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We introduce a new iterative method for finding a common element of the set of fixed points
of a strictly pseudocontractive mapping, the set of solutions of a generalized mixed equilibrium
problem, and the set of solutions of a variational inequality problem for an inverse-strongly-
monotone mapping in Hilbert spaces and then show that the sequence generated by the proposed
iterative scheme converges weakly to a common element of the above three sets under suitable
control conditions. The results in this paper substantially improve, develop, and complement the
previous well-known results in this area.

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and induced norm || - ||. Let C be a non-
empty closed convex subset of H. Let B: C — H be a nonlinear mapping and ¢ : C — R be
a function, and © be a bifunction of C x C into R, where R is the set of real numbers.

Then, we consider the following generalized mixed equilibrium problem of finding
x € C such that

O(x,y) +(Bx,y—x) +p(y) —p(x) 20, VyeC, (1.1)

which was introduced by Peng and Yao [1] recently. The set of solutions of the problem (1.1) is
denoted by GMEP(O, ¢, B). Here some special cases of the problem (1.1) are stated as follows.
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If ¢ = 0, then the problem (1.1) reduced the following generalized equilibrium prob-
lem (GEP) of finding x € C such that

O(x,y) +(Bx,y-x) >0, YyeC, (1.2)

which was studied by S. Takahashi and M. Takahashi [2]. The set of solutions of the problem
(1.2) is denoted by GEP(O, B).

If B = 0, then the problem (1.1) reduces the following mixed equilibrium problem of
finding x € C such that

O(x,y) +9(y) —9(x) 20, VyeC, (1.3)

which was studied by Ceng and Yao [3] (see also [4]). The set of solutions of the problem
(1.3) is denoted by MEP (O, ¢).

If ¢ = 0 and B = 0, then the problem (1.1) reduces the following equilibrium problem
of finding x € C such that

O(x,y) >0, VyeC. (1.4)

The set of solutions of the problem (1.4) is denoted by EP(©).
If p =0and ©(x,y) =0 forall x,y € C, the problem (1.1) reduces the following varia-
tional inequality problem of finding x € C such that

(Bx,y—x) >0, VyeC. (1.5)

The set of solutions of the problem (1.5) is denoted by VI(C, B).

The problem (1.1) is very general in the sense that it includes, as special cases, fixed
point problems, optimization problems, variational inequality problems, minimax problems,
Nash equilibrium problems in noncooperative games, and others; see, for example, [3, 5-7].

The class of pseudocontractive mappings is one of the most important classes of map-
pings among nonlinear mappings. We recall that a mapping S : C — H is said to be k-strictly
pseudocontractive if there exists a constant k € [0, 1) such that

1Sx = Sy||> < |x - y|> + k|| I = S)x - I -S)y|>, vxyeC. (1.6)

Note that the class of k-strictly pseudocontractive mappings includes the class of nonexpan-
sive mappings as a subclass. That is, S is nonexpansive (i.e., ||Sx — Sy| < ||x - y||, Vx,y € C)
if and only if S is O-strictly pseudocontractive. The mapping S is also said to be pseudo-
contractive if k = 1 and S is said to be strongly pseudocontractive if there exists a constant
A € (0,1) such that S — AI is pseudocontractive. Clearly, the class of k-strictly pseudocon-
tractive mappings falls into the one between classes of nonexpansive mappings and pseudo-
contractive mappings. Also we remark that the class of strongly pseudocontractive mappings
is independent of the class of k-strictly pseudocontractive mappings (see [8, 9]). Recently,
many authors have been devoting the studies on the problems of finding fixed points to the
class of pseudocontractive mappings; see, for example, [10-15] and the references therein.
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Recently, in order to study the problems (1.1)-(1.5) coupled with the fixed point
problem, many authors have introduced some iterative schemes for finding a common
element of the set of the solutions of the problem (1.1)—(1.5) and the set of fixed points of
a countable family of nonexpansive mappings and have studied strong convergence of the
sequences generated by the proposed schemes; see [1-4, 16-18] and the references therein.
Also we refer to [19-21] for the problems (1.1), (1.3), and (1.5) combined to the fixed point
problem for nonexpansive semigroups and strictly pseudocontractrive mappings.

