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The propose of this paper is to present a modified block iterative algorithm for finding a common
element between the set of solutions of the fixed points of two countable families of asymptotically
relatively nonexpansive mappings and the set of solution of the system of generalized mixed
equilibrium problems in a uniformly smooth and uniformly convex Banach space. Our results

extend many known recent results in the literature.

1. Introduction

The equilibrium problem theory provides a novel and unified treatment of a wide class of
problems which arise in economics, finance, image reconstruction, ecology, transportation,
networks, elasticity, and optimization, and it has been extended and generalized in many

directions.

In the theory of equilibrium problems, the development of an efficient and imple-
mentable iterative algorithm is interesting and important. This theory combines theoretical
and algorithmic advances with novel domain of applications. Analysis of these problems
requires a blend of techniques from convex analysis, functional analysis, and numerical

analysis.
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Let E be a Banach space with norm || - ||, C be a nonempty closed convex subset of
E, and let E* denote the dual of E. Let f; : C x C — R be a bifunction, ¢; : C — R be a
real-valued function, where R is denoted by the set of real numbers, and A; : C — E* be a
nonlinear mapping. The goal of the system of generalized mixed equilibrium problem is to find
u € C such that

filwy) + (A, y—u) +¢1(y) —¢(w) 20, VyeC,

fo(wy) + (A, y —u) +¢2(y) —¢2(u) 20, VyeC,
(1.1)

n(wy) + (Anwy —u) + gn(y) —¢n(u) 20, VyeC.

If fi = f, Ai = A, and ¢; = ¢, the problem (1.1) is reduced to the generalized mixed equilibrium
problem, denoted by GEMP(f, A, ¢), to find u € C such that

fy)+(Au,y—u) +¢(y) —¢(u) >0, VYyeC. (1.2)
The set of solutions to (1.2) is denoted by €, that is,
Q={xeC: f(uy)+{(Au,y-u)+¢(y) —p) >0, Yy € C}. (1.3)

If A = 0, the problem (1.2) is reduced to the mixed equilibrium problem for f, denoted by
MEP(f, ), to find u € C such that

fwy)+¢(y) -¢m) 20, VyeC (14)

If f = 0, the problem (1.2) is reduced to the mixed variational inequality of Browder type,
denoted by VI(C, A, ¢), is to find u € C such that

(Au,y-uy+¢(y) —¢pwm) >0, VyeC (1.5)

If A =0and ¢ =0, the problem (1.2) is reduced to the equilibrium problem for f, denoted by
EP(f), to find u € C such that

f(uwy) >0, VyeC. (1.6)

The above formulation (1.6) was shown in [1] to cover monotone inclusion problems,
saddle-point problems, variational inequality problems, minimization problems, vector
equilibrium problems, and Nash equilibria in noncooperative games. In addition, there are
several other problems, for example, the complementarity problem, fixed-point problem, and
optimization problem, which can also be written in the form of an EP(f). In other words,
the EP(f) is a unifying model for several problems arising in physics, engineering, science,
economics, and so forth. In the last two decades, many papers have appeared in the literature
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on the existence of solutions to EP(f); see, for example [1-4] and references therein. Some
solution methods have been proposed to solve the EP(f); see, for example, [2, 4-15] and
references therein. In 2005, Combettes and Hirstoaga [5] introduced an iterative scheme of
finding the best approximation to the initial data when EP(f) is nonempty, and they also
proved a strong convergence theorem.

A Banach space E is said to be strictly convex if ||(x + y)/2|| < 1 for all x,y € E with
lxll = lyll =1and x#y. Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then the Banach
space E is said to be smooth, provided

g 1 Al = Dl (1.7)
t—0 t

exists for each x, y € U. It is also said to be uniformly smooth if the limit is attained uniformly
for x, y € E. The modulus of convexity of E is the function 6 : [0,2] — [0, 1] defined by

) X+
5(e) = mf{l - HTJ/H cx,y €E x| = |yl = 1, ||x - v|| > g}. (1.8)

A Banach space E is uniformly convex, if and only if 6(¢) > 0 for all € € (0, 2].
Let E be a Banach space, C be a closed convex subset of E, a mapping T : C — C is
said to be nonexpansive if

ITx = Tyl| < [lx-vll (1.9)

for all x,y € C. We denote by F(T) the set of fixed points of T. If C is a bounded closed
convex set and T is a nonexpansive mapping of C into itself, then F(T) is nonempty (see
[16]). A point p in C is said to be an asymptotic fixed point of T [17] if C contains a sequence
{x,} which converges weakly to p such that lim, . ||x, — Tx,|| = 0. The set of asymptotic
fixed points of T will be denoted by 1-{(7"/) A point p € C is said to be a strong asymptotic fixed
point of T, if there exists a sequence {x,} C C such that x, — p and ||x, — Tx,|| — 0. The
set of strong asymptotic fixed points of T will be denoted by F(T). A mapping T from C into

—

itself is said to be relatively nonexpansive [18-20] if F(T) = F(T) and ¢(p,Tx) < ¢(p, x) for
all x € C and p € F(T). The asymptotic behavior of a relatively nonexpansive mapping was
studied in [21, 22]. T is said to be ¢-nonexpansive, if ¢(Tx,Ty) < ¢(x,y) for x,y € C. T is
said to be quas-¢-nonexpansive if F(T)#0 and ¢(p, Tx) < ¢(p,x) for x € Cand p € F(T). A
mapping T is said to be asymptotically relatively nonexpansive, if F(T) # @, and there exists a real
sequence {k,} C [1,00) with k, — 1 such that ¢(p, T"x) < k,¢(p, x), for all n > 1,x € C, and
p € F(T). {T,};>, is said to be a countable family of weak relatively nonexpansive mappings [23] if
the following conditions are satisfied:

