L)atj [l = x*[| - |01 = X7
2 *1(2 *112 * (38)
< (1= an) I = X717 + 20| xp1 = X7 = 20, D([| 241 = x7[)
+ 2a5e, + L(1+ L)ad (1 = x| + v = ).
Setting a, = ||x, — x*||2(f0r all n>0),p(s) =20(+/s), it follows from (3.8) that
A < (1= ap)’an + 200441 — Anp(Anin) + 20y
+L(1+ L)a%(an + ans1)
(3.9)

=[1-2a, +a2 + LA+ L)a,%] an + [Zan +L(1+ L)a,i] Anet

— app(ane1) + 2a,6,.
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It follows from condition (i) that lim,,_, o, [2a,, + L(1 + L)a2] = 0. Thus, there exists a natural
number ng such that 2a, + L(1 + L)a? < 1/2 for all n > ng. Let

_1-2ay+a;+L(1+L)a; _ aa+2L(1+L)a;
© 1-2a,-L(1+L)a? " 1-2a,-L(1+L)a2’

by 1o. (3.10)

Since 1/2 <1-2a, — L(1 + L)a? < 1 for all n > ny, by (3.9) and (3.10), we have

ans1 < (1+bp)an — anp(an1) +4ane,, Yn2>ny,
(3.11)
0<b, <2[1+2L(1+L)]a?, Yn>ny.

It follows from condition (i) that ;7 , b, < oo. Therefore, by (3.5), condition (ii), and
Lemma 2.3, we obtain that lim, _ ,a, = lim,_ .|x, —x”‘||2 = 0. That is, {x,} converges
strongly to x*.

Finally, we prove the necessity of Theorem 3.1.

Assume that {x, } converges strongly to x*. Let L be the Lipschitzian constant of T. For
all j(x, —x*) € J(x, — x*), we have

[ee]
n=ngp

[(Tx, = x*, (20 = x*))| < Lllx, — x*|1%. (3.12)

Taking @(s) = /s, then @ : [0,00) — [0, 00) is a strictly increasing function with ®(0) = 0,
and lim,, _, . ®(||x;,, — x*||) = 0. From (3.12), we obtain

lim inf  {(Tx, =2 - 1) = - 2P+ @l - 2D} =0, (3.13)

n— o0j(x,—x*)€] (x,—x*)

which implies (3.2) holds. This completes the proof of Theorem 3.1. O

Remark 3.2. If T : C — C is a generalized ®-hemicontractive mapping, then (3.2) holds. By
Theorem 3.1, we obtain Theorem XCZ.

Theorem 3.3. Let E be a real Banach space, let C be a nonempty closed convex subset of E, and let
T : C — C bea Lipschitzian generalized ®-pseudocontractive mapping. For given xy € C, suppose
that the sequence {x,} C C is the Mann iterative sequence defined by

Xp1 = (1 —ay)xy +a,Tx,, n>0, (3.14)

where {a,} is a sequence in [0, 1] satisfying the following conditions:

(1) ZiZoan = oo,

(2) S < 0.

Then {x,} converges strongly to the unique fixed point of T in C.

Proof. By Theorem 2.1 in [8], T has a unique fixed point x* in C. By Theorem 3.1, {x,}
converges strongly to x*. This completes the proof of Theorem 3.3. O
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Theorem 3.4. Let E be a real normed linear space, let S : E — E be a Lipschitzian operator, and let

f € E and x* be a solution of the equation Sx = f. For given xo € E, suppose that the sequence {x,}
is the Mann iterative sequence defined by

Xne1 = (1= an)xy + an(f + x5 — Sx,), n 20, (3.15)

where {a,} is a sequences in [0, 1] satisfying the following conditions:

(i) Xso a5 < o,

(ii) Xorgan = oo.

Then {x,} converges strongly to x* if and only if there exists a strictly increasing function @ :
[0,00) — [0, 00) with ®(0) = 0 such that

liminf sup {(Sx, — Sx*, j(xp — x*)) = D([|lxx,, — x*|))} > 0. (3.16)

"R j(xy=xt) €] (")

Proof. Define T : E — Eby Tx = f + x — Sx. Since Sx* = f, we have Tx* = x*. From (3.15),
we obtain x,,.1 = (1 — a,)x, + a,Tx,, n > 0. Since

<an = Sx",j(xn — x*)> = D(|lxn — x"))

, (3.17)
= —{(T =, jew = ) = e = 2P + ([ = )}
Therefore,
lim inf sup {(Sxp = Sx*, j(xp — x*)) = D(||xp, — x*)) }
"R j(gmx) €] (")
(3.18)

= limsup inf (T %, (e~ X)) ~ o - 21+ O~ <))
n—oo J(n=x*)EJ(xy—x*)

The condition (3.16) is equivalent to condition (3.2). Since S is a Lipschitzian operator, T
is a Lipschitzian mapping. By Theorem 3.1, Theorem 3.4 holds. This completes the proof of
Theorem 3.4. O
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