In this paper, inspired and motivated by [18, 22-27], we introduce a new iterative
method for finding a common element of the set of fixed points of a k-strictly pseudocontrac-
tive mapping, the set of solutions of a generalized mixed equilibrium problem (1.1), and the
set of solutions of the variational inequality problem (1.5) for an inverse-strongly monotone
mapping in a Hilbert space. We show that, under suitable conditions, the sequence generated
by the proposed iterative scheme converges weakly to a common element of the above three
sets. The results in this paper can be viewed as an improvement and complement of the recent
results in this direction.

2. Preliminaries and Lemmas

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. In the
following, we write x, — x to indicate that the sequence {x, } converges weakly to x. x,, — x
implies that {x,} converges strongly to x. We denote by F(T) the set of fixed points of the
mapping T.

In a real Hilbert space H, we have

[l + (1= Dy = Mxll? + @ = D]y =20 = 1)||x -y (2.1)

for all x,y € H and A € R. For every point x € H, there exists a unique nearest point in C,
denoted by Pc(x), such that

llx = Pe(x)ll < ||l x =y (2.2)

for all y € C. Pc is called the metric projection of H onto C. It is well known that Pc is nonex-
pansive and Pc satisfies

(x -y, Pe(x) = Pe()) 2 | Pe@) - Pe(w) 23)
for every x,y € H. Moreover, Pc(x) is characterized by the properties:

lx=y|> = llx = Pe@)IP + ||y - Pe(x) ||,

u="Pe(x) = (x-uu-y)>0 VxeH, yeC.

(2.4)

In the context of the variational inequality problem for a nonlinear mapping F, this implies
that

u e VI(C,F) & u=Pc(u—-AFu) forany A >0. (2.5)
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It is also well known that H satisfies the Opial condition, that is, for any sequence {x,} with

X, — x, the inequality

liminf||x, — x|| < liminf||x, - y|| (2.6)

holds for every y € H with y # x.
A mapping F of C into H is called a-inverse-strongly monotone if there exists a constant
a > 0 such that

(x-y,Fx-Fy) > a||Fx - Fy 2 Vx,y € C. (2.7)

We know that if F = I — T, where T is a nonexpansive mapping of C into itself and I is the
identity mapping of H, then F is 1/2-inverse-strongly monotone and VI(C,F) = F(T). A
mapping F of C into H is called strongly monotone if there exists a positive real number 7 such
that

> VxyeC (2.8)

(x-y,Fx-Fy)>n|x-y

In such a case, we say F is 5-strongly monotone. If F is 7-strongly monotone and x-Lipschit-
zian, continuous, that s, ||[Fx—Fy|| < L||x-y|| for all x, y € C, then F is 17/x>-inverse-strongly
monotone. If F is an a-inverse-strongly monotone mapping of C into H, then it is obvious
that F is 1/a-Lipschitzian. We also have that for all x,y € Cand A > 0,

(I = AF)x = (I - AF)y|)* = || (x - y) - M(Fx - Fy) |*
eyl 20y Fx Py s Rl Fx- Py (9)

<|x —y||2 +A(A = 2a)||Fx - Fy||2.

So, if A < 2a, then I - AF is a nonexpansive mapping of C into H. The following result for the
existence of solutions of the variational inequality problem for inverse-strongly monotone
mappings was given in Takahashi and Toyoda [27].

Proposition 2.1. Let C be a bounded closed convex subset of a real Hilbert space and let F be an
a-inverse-strongly monotone mapping of C into H. Then, VI(C, F) is nonempty.