1) FUTu}20) #9;
(ii) ¢(u, Tyx) < Pp(u,x), forall u € F(T,),x € C,n > 0;

(iii) F({Tu}520) = N2 F(Tw).
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A mapping T : C — C is said to be uniformly L-Lipschitz continuous, if there exists a constant
L > 0 such that

|T"x -T"y|| <L|x-y|, Vx, yeC Vn>1. (1.10)

A mapping T : C — C is said to be closed if for any sequence {x,} C C with x, — x and
Tx, — y,then Tx = y. Let {T;}{Z; : C — C be a sequence of mappings. {T;}; is said to be
a countable family of uniformly asymptotically relatively nonexpansive mappings, if 03>, F(Ty,) #0,
and there exists a sequence {k,} C [1, o0) with k, — 1 such that for eachi > 1

¢(p,T'x) <kap(p,x), Vpe ﬁF(Tn), xeC, Vn>1 (1.11)

n=1

In 2009, Petrot et al. [24], introduced a hybrid projection method for approximating
a common element of the set of solutions of fixed points of hemirelatively nonexpansive
(or quasi-¢-nonexpansive) mappings in a uniformly convex and uniformly smooth Banach
space:

xg € C, Co=C,
Yn = @nJotn + (1= @) J Tyzn),
Zn = ]_1(ﬂn]xn+ (1 _ﬂn)]Tnxn)/ (1.12)
Con={veCn:9(v,yn) < P(v,x)},
Xn+1 = I, ., (X0)-
They proved that the sequence {x, } converges strongly to p € F(T), where p € I'lfr)x and Il¢c
is the generalized projection from E onto F(T). Kumam and Wattanawitoon [25], introduced
a hybrid iterative scheme for finding a common element of the set of common fixed points of
two quasi-¢-nonexpansive mappings and the set of solutions of an equilibrium problem in
Banach spaces, by the following manner:
xg € C, Co=C
Yo =] NanJxn + (1 -a,)JSz,),

Zp = ]_1 (ﬂn]xn + (1 - ﬁn)]Txn)/
. (1.13)
u, € C such that f(u,,y) + r—(y— Un, Jun — Jyn) 20, VyeC,

Cue1 = {2 €Cr: p(z,un) < P(z,x0)},

xn+1 = HCVH—] ('xo)'
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They proved that the sequence {x,} converges strongly to p € F(T) N F(S) N EP(f), where
p € Irm)nrs)nep(r)x under the assumptions (C1) limsup, , a, <1, (C2) lim, . f, <1, and
(C3) liminf, , (1 — a,) B (1 = Bn) > 0.

Recently, Chang et al. [26], introduced the modified block iterative method to propose
an algorithm for solving the convex feasibility problems for an infinite family of quasi-¢-
asymptotically nonexpansive mappings,

xo € C chosen arbitrary, Co=C,

Yn = ]_1 <an,0]xn + Zan,JS;‘xn)

i1 (1.14)

Cri1 = {0 € Co: §(0,yn) < §(0,%0) + 4},

xp1 =1Ilc,, x0, Yn2>0,

n+l

where ¢, = sup,.(k, — 1)¢(u,x,). Then, they proved that under appropriate control
conditions the sequence {x,} converges strongly to Il F(s; Xo.

Very recently, Tan and Chang [27], introduced a new hybrid iterative scheme for
finding a common element between set of solutions for a system of generalized mixed
equilibrium problems, set of common fixed points of a family of quasi-¢-asymptotically
nonexpansive mappings (which is more general than quasi-¢-nonexpansive mappings), and
null spaces of finite family of y-inverse strongly monotone mappings in a 2-uniformly convex
and uniformly smooth real Banach space.

In this paper, motivated and inspired by Petrot et al. [24], Kumam and Wattanawitoon
[25], Chang et al. [26], and Tan and Chang [27], we introduce the new hybrid block algorithm
for two countable families of closed and uniformly Lipschitz continuous and uniformly
asymptotically relatively nonexpansive mappings in a Banach space. Let {x,} be a sequence
defined by xp € C, Cp = C and

Yn = ]_1 <ﬁn,0](xn) + iﬂn,i](Tinxn)>/
i=1

Zn = ]_1 <an,0](xn) + Zan,i](s?yn)>/
i=1

. . 1.15
ul) = K pKpor - Kpn(za), i=12,...,N, (1.15)

i=1,2,.,N

Cpi1 = {z € C,: max (z,uf?) < P(z,xn) + Ou, (2, yn) < Pz, xn) + §n},

Xp1 =Ic x9, Vn>0.

n+l

Under appropriate conditions, we will prove that the sequence {x,} generated by algorithms
(1.15) converges stror.lgly to.the point T~ a)n, FT))n(nz, (s, Xo- Our results extend many
known recent results in the literature.
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2. Preliminaries

Let E be a real Banach space with norm || - ||, and let J be the normalized duality mapping
from E into 2F" given by

Jx={x* € E": (x,x%) = [[x|lllx"[l, lIxIl = llx*]I} (2.1)

for all x € E, where E* denotes the dual space of E and (-, ) the generalized duality pairing
between E and E*. It is also known that if E is uniformly smooth, then J is uniformly norm-
to-norm continuous on each bounded subset of E.