A set-valued mapping Q : H — 2 is called monotone if for all x,y € H, f € Qx and
¢ € Qyimply (x -y, f — g) > 0. A monotone mapping Q : H — 2H is maximal if the graph
G(Q) of Q is not properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping Q is maximal if and only if for (x, f) € HxH, (x-y, f —g) > 0 for
every (y,g) € G(Q) implies f € Qx. Let F be an inverse-strongly monotone mapping of C
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into H and let N¢v be the normal cone to C at v, thatis, Nco = {w € H : (v—-u,w) >0,
for all u € C}, and define

Qu = (2.10)

Fv+ Ncou, veC(C,
0, véC.

Then Q is maximal monotone and 0 € Qu if and only if v € VI(C, F); see [28, 29].

For solving the equilibrium problem for a bifunction © : C x C — R, let us assume
that © and ¢ satisfy the following conditions:

(A1) ©(x,x) =0forall x € C,

(A2) © is monotone, thatis, O(x,y) + O(y,x) <0forallx,y € C,

(A3) foreach x,y,z € C,

ltilr(rjl@(tz +(1-tx,y) <O(x,y), (2.11)

(A4) for each x € C, y — O(x, y) is convex and lower semicontinuous,

(A5) for each y € C, x — O(x, y) is weakly upper semicontiunuous,

(B1) for each x € H and r > 0, there exist a bounded subset D, C C and y, € C such
that for any z € C \ Dy,

O(z,yx) + 9(yx) - ¢(2) + %(yx—z,z—x> <0, (2.12)

(B2) C is a bounded set.
The following lemmas were given in [1, 5].

Lemma 2.2 (see [5]). Let C be a nonempty closed convex subset of H and © a bifunction of C x C
into R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C such that

O(z,y) +%<y—z,z—x> >0, YyeC. (2.13)

Lemma 2.3 (see [1]). Let C be a nonempty closed convex subset of H. Let © be a bifunction form
C x C to R which satisfies (A1)—(A5) and ¢ : C — R a proper lower semicontinuous and convex
function. For r > 0 and x € H, define a mapping T, : H — C as follows:

T, (x) = {z €eC:0(z,y)+o(y) —p(z) + %(y—z,z—x) >0, Vy e C} (2.14)

forall z € H. Assume that either (B1) or (B2) holds. Then, the following hold:
(1) for each x € H, T,(x) #0,
(2) T is single-valued,
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(3) T, is firmly nonexpansive, that is, for any x,y € H,
| Trx - Try”2 <(Tyx-Tyy,x-vy), (2.15)

(4) F(T,) = MEP(O, ¢),
(5) MEP(O, o) is closed and convex.

We also need the following lemmas for the proof of our main results.

Lemma 2.4 (see [30]). Let H be a real Hilbert space, let {a,} be a sequence of real numbers such
that 0 <a<a, <b<1foralln>1andlet {v,} and {w,} be sequences in H such that, for some c

lim sup|jv,|| < ¢, lim sup||w,|| < ¢, lim sup||a,v, + (1 — ay)wy|| = c. (2.16)

n—oo n— oo n— oo

Then limy, _, |0y — wy|| = 0.

Lemma 2.5 (see [27]). Let C be a nonempty closed convex subset of a real Hilbert spaces H and let
{xn} be a sequence in H. If

[xpe1 — x|| < J|Jxn — x|, VxeC, Vn>1, (2.17)

then {Pcx,} converges strongly to some z € C, where Pc stands for the metric projection of H onto
C.

Lemma 2.6 (see [31]). Let H be a Hilbert space, C a closed convex subset of H. If T is a k-strictly
pseudocontractive mapping on C, then the fixed point set F(T) is closed convex, so that the projection
Pr(1y is well defined.

Lemma 2.7 (see [31]). Let H be a Hilbert space, C a closed convex subset of H,and T : C — H a
k-strictly pseudocontractive mapping. Define a mapping S : C — H by Sx = Ax + (1 — \)Tx for all
x € C. Then, as A € [k, 1), S is a nonexpansive mapping such that F(S) = F(T).

3. Main Results

In this section, we introduce a new iterative scheme for finding a common point of the set
of fixed points of a k-strictly pseudocontractive mapping, the set of solutions of the problem
(1.1), and the set of solutions of the problem (1.5) for an inverse-strongly monotone mapping.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let © be a
bifunction from C x C to R satisfying (A1)—(A5) and ¢ : C — R a lower semicontinuous and
convex function. Let F, B be two a, B-inverse-strongly monotone mappings of C into H, respectively.
Let T be a k-strictly pseudocontractive mapping of C into itself for some k € [0,1) such that
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Q; := F(T) \GMEP(©, ¢, B) \VI(C, F) #0. Assume that either (B1) or (B2) holds. Let {x,} and
{un} be sequences generated by x; € C and

O(tn,y) + (Bxn, y = thn) + 9(y) — (1) + %(y — Uy, Uy~ X,) 20, VyeC,
n (3.1)

Xp+1 = S(anxn + (1 — ay)Pc(u, — \yFuy)), VYn>1,

where S : C — C is a mapping defined by Sx = kx + (1 - k)Tx for x € C, {a,} C [0,1] and
{rn} C (0, 0). Assume that {a,} C [a,b] for some a,b € (0,1), A, € [c,d] C (0,2a) and 1, €
le, f1 € (0,2p). Then {x,} and {u,} converge weakly to z € Q1, where z = lim,, _, ., Po, (x,).

Proof. From now, we put z,, = Pc(u, — A, Fuy,).
We divide the proof into several steps.

Step 1. We show that {x,} is bounded. To this end, let p € Q; := F(T)GMEP(©, ¢, B) N
VI(C, F) and (T,,} be a sequence of mappings defined as in Lemma 2.3. Then, since F(S) =
F(T) by Lemma 2.7, p = Sp. Also, from (4) in Lemma 2.3 and (2.5), it follows that p = T, (p -
r,Bp) and p = Pc(p — A\, Fp). From z,, = Pc(u, — A, Fu,) and the fact that Pc and I — A,F are
nonexpansive, it follows that

20 =PIl < 11 = A F )ity = (1 = 1P| < [ pl. (32)

Also, by u, = T, (x, —14Bx,) € C and the p-inverse-strongly monotonicity of B, we have with
rm € (0,2p),

[ = pII* < llw = ruBoxa = (p = ruBp) |I

<l = pII* = 2ru(xn = p, Bxu = Bp) + 12| Bx, - Bp||®
(3.3)

< llxa = pII* + 7 (7~ 28) || B = Bp |

<l =%,

thatis, |lu, — p|| < ||x, — pl|, and so

llzn =PIl < llxn = plI (34)
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So, by using the convexity of || - ||, (3.2) and (3.3), we have

%1 = p||* = |S(@nin + (1 = an)z) - Sp||>
< law(xn = p) + (1 = an) (za - p)||°

< gl = pll + (1 = )20 - pI

< aullru I+ e (o plF e 20) B o)
< |lxu = pII” + (1 = b)e(f - 28) || Bxy ~ Bp|”
< [lxa = pll
So, there exists r € R such that
r = lim [|x, - p|- (3.6)

Therefore, {x,} is bounded, and so are {u,} and {z,} by (3.2) and (3.4). Moreover, from (3.5),
it follows that

(1~ b)e(2~ )1Bxs~ Bpll* < [lxu ~ I - [ ~pl 67)
which implies that

lim || Bx, — Bp|| = 0. (3.8)

Step 2. We show that lim,, _, ;|| — u,|| = 0. To this end, let p € Q. Since T, is firmly nonex-
pansive and u, = Ty, (x, — r,Bx,), we have

llen = plI* = |T5, Ctn = rBxn) = Ty, (p = 2 Bp) ||
< (T}, (xn — 13Bxy) = Ty, (p — raBp), X — rnBxy — (p — uBp))

= (xn — raBx, — (p — r4Bp), un — p)

1
= 2 {lln =l 1~ B — (o~ ruBp) )

1
- 5{ Il = 7B, = (p = ruBp) - (wa =)'} &)