We know the following (see [28, 29]):

(i) if E is smooth, then J is single valued;
(ii) if E is strictly convex, then J is one-to-one and (x — y,x* — y*) > 0 holds for all
(x,x*),(y,y*) € ] withx £y;
(iii) if E is reflexive, then ] is surjective;
(iv) if E is uniformly convex, then it is reflexive;
(v) if E is a reflexive and strictly convex, then J~! is norm-weak-continuous;

(vi) E is uniformly smooth if and only if E* is uniformly convex;

(vii) if E* is uniformly convex, then ] is uniformly norm-to-norm continuous on each

bounded subset of E;

(viii) each uniformly convex Banach space E has the Kadec-Klee property, that is, for any
sequence {x,} CE, if x, — x € E and ||x,|| — |x|, then x, — x.

Let E be a smooth, strictly convex, and reflexive Banach space, and let C be a nonempty
closed convex subset of E. Throughout this paper, we denote by ¢ the function defined by

2
7

d(x,y) = x> = 2(x, Jy) + ||ly||", for x,y € E. (2.2)

Following Alber [30], the generalized projection Ilc : E — C is a map that assigns to an
arbitrary point x € E the minimum point of the function ¢(x, y), that is, [Icx = X, where X is
the solution to the minimization problem

(X, x) = inf §(y, x). (2.3)

Existence and uniqueness of the operator I'lc follows from the properties of the functional
¢(x,y) and strict monotonicity of the mapping J. It is obvious from the definition of function
¢ that (see [30])

Uyl = 1% < ¢ (v, x) < (||ly|| + IIxI)?  Vx,y € E. (2.4)

If E is a Hilbert space, then ¢(x, y) = ||x - y||*.
If E is a reflexive, strictly convex, and smooth Banach space, then for x,y € E, ¢(x,y) =
0 if and only if x = y. It is sufficient to show that if ¢(x,y) = 0, then x = y. From (2.4), we



Journal of Applied Mathematics 7

have ||x|| = ||y||. This implies that (x, Jy) = ||x||*> = [|Jy||*>. From the definition of J, one has
Jx = Jy. Therefore, we have x = y; see [28, 29] for more details.
We also need the following lemmas for the proof of our main results.

Lemma 2.1 (see Kamimura and Takahashi [31]). Let E be a uniformly convex and smooth real
Banach space, and let {x,}, {y,} be two sequences of E. If ¢(x,, yn) — 0 and either {x,} or {y,} is
bounded, then ||x, — y|| — 0.

Lemma 2.2 (see Alber [30]). Let C be a nonempty closed convex subset of a smooth Banach space E
and x € E. Then, xo = Ilcx if and only if

(xo-y,Jx—Jx0) >0, VyeC. (2.5)

Lemma 2.3 (see Alber [30]). Let E be a reflexive, strictly convex, and smooth Banach space, let C
be a nonempty closed convex subset of E, and let x € E. Then

¢ (y, ex) + ¢(Iex, x) < p(y,x), VYyeC. (2.6)

Lemma 2.4 (see Chang et al. [26]). Let E be a uniformly convex Banach space, r > 0 a positive
number, and B, (0) a closed ball of E. Then, for any given sequence {x;};2; C B,(0) and for any given
sequence {A;}2, of positive number with 37> 1 A, = 1, there exists a continuous, strictly increasing,
and convex function g : [0,2r) — [0, c0) with g(0) = 0 such that for any positive integers i, j with
i<j,

0

2 0
Ann|| < D Anllall® = Aidjg (|| = x5]])- (2.7)
n=1

n=1

Lemma 2.5 (see Chang et al. [26]). Let E be a real uniformly smooth and strictly convex Banach
space with Kadec-Klee property, and C be a nonempty closed convex subset of E. Let T : C — Cbea
closed and asymptotically relatively nonexpansive mapping with a sequence {k,} C [1,00),k, — 1.
Then F(T) is closed and convex subset of C.

For solving the generalized mixed equilibrium problem (or a system of generalized
mixed equilibrium problem), let us assume that the bifunction f : CxC — Rand¢:C — R
is convex and lower semicontinuous satisfies the following conditions:

(Al) f(x,x) =0forall x € C;
(A2) f is monotone, thatis, f(x,y) + f(y,x) <Oforall x,y € C;
(A3) foreach x,y,z € C,

hntll%up ftz+ (1 -t)x,y) < f(x,y); (2.8)

(A4) for each x € C, y — f(x,y) is convex and lower semicontinuous.
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Lemma 2.6 (see Chang et al. [26]). Let C be a closed convex subset of a smooth, strictly convex,
and reflexive Banach space E. Let A : C — E* be a continuous and monotone mapping, ¢ : C — R
is convex and lower semicontinuous and f be a bifunction from C x C to R satisfying (A1)—(A4). For
r > 0and x € E, then there exists u € C such that

fwy) +(Auy —u) +¢(y) —¢(u) + }(y —u,Ju—-Jx)>0, VyeC (2.9)

Define a mapping K¢, : C — C as follows:

K (x) = {u €eC: f(uy)+{(Au,y—u)+¢(y) —¢u) + %(y—u,]u—]x) >0, Vy e C}
(2.10)

forall x € E. Then, the following hold:

(i) Ky, is singlevalued;

(ii) Ky, is firmly nonexpansive, that is, for all x,y € E, (Ky,x — K¢y, JKsrx — JKf,y) <
(Kfrx = Kpry, Jx = Jy);

(i) F(Ky,) = F(Ky,);

(iv) u € C is a solution of variational equation (2.9) if and only if u € C is a fixed point of Ky,
(V) F(Kyr) =<

(vi) Q is closed and convex;

(vii) ¢(p, Ks,z) + (Kf,2z,2) < p(p, ), for all p € F(Ky,), z € E.