IN

IN

1
2l =PI+ v = I 1~ 10— (B, B) )
1
L [ i P

+27'n<an - BP/ Xn — un> - rﬁllen - Bpllz}’
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and hence
litn = pII* < lln = pII* = 1 = |l + 210 Bty ~ Bp, x0 = ) = 13| Bt ~ B

< [len = pII” = [l = 0all* + 2Bty = Bp, 2 ~ 1) (3.10)
< [l = pII” =l = sl + 27| B = Bp |12 =

On the other hand, by using the convexity of || - ||?, (3.2) and (3.10), we obtain

%1 = plI* = [|S(@nxa + (1 = @n)z0) - Sp|’

<yl = pl* + (1= @) |20 - pII
< aal|xn = p||” + (1 = @) un ~ p|’

< anfln = pII” + (1 = @) llx0 = pII* = llen = weall® + 27| B = Bp|l 1 = wall],
(3.11)

and hence
(1= b) oty — unll* < (1= atn) [l 26n — unll®
< |loen = pII” = %01 =PI + 27 || Bxw = Bp|[[|2 — 2]l (3.12)

< [lxa = pII” = locwr = plI* + 2£|| Bxa ~ Bp|| M3,

where My = sup{||x,|| + |lua] : 7 > 1}. Since lim,, _, o ||xps1 — plI* = lim,— o |lx, — p||* and
limy, _, »||Bx, — Bp|| = 0 in (3.8), we obtain

nh_)rrolo”xn —uul| =0 (3.13)

and so is the limit of { Bx,, — Bu,} since B is Lipschitz.

Step 3. We show that lim,,_ o, ||x, — Sz,|| = 0. Indeed, let p € Q; and set r = lim,,_, o, ||x, — p|l.
Being S nonexpansive and F(T) = F(S), from (3.4) we can write

[Szn =pll < |z =PIl < [l =PI, (3.14)
and hence limsup, ,_[|Sz, —p|| <. By (3.4), we also have

limsup|[a (xu = p) + (1 = an) (Szu =p) || = limsup [an|xu = p| + (1 = @n) |20 = p]

(3.15)
<limsup||x, - p| = lim [lx, - p[| =7

n— oo

By Lemma 2.4, we obtain lim,, _, o, ||Sz, — x| = 0.
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Step 4. We show that lim,, _, oo ||t — 2| = 0. Using z, = Pc(u, — Ay Fu,), p = Pc(p — M, Fp), we

compute
llzn = pII* < 4 = AaFtn) = (p = 1uFp) |
< ||ttn = p||” = 240 (2t — p, Fity — Fp) + A2 || Fu, - Fp)|*
< |Jxn = p|I* + Au(Ay = 20) || Fue, — Fp||*.
So, we get

w1 = pI* = IS (@nxn + (1 - a)za) = Sp|*

<l -pl + (- a) |z - pl

< | xn —p||2 + (1 —ay)]|xn —;9||2 + (1 - an) Ay (A — 20) || Fuy — I—’p”2

= ||lxa = p|I* + (1 = @) Au(An — 20) || Fut - Fp||*.
From conditions a, € [a,b] C (0,1) and A, € [¢,d] C (0,2a), it follows that
(1-b)eQa - d)||Fu, - Fp||* < (1 - @) Au(2a = A,) | Fun — Fp)||*
< [l = pII” = low = I
By r = lim,,_, o»||x,, — p||, we obtain
1im ||Fu, ~ Fp|| = 0.
On the other hand, using z,, = Pc(u, — A,Fu,) and (2.3), we observe that

1z =P II* = | Pe(un = AuFun) = Pe(p = 1uFp) ||
< <(un - -)LnFun) - (P - A‘an)l Zn _P>

{llen =" + 1z =PI =l = 20
+2X0 (U — Zn, Fby = Fp) = A2|| Fuy — Fp||2},
that is,

”Zn _PHZ < ”xn _pHZ = lun - Zn”2 +2)‘n<un = 2zn, Fuy — FP>

- 22]|Fu, - Fp

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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Thus, by (3.21), we have

et = pII” = [|S(@na + (1= )za) - Sp|°

< gl = pll* + (1 - )20 - plI

) ) (3.22)
< an|xn —p||"+ A= an)||xn —p||” = (1 - an)llun - z|?
+ (1 - an)2My(tty — 2, Fuy, — Fp) — X3 ||Fu, — Fp 2
which implies that
(1= )l = zal* < (1 = @) |14 = 2l
(3.23)

< |l =PI = lowa = plI* + 2d(1 ~ &) My || Fuy ~ Fp]

where M, = sup{||z,|| + ||un|l : n > 1}. From lim,_, ,||Fu, — Fp|| = 0in (3.19) and r =

limy, —, »»||x, — p||, we conclude that lim,, _, oo ||ty — 24| = 0.

Step 5. We show that lim,, _, o-||x, — Sx,|| = 0. Indeed, since
1S = xull < [|Sxn = Stan|| + [|Sttn = Sznl| + [|S2n — xall, (3.24)
by Step 2, Step 3, and Step 4, we have
Jim lx; — Sxy]| = 0. (3.25)

Step 6. We show that any of its weak cluster point z of {x,} belongs in ;. In this case, there
exists a subsequence {x,,} which converges weakly to z. By Step 2 and Step 4, without loss
of generality, we may assume that {z,,} converges weakly to z € C. Since

1Sz = zull < 11Szn = xull + |30 — unll + [tn = zall, (3.26)

from Step 2, Step 3, and Step 4, it follows that ||Sz, — z,|| — 0and Sz,, — z.
We will show that z € Q;. First we show that z € F(S) = F(T). Assume that z ¢ F(S).
Since z,, — z and Sz # z, by the Opial condition, we obtain

liminf||z,, — z|| < liminf||z,, — Sz||
< liminf(||zn, — Sz, || + 1520, - Sz|)) (3.27)

< h.minf”Zn,- - Z||,
1— 00

which is a contradiction. Thus we have z € F(S) = F(T).
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Next we prove that z € VI(C, F). Let

Fv+ Ncou, veC,
Qu = (3.28)
0, vgC,

where Ncv is normal cone to C at v. We have already known that in this case the mapping
Q is maximal monotone, and 0 € Qu if and only if v € VI(C, F). Let (v,w) € G(Q). Since
w — Fv € Ncov and z, € C, we have

(v=2z,,w—-Fv) >0. (3.29)

On the other hand, from z, = Pc(u, — A,,Fu,), we have

(v—2zp,2n— (Uy — Ay Fuy)) >0, (3.30)

that is,

<v g, Fun> > 0. (3.31)

Thus, we obtain
(v—2zp,w) 2 (V- z,, Fv)
Zn — Un,
> (v -z, Fv) - <v - zni,% + Funi>
n;

=(v—zy, Fo—Fzy) + (v - 2z,,Fz,, — Fuy,) (3.32)

<v 2y, >
-  Anir
i -/\«ni

> (v —zy, Fzy, — Fuy,) — <v - Zn,,

Zn,

i

Un

-’\n,- >.

Since ||z, — u,|| — 0 in Step 4 and F is a-inverse-strongly monotone, it follows from (3.32)
that

(v-—z,w) >0, asi— oo. (3.33)

Since Q is maximal monotone, we have z € Q710 and hence z € VI(C, F).
Finally, we show that z € GMEP(©, ¢, B). By u,, = S;, (x,, — r,Bx,,), we know that

O (un, y) + (Bxu, y = tn) + (y) — (un) + rl<y — Uy Uy —X,) 20, VyeC.  (3.34)
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It follows from (A2) that
(Bxn,y = un) + () — ¢p(un) + %(y — g — %) > O(y,u,), VyeC. (3.35)
Hence
(B, Y = un) + () — (tn,) + %(y — Uy, Uy, — X)) > O(y,uy), VyeC. (3.36)

FortwithO<t<landy € C,lety; =ty + (1 —t)z.Since y € Cand z € C, we have y; € C
and hence O(y, z) < 0. So, from (3.36), we have