3. Main Results

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space, let C be a nonempty,
closed, and convex subset of E. Let A; : C — E* be a continuous and monotone mapping,
¢i : C — R be a lower semi-continuous and convex function, f; be a bifunction from C x C to
R satisfying (A1)-(A4), Ky, ,, is the mapping defined by (2.10) where r; > r > 0, and let {T;};,
{Si}i2, be countable families of closed and uniformly L;, p;-Lipschitz continuous and asymptotically
relatively nonexpansive mapping with sequence {ky}, {¢n} C [1,00); kn — 1, — 1 such that
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F = (mf.\:flﬁi) N (NEF(T)) N (N2, F(S;)) #0. Let {x,} be a sequence generated by xo € C and
Co=C,

Yn = J! <ﬂn,0](xn) + iﬁmiﬂTinxn))'
i=1

Zp = ]_1 (“n,O](xn) + Zan,i](s?yn)>/

i=1
| i 3.1)
uS) — Kfi,rini—llri—l e Kflrrl(zn), i=1,2,...,N,

Cps1 = {z €eCy: ,:rr;a_l_xN¢<z, uif’) S P(z,%0) + 65, P(2,yn) < Pz, x,) + én},

i=1

Xni1 = Ig,,, x0, Yn2>0,

n+l

where ¢, = sup egc(kn -1D¢p, xn), On = 60 +&nln, and 6, = suppeg(gn -1)¢(p, xu). The coefficient
sequences {an,;i} and {B,;} C [0, 1] satisfy the following:

(1) XZoani =1
(ii) X% Pni = 1;
(iii) liminf, , ,an0an; > 0, for all i > 1;

(iv) liminf, , o BnoPni > 0, for all i > 1,

Q;,i=1,2,...,N is the set of solutions to the following generalized mixed equilibrium problem:
fi(zy) +(Aiz,y —z) +¢i(y) —¢i(z) 20, VyeC i=12,...,N. (3.2)

Then the sequence {x,} converges strongly to I'lgx.

Proof. We first show that C,, for all n > 0 is closed and convex. Clearly Cy = C is closed and
convex. Suppose that Cy is closed and convex for some k > 1. For each z € Cy, we see that

P(z, u;f)) < ¢(z, xi) is equivalent to

2((z 00 = (24 )) < el - [ (33)
By the set of Ci.1, we have

Cn+1 =

—

zeC,: i:{gi?de)(Z, u,(j)> < P(z,xp,) + Qn}
(3.4)

=z

{z eC: d)(z,uﬁ?) <Pz, xp) + Qn}.

]
—_

Hence, C,,,1 is also closed and convex.
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By taking o) = Ky i Ky fia - Ky p forany j € {1,2,...,i} and QY =Tforalln>1.
We note that 1) = ©i z,,.

Next, we show that ¢ C Cy, for all n > 1. For n > 1, we have ¥ C C = C;. For any given
pEF = (ﬁglﬁi) N (N2, F(T;)) N (N2, F(Si)). By (3.1) and Lemma 2.4, we have

(P, yn) = ¢<P, J! <2ﬁn,JTi"xn>>

= ”P”2 - Zﬁn,ﬂ(P, JT!'x,) +
i=0

2

Z,ﬁn,i]Tinxn

i=0

<Pl = X Bni2(p TT7xn) + D Puill I T xall” = BroBrig (1T Tg 20 = T ))
i=0 i=0

= lpl* - Zoﬂn,i2<P, JTi%n) + ZO',ﬁn,illTi"xn||2 = ProPuig (|l J2n =TT/ %)

D Puid (0, T/'xn) = BuoPrig (| Jxn = JT]'xn]|)
i=0

IN

kn (P, 2%n) = BroPnig (|| J2n = JT}"xn]|)
< ¢(p,xn) +sup(kn = 1) (p, Xn) = PuoPnig ([|Jxn = JT}'xa )

peF
< @(pxn) +&n = ProPrig (|| Jxn = JTxnl|)
< (p,xn) +éns
(3.5)

where §, = SUPpeq (kn = 1)P(p, x2).
By (3.1) and (3.5), we note that

(pus) = d(p.©yzn)
< ¢(p,zn)

<¢ <p, J! <an’0 Joxn+ Y ]s;lyn>>
i=1

_ ||p||2—z<p,an,ofxn+zfsryn> :

i=1

2

an,O]xn + Z]S?yn

i=1

< ||P||2 - 2an,O<Pl ]xn> - zzan,i<p/ ]Sryn> + an,()“xnllz + Z”S:l]/n”z
i=1 i=1

=t 00,ig|| Jxn = TS|
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<o (P, xXn) + D i (P, SPyn) — Anonig||Jn = JST |
i=1
< an0p (P, Xn) + 6n D O (P, Yn) — An0nig|| JxXn = ISy
i=1

< o (P, Xn) + n D i (PP, Xn) +én) — An0nig|| JXn = ISy

i=1

< “n,O(i) (P, xn) + énzan,i‘i)(pr xn) + gngnzan,i - “n,Oan,ig”]xn - ]Slnyn”

i=1 i=1

< §n¢(P, xn) + éngnzan,i - an,O‘Xn,ig”]xﬂ - ]S?y” ”
i=1

< ¢(p, xn) +5up(Cn — DP(p, xn) + énln D, Ani = An0tnig|| Jxn = IS yn||
peF i=1
< P(p, xXn) + 6u + &nln — An0@ni || Jxn — JSTyl|
< P(p, xn) + 0y,
(3.6)
where 6,, = su (& —1D)p(p,x,), 0, = 6, + éuCn. By assumptions on {k,} and {{,}, we have
Ppeg p y p

én = sup(k, - 1)¢(P/ xn)
peF

(3.7)
<sup(k, - 1)(||p|| + M)2 —0 asn— oo,
pe¥
6n = SuP(Cn - 1)4’(?/ xn)
peF
(3.8)

<sup(& - D (||p|| + M)2 — 0 asn— oo,
pet

where M = sup, ., || x|

So, we have p € Cyia. This implies that ¢ € C,, for all n > 0 and also {x,} is well
defined.

From Lemma 2.2 and x,, = I'lc, x9, we have

(xn—z,Jx0— Jxn) 20, VYzeC,,
(3.9)
(xn—p, Jxo—Jxn) >0, VpeCy.

From Lemma 2.3, one has

¢ (xn, x0) = $(Ic,x0, X0) < P(p, x0) = p(p, xn) < ¢(p, x0) (3.10)
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forallp € F € C, and n > 1. Then, the sequence {¢(x,, xp)} is also bounded. Thus {x,} is
bounded. Since x, = I'lc,xp and x,.1 =Ilc,,,x0 € Cyyq1 C Cp, we have

n+l

¢ (xn,x0) < P(xp41,x0), VYVneN. (3.11)

Therefore, {¢(x,,x0)} is nondecreasing. Hence, the limit of {¢(x,, x¢)} exists. By the
construction of C,, one has that C,, ¢ C,, and x,, = ¢, x9 € C, for any positive integer
m > n. It follows that

(i)(xmrxn) = ¢(XMIHC,,~X0)
< ¢ (xm, x0) = p(Ic, x0, x0) (3.12)
= ¢(xml xo) - (;b(xn/ xO)'

Letting m,n — 0 in (3.12), we get ¢(x;,, x,) — 0. It follows from Lemma 2.1, that ||x,, —
Xnl| — 0asm,n — oo. Thatis, {x,} is a Cauchy sequence.

Since {x,} is bounded and E is reflexive, there exists a subsequence {x,,} C {x,} such
that x,, — u. Since C, is closed and convex and C,,1 C C,, this implies that C, is weakly
closed and u € C,, for each n > 0. since x,, = I'lc, xp, we have

¢(xn,, x0) < P(u, x0), VYn; >0. (3.13)
Since
lim inf ¢ (xs,, x0) = Him inf{ 1| = 2022, J%0) + |0l
< Jull® = 21, J%0) + 1o (3.14)
= ¢(u, xp).
We have
P(u, x0) < 11711?Ligf¢(xni,xo) < limsup ¢(xy,, x0) < P(u, x0). (3.15)

n;i — o

This implies that lim,, ¢ (xn,, x0) = ¢(u, x0). That is, ||x,,|| — |[|u||. Since x,, — u, by the
Kadec-klee property of E, we obtain that

lim x,,, = u. (3.16)

n—oo

If there exists some subsequence {x,,} C {x,} such that x,, — g, then we have

$(u,q) lim ¢<xni,xnj) < lim <(])(xm,x0) - ¢<ch/_ xo,x()))

n,~~>oo,njﬁoo ni~>oo,nj~>oo

lim <¢(xm,x0) - ¢<xn].x0,x0>> =0.

nj — 00,1 — 0

(3.17)
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Therefore, we have u = g. This implies that

lim x, = u. (3.18)

n— oo
Since

P (xn+1, Xn) = P(xn11, I, x0) < P(xn41, x0) — (I, x0, X0)

(3.19)
= P (xns1, X0) — P (x5, X0)
for all n € N, we also have
Tim p(ne1, %) = 0. (3.20)
Since xp41 = Ic,,, X0 € Cpy1 and by the definition of C,.q, fori=1,2,..., N, we have
¢ (%ne1, 1) < P(nt, %) + 6. (3.21)
Noticing that limy, -, o, (X441, x,) = 0, we obtain
lim ¢(xn+1,u;) =0, fori=1,2,...,N. (3.22)
It then yields that lim,, _, o (||2ps1 ]| —|[24,]]) = 0, for all i = 1,2,..., N.Since lim, _, o, ||xy+1]| = [Ju],
we have
15130”14“ =|lul, Vi=1,2,...,N. (3.23)
Hence,
r}iilgo||]u; =Jul, VYi=1,2,...,N. (3.24)
From Lemma 2.1 and (3.22), we have
lim x50 - 2] = r}ilrgo| xw1—uil|=0, Vi=1,2,...,N. (3.25)
By the triangle inequality, we get
Jlim x,-u | =0 Vi=12,...,N. (3.26)
Since ] is uniformly norm-to-norm continuous on bounded sets, we note that
T}ijrgo"]xn —Jui|| = 71113;0||]xn+1 —Jui|l=0, vi=12,...,N. (3.27)