(Yt = tny, Bys) 2 (Yt — thny, Byr) = @ (ye) + ¢ (tn,) = (Yt = tn,, Bxn,)

Up, — X,
- <yt ~ U, — > +O(yr, un,)

ni

(3.37)
= (Yt — Un, Byr — Buy,) + (Yt — Un,, Bun, — Bxy,)

Uy, — Xy,
- (P(yt) + ‘/’(”ni) - <]/t — Up,, n!r n1> + @(yt,uni).

ni

Since |[u,, — xp,|| — 0 by Step 2, we have ||Bu,, — Bx,,|| — 0 and ||(ty, — x3,) /7w, || < || (i, —
Xn)/ell — 0, thatis, (u,, — xp,)/7n, — 0. Also by |lu, — z,|| — 01in Step 4, we have u,, — z.
Moreover, from the inverse-strongly monotonicity of B, we have (y; —u,,, By: — Bu,,) > 0. So,
from (A4) and the weak lower semicontinuity of ¢, if follows that

(y: —z,Byt) > —op(yr) + 9(z) +O(y1,z) asi— oo. (3.38)
By (Al), (A4), and (3.38), we also obtain

0=0(y,yt) +o(ve) — 9 (y1)
<tO(yny) + (1-H0(yr, z) + to(ye) + (1= () - (i)
<t[O(yr,y) +(y) —9(y)] + 1 - 1){y: - 2, By:)
=t[0(y,y) +9(y) —(y1)] + 1 -ty — z, Bys),

(3.39)

and hence

0<O(yry) +o(v) —¢(y:) + (1 - t)(y -z, Bys). (3.40)
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Letting t — 0in (3.40), we have for each y € C
O(z,y) +(Bz,y —z) +¢(y) —(2) 2 0. (341)

This implies that z € GMEP(O, ¢, B). Therefore, we have z € Q;.
Let {x, S } be another subsequence of {x,} such that x, ; z'. Then, we have z’ € Q. If
z# 2z, from the Opial condition, we have

lim ||x, — z|| = liminf||x,, — z|| < liminf||x,, - 2'||
n— oo 1— 00 1— 00

e TR )
= nh_x:rc}o“xn -7 = hl_rgg}f Xn; = Z ” (3.42)
<liminf||x,, — z” = lim ||x, — z||.

j—o o n—oo

This is a contradiction. So, we have z = z'. This implies that

X, — z € Q. (3.43)

Also from Step 2, it follows that u, — z € Q;.
Let w, = Pg, (x,). Since z € Q1, we have

(xy —wy, w, —z) > 0. (3.44)

Since [|xps1 — pl| < [|xn — pl| for p € Q1, by Lemma 2.5, we have that {w,} converges strongly
to some zg € Q. Since {x,} converges weakly to z, we have

(z—2z9,2z0—2) 2 0. (3.45)

Therefore, we obtain
z =2z = lim Po, (xp). (3.46)
This completes the proof. 0

As direct consequences of Theorem 3.1, we also obtain the following new weak
convergence theorems for the problems (1.2) and (1.3) and fixed point problem of a strict
pseudocontractive mapping.
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Corollary 3.2. Let H, C, ©, B, and F be as in Theorem 3.1. Let T be a k-strictly pseudocontractive
mapping of C into itself for some k € [0,1) such that Q, := F(T)(GEP(©, B) \VI(C,F) #0.
Assume that either (B1) or (B2) holds. Let {x,} and {u,} be sequences generated by x, € C and

O(un, y) + (Bxn, y —ty) + l(y —Up,Un—Xxn) 20, YyeC,
Tn (3.47)

Xp1 = S(apxy + (1 — ay) Pe(uy, — AyFuy)), Yn>1,

where S : C — C is a mapping defined by Sx = kx + (1 -k)Tx for x € C, {a,,} C [0,1] and {r,} C
(0, 00). Assume that {a,} C [a,b] for some a,b € (0,1), A, € [c,d] C (0,2a) and r,, € [e, f] C
(0,2P). Then {x,} and {u,} converge weakly to z € Qy, where z = lim,, _, o P, (xy,).