14 Journal of Applied Mathematics

Now, we prove that u € (02, F(T;)) N (N2, F(S;)). From the construction of C,, we
obtain that

G (Xni1,Yn) < P(Xni, Xn) + én- (3.28)
From (3.7) and (3.20), we have
lim ¢ (xp1,yn) = 0. (3.29)
By Lemma 2.1, we also have
nhf;o”x”” -ya| =0. (3.30)
Since J is uniformly norm-to-norm continuous on bounded sets, we note that

nli_r)r(}oll]xnﬂ - ]yn” =0. (331)

From (2.4) and (3.29), we have (||xu:1] = lyal)*> — 0. Since ||xps1| — [|ul], it yields that

lynll — llull as n — oo. (3.32)

Since ] is uniformly norm-to-norm continuous on bounded sets, it follows that

1Tyall — IJull as n— oo. (3.33)

This implies that {Jy,} is bounded in E*. Since E is reflexive, there exists a subsequence
{Jyn,} € {Jyn} such that Jy,, — r € E*. Since E is reflexive, we see that J(E) = E*. Hence,
there exists x € E such that Jx = r. We note that

G (Xnir, V) = %112 = 201, T ) + || ||
(3.34)

= 2wl = 201, Ty} + || T

Taking the limit interior of both side and in view of weak lower semicontinuity of norm || - ||,
we have

0> [lull® - 2(u,r) +|Ir]
= [lull* - 2w, Jx) + | Jx|* (3.35)
= [lull® = 2¢u, Jx) + ||x|]* = p(u, x),

that is, u = x. This implies that r = Ju and so Jy, — Jp. It follows from lim, _ || Jy.| =
||Jul|, as n — oo and the Kadec-Klee property of E* that Jy,, — Ju asn — oo. Note



Journal of Applied Mathematics

15

that J=! : E* — E is hemicontinuous, it yields that y,, — u. It follows from lim,,_, ., ||u,|| =

lull, as n — oo and the Kadec-Klee property of E that lim, oY, = U
By similar, we can prove that

lim y, = u.

By (3.20) and (3.30), we obtain

lim ||, — ya|| = 0.

n—o

Since J is uniformly norm-to-norm continuous on bounded sets, we note that
i |7, - Jyall = 0.

So, from (3.27) and (3.31), by the triangle inequality, we get

=0, fori=1,2,...,N.

lim “]yn - ]ui,

n— oo

Since J~! is uniformly norm-to-norm continuous on bounded sets, we note that

lim ||y, —u,||=0, fori=1,2,...,N.

n— oo

Since

$(p,xa) = (P, yn) = Ixall® = Nyall” = 2(p, Txu = Tyn)
< lall® = lyall” + 20l | 1T = Ty
< [l2n = wall (lxall + zmll) + 21l 17200 = Tyall-

From (3.37) and (3.38), we obtain
¢(p,xn) = ¢(p,yn) — 0, n— 0.

On the other hand, we observe that, fori=1,2,...,N.

i

Uy

"-2(p, Jou - i)

¢ (p, xn) —¢<p,u;> = [lxall? - |

i

Uy

] 1| TR s

(Hleall +

2
< - |

<

i
Uy,

Xy — Uy,

) + 2l 7en - 7o

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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From (3.22) and (3.27), we have

(p,x) - ¢(p i) —0, n— oo, ¥i=1,2,...,N. (3.44)

Foranyp € ﬁglgi N (NEF(T:)) N (N, F(S;)), it follows from (3.5) that
Probrig (|70 =TT xul[) < (P, xn) +&n = ¢ (p, yn)- (3.45)
From condition, liminf, , ,,B,0x; > 0, property of g, (3.7), and (3.42), we have that
|Jxn = JT/'xs|| — 0, n— o0, Vi=1,2,...,N. (3.46)

Since x, — u and ] is uniformly norm-to-norm continuous. It yields Jx, — Jp. Hence from
(3.46), we have

%0 = T'xu|| — 0, n— o0, Vi=1,2,...,N. (3.47)

Since x, — wu, this implies that lim,, ., JT'x, — Juasn — oo. Since J':E* - Eis
hemicontinuous, it follows that

T!'x, —u, foreachi>1. (3.48)

On the other hand, for each i > 1, we have

T a]| = llull = [T 2n || = [l
(e T3] = el (3.49)
<|\|T'xw—u|| — 0, n— oo.
from this, together with (3.48) and the Kadec-Klee property of E, we obtain
T/'x, — u, foreachi>1. (3.50)

On the other hand, by the assumption that T; is uniformly L;-Lipschitz continuous, we have

n+1 n n+1 n+l
T x, =T xp T xy =T xpi1

n+1
Ti Xn+1 — X+l

<

‘|

+ || 2041 — xp | + ||xn - Ti"xn”
(3.51)
< (Li + D)||lxpe1 — xall + |

n+1
Ti Xn+1 — Xn+l

+ |[oen = T/ |-
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By (3.18) and (3.50), we obtain

lim

n—oo

T, — Tl'x,|| =0, Vix1, (3.52)

and limnHwTi””xn = u, that is, TiT"x, — u, for all i > 1. By the closeness of T;, we have
Tiu = u, for all i > 1. This implies that u € N, F(T;).
By the similar way, we can prove that for each i > 1

|Jxn = JS'yu|| — 0, n— co. (3.53)

Since x, — wu and J is uniformly norm-to-norm continuous. it yields Jx, — Jp. Hence from
(3.53), we have

|7 = Styu|| — 0, n— oo. (3.54)

Since x, — wu, this implies that lim,,..JS'y, — Juasn — co. Since J':E* - Eis
hemicontinuous, it follows that

Sy, —u, foreachi>1. (3.55)

On the other hand, for each i > 1, we have

STyl = luall = ||| SFym]| = Ilnell]

(3.56)
< ISty -ull —0, n— e
From this, together with (3.54) and the Kadec-Klee property of E, we obtain
S'yn — u, foreachi>1. (3.57)

On the other hand, by the assumption that S; is uniformly p;-Lipschitz continuous, we have

S?H}/n _ S:’lyn S:H—lyn _ S?+1yn+1 +

n+1
Si Yn+l — Ynal

<

+ |y = Yl + lyn = Styall (358)

< (ui+ D|ynir =yl + | S Y1 = Yt

+ llyn = Siall
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By (3.36) and (3.57), we obtain

lim

n— oo

i Yn = Siyn

=0 (3.59)

and limnéwS;‘*lyn = u, thatis, S;T"y, — u. By the closeness of S;, we have S;u = u, for all i >
1. This implies that u € N, F(S;). Hence u € (N2, F(T;)) N (N2, F(S:))-
Next, we prove that u € rﬁlQi. Forany p € ¥, foreachi=1,2,...,N, we have

()b(uiu Zn) = ¢<®i¢znr Zn>
<¢(p,2n) ~ 9 (p,Ohzn)

(3.60)
= $(p.z0) — $(p, )
< ¢(p,xn) +6n —(;I)(p,u;) — 0, asn — oo.
It then yields that lim,, _, o, (||}, || = ||zn]|) = 0. Since lim,, _, o ||u},|| = ||u]|, for all i > 1, we have
im [z, || = lul]- (3.61)
Hence,
Hm [[Jzu]| = [|]ull- (3.62)
This together with lim,, _, o, ||} || = |lu|| show that for eachi=1,2,...,N,
Tim |[|u, - H = lim || Jui, - Juit|| = 0, (3.63)
where u(,’l = z,. On the other hand, we have
ul, = Ky, ,ul,!, foreachi=2,3,...,N, (3.64)

and u/, is a solution of the following variational equation
i i i i 1 ior i
f,-(un,y) + <Aiun,y - un> +i(y) - qri<un> + Z<y —uy,, Ju, — Ju, 1> >0, VYyecC. (3.65)
By condition (A2), we note that

(At y — 1)+ gi(y) - g () + rl<y -t Juy = ") (3.66)

>~ fi (ui;/y) > fi (y, uil), vy eC.
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By (A4), (3.63), and u!, — uforeachi=2,3,...,N, we have
(A, y —uy +¢i(y) — ¢i(u) > fi(y,u), VYyeC. (3.67)

For0 <t <1land y € C, define y; = ty + (1 — t)u. Noticing that y,u € C, we obtain y; € C,
which yields that

(A, ye — u) + i (ye) — i) > fi(ys,u). (3.68)
In view of the convexity of ¢ it yields
KA,y —u) +H(gi(y) - ¢i(w)) = fi(y, u).- (3.69)
It follows from (A1) and (A4) that

0= fi(y,yi) <tfi(yny) + A=) fi(yi,u)

(3.70)
<tfilyoy) + A= Ht[(Any —u) + (¢i(y) - gi(w))]-
Lett — 0, from (A3), we obtain the following:
filwy) + (A, y —u)y +¢i(y) —gi(u) >0, VyeC, i=12,...,N. (3.71)

This implies that u is a solution of the system of generalized mixed equilibrium problem (3.2),
thatis, u € NY,Q;. Hence, u € F := (NN, Q) N (N2, F(T;)) N (N%,F(S))).

Finally, we show that x, — u = Ilrxy. Indeed from w € F C C, and x,, = I'lc,xo, we
have the following:

P (xn, x0) < p(w, xp), Vn>0. (3.72)

This implies that
P, x0) = Tim (x, x0) < P(a0, ). (3.73)
From the definition of I1rx( and (3.73), we see that u = w. This completes the proof. O

Since every asymptotically relatively nonexpansive mappings is quasi-¢-nonexpan-
sive mappings, hence we obtain the following corollary.

Corollary 3.2. Let E be a uniformly convex and uniformly smooth Banach space, let C be a
nonempty, closed, and convex subset of E. Let A; : C — E* be a continuous and monotone
mapping, ¢; : C — R be a lower semi-continuous and convex function, f; be a bifunction from
C x C to R satisfying (A1)~(A4), Ky, , is the mapping defined by (2.10) where r; > r > 0, and
let {Ti}2;, {Si}2y be countable families of closed and quasi-p-nonexpansive mapping such that
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F = (mf.\:flﬁi) N (NEF(T)) N (N2, F(S;)) #0. Let {x,} be a sequence generated by xo € C and
Co = C, such that

Yn = ]_1 <,Bn,0](xn) + iﬂn,i](Tixn)>/

i=1

Zp = ]_1 <an,0](xn) + Zan,i](si]/n)>/

i=1
| (3.74)
u7(11) _ Kfi,Tini—l/rifl ... Kf1,T1 (zn), i=1,2,...,N,

Cpi1 = {z eC,: i:ﬂ%}\](‘b@’ uf?) < P(z,x), (;b(z,yn) <P(z, xn)},

Xn+1 = HC X0, Vn > O/

n+l

where Ic is the generalized projection from E onto C, ] is the duality mapping on E. The coefficient
sequences {a,;} and {f;} C [0,1], satisfying:

(1) XZoani =1
(ii) XZPni=1
(iii) liminf, _ a0, > 0, for all i > 1;

(iv) liminf, o Bn0Pni > O, for all i > 1.