Proof. Putting ¢ = 0 in Theorem 3.1, we obtain the desired result. O

Corollary 3.3. Let H, C, ©, and B be as in Corollary 3.2. Let T be a k-strictly pseudocontractive
mapping of C into itself for some k € [0,1) such that Q3 := F(T)(\GEP(©, B) #0. Assume that
either (B1) or (B2) holds. Let {x,} and {u,} be sequences generated by x; € C and

O(un, y) + (Bxn, y — ) + l(y —Up, Uy —Xn) 20, YyeC,
Tn (3.48)

Xni1 = S(apxy + (1 —ay)uy,), ¥Yn>1,

where S : C — C is a mapping defined by Sx = kx + (1 - k)Tx for x € C, {a,} C [0,1] and
{ra} C (0, 00). Assume that {a,} C [a,b] for some a,b € (0,1) and r,, € [e, f] C (0,2p). Then {x,}
and {u,} converge weakly to z € Qjz, where z = lim,, _, . P, (xy,).

Proof. Putting F = 0 in Corollary 3.2, we obtain the desired result. O

Corollary 3.4. Let H, C, ©, ¢, and F be as in Theorem 3.1. Let T be a k-strictly pseudocontractive
mapping of C into itself for some k € [0,1) such that Q4 := F(T) MEP(©,¢) N\ VI(C,F) #0.
Assume that either (B1) or (B2) holds. Let {x,} and {u,} be sequences generated by x, € C and

1
O(un,y) +9(y) = @(un) + — (Y — tn, un = 1) 20, Vy€C,
Tn (3.49)

Xp1 = S(apxy + (1 — ay) Pe(uy, — AyFuy)), Yn>1,

where S : C — C is a mapping defined by Sx = kx + (1 -k)Tx forx € C, {ay,} C [0,1] and {r,} C
(0, 00). Assume that {a,} C [a,b] for some a,b € (0,1), A, € [c,d] C (0,2a) and r,, € [e, f] C
(0, 0). Then {x,} and {u,} converge weakly to z € L4, where z = lim,, _, . Pg, (x,,).

Proof. Putting B = 0 in Theorem 3.1, we obtain the desired result. O
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Corollary 3.5. Let H, C, © and ¢ be as in Theorem 3.1. Let T be a k-strictly pseudocontractive
mapping of C into itself for some k € [0,1) such that Qs := F(T) MEP(©, ¢) #0. Assume that
either (B1) or (B2) holds. Let {x,} and {u,} be sequences generated by x; € C and

1
O(uny) +9(y) = @un) + —(Y — tn, un =) 20, Vy€C,
n (3.50)

Xni1 = S(apxy + (1 —ay)uy,), Yn>1,

where S : C — C is a mapping defined by Sx = kx + (1 — k)Tx for x € C, {a,} C [0,1] and
{rn} C (0, 00). Assume that {a,} C [a,b] for some a,b € (0,1) and r, € [e, f] C (0, 00). Then {x,}
and {u, } converge weakly to z € Qs, where z = lim,, _, .. Po, (xy,).

Proof. Putting F = 0 in Corollary 3.4, we obtain the desired result. O

Remark 3.6.

(1) As anew result for a new iterative scheme, Theorem 3.1 develops and complements
the corresponding results, which were obtained recently by many authors in
references and others; for example, see [22-24, 26]. In particular, even though F =0
in Theorem 3.1, Theorem 3.1 develops and complements Theorem 3.1 of Ceng et al.
[22] in the following aspects:

(a) the iterative scheme (3.1) in Theorem 3.1 is a new one different from those in
Theorem 3.1 of [22].

(b) the equilibrium problem in Theorem 3.1 of [22] is extended to the case of
q p
generalized mixed equilibrium problem.

(2) We point out that our iterative schemes in Corollaries 3.2, 3.3, 3.4 and 3.5 are new
ones different from those in the literature (see [22-24, 26] and others in references).
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