Q;,i=1,2,...,N is the set of solutions to the following generalized mixed equilibrium problem:
fi(zy) +(Aiz,y —z) +¢i(y) —¢i(z) 20, VyeC i=12,...,N. (3.75)

Then the sequence {x,} converges strongly to I'lgx.

If Ai = A,gi = ¢,and f; = f for alli > 1 in Theorem 3.1, we obtain the following
corollary.

Corollary 3.3. Let E be a uniformly smooth and uniformly convex Banach space, let C be a nonempty,
closed, and convex subset of E. Let A : C — E* be a continuous and monotone mapping,
¢ : C — R be a lower semicontinuous and convex function, f be a bifunction from C x C
to R satisfying (A1)-(A4), Ky, be the mapping define by (2.10) where r > 0, and let {T;}Z;,
{Si}i2, be countable families of closed and uniformly L;, pi-Lipschitz continuous, and asymptotically
relatively nonexpansive mappings with sequence {ky}, {¢,} C [1,00); kn — 1,{n — 1 such that
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F = Qn (NZ,F(T;)) N (N2, F(Si)) #0. Let {x,} be a sequence generated by xo € C and Co = C,
such that

Yn = ]_1 <,Bn,0](xn) + Zﬂn,i](Tinxn)>r
i=1

Zp = ]_1 <an,0](xn) + Zan,i](s?yn)>/
i=1

(3.76)
Uy = Kf,rzn/

Cur = {2 o max §(=7) < bz + 00, $(z ) < Bl + 8 |

i=1,2,.,N

Xn+1 = HC X0, Vn— 2 0/

n+l1

where &, = sup est(kn -1D¢p, xn), On = 6n+&uGn, and 6, = suppegc(gn -1)¢(p, xu). The coefficient
sequences {ay ;| and {P,;} C [0,1], satisfying:

(i Zf:o Xn,i = 1;

(ii) X% Pni=1

(iii) liminf, _ a0ty > 0, for all i > 1;

)
)
)
(iv) liminf, o Bn0Pni > O, for all i > 1.
Then the sequence {x,} converges strongly to I'lgx.

If i = 1 in Theorem 3.1, then we obtain the following corollary.

Corollary 3.4. Let E be a uniformly smooth and uniformly convex Banach space, let C be a nonempty,
closed, and convex subset of E. Let A : C — E* be a continuous and monotone mapping,
¢ : C — R be a lower semicontinuous and convex function, f be a bifunction from C x C to R
satisfying (A1)~(A4), K¢, is the mapping define by (2.10) where r > 0, and let T, S are two closed
and uniformly L, p-Lipschitz continuous and asymptotically relatively nonexpansive mappings with
sequence {kn},{¢n} C [1,0); ky — 1,6 — 1such that F .= QN F(T)NF(S)#0. Let {x,} bea
sequence generated by xo € C and Cy = C, we have

Yn = ]_1 (ﬁn]xn + (1 _ﬂn)]Tnxn)/
Zn = ]71 (“n]xn +(1- “n)]snyn)/

Un = Kf,rznf (377)
Conn ={z€Cp:P(z,un) < P(z,x1) + 0, ¢(2,yn) < P(2,x0) +én},
Xn+1 = HC,,HxO/ Vn > O/

where &, = suppeg(kn -1D¢(p, xn), On = 6n+&nGn, and 6, = suppegc(gn -1)¢(p, xu). The coefficient
sequences {a,} and {B,} C [0, 1], satisfying
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(D1) liminf,_, a,(1 — a,) > 0;
(D2) liminf, ., (1 - B,) > 0.

Then the sequence {x,} converges strongly to I'lgx.

Remark 3.5. Theorem 3.1 and Corollary 3.3 improve and extend the corresponding results of
Petrot et al. [24], Kumam and Wattanawitoon [25], and Chang et al. [26] in the following
senses:

(i) for the mappings, we extend the mappings from nonexpansive mappings, hemirel-
atively nonexpansive mappings to two infinite family of closed asymptotically
relatively nonexpansive mappings;

(ii) from a solution of the classical equilibrium problem to a system of generalized
mixed equilibrium problems and the generalized mixed equilibrium problem with
an infinite family of closed relatively nonexpansive mappings.

Remark 3.6. Corollary 3.4 improves and extends the corresponding results of Theorem 3.1 in
Kumam and Wattanawitoon [25] and Corollary 3.3 in Saewan et al. [11] in the following
senses:

(i) the mapping in [11] and [25]

(ii) the conditions (D1) and (D2) of the parameters {a,} and {f,} are weaker and
not complicated than the conditions (C1)-(C3) in [[25], Theorem 3.1] and [[11],
Theorem 3.1] which are easy to compute.
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