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The authors have obtained the following results: (1) the definition of uniformly closed countable
family of nonlinear mappings, (2) strong convergence theorem by the monotone hybrid algorithm
for two countable families of hemirelatively nonexpansive mappings in a Banach space with new
method of proof, (3) two examples of uniformly closed countable families of nonlinear mappings
and applications, (4) an example which is hemirelatively nonexpansive mapping but not weak
relatively nonexpansive mapping, and (5) an example which is weak relatively nonexpansive
mapping but not relatively nonexpansive mapping. Therefore, the results of this paper improve
and extend the results of Plubtieng and Ungchittrakool (2010) and many others.

1. Introduction and Preliminaries

Let E be a Banach space with the dual E*. We denote by ] the normalized duality mapping
from E to 2E" defined by

Jx={feE: (xf) = = |fI}, (L1)

where (-, ) denotes the generalized duality pairing. It is well known that the normalized
duality J has the following properties: (1) if E is smooth, then J is single valued; (2) if E
is strictly convex, then J is one-to-one (i.e.,, Jx N Jy = @ for all x#y); (3) if E is reflexive,
then ] is surjective; (4) if E has Frchet differentiable norm, then J is uniformly norm-to-norm
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continuous; (5) if E is uniformly smooth, then J is uniformly norm-to-norm continuous on
each bounded subset of E; (7) if E is a Hilbert space, then ] is the identity operator.

As we all know that if C is a nonempty closed convex subset of a Hilbert space H
and Pc : H — C is the metric projection of H onto C, then P¢ is nonexpansive. This fact
actually characterizes Hilbert spaces, and, consequently, it is not available in more general
Banach spaces. In this connection, Alber [1] has recently introduced a generalized projection
operator Ilc in a Banach space E which is an analogue of the metric projection in Hilbert
spaces.

Let E be a smooth Banach space. Consider the function defined by

P(x,y) = lxl*-2(x, Jy) + ||y||2 for x,y € E. (1.2)

Observe that, in a Hilbert space H, (1.2) reduces to ¢(x,y) = [|x - y||*>, x,y € H.

The generalized projection Ilc : E — C is a map that assigns to an arbitrary point
x € E the minimum point of the functional ¢(x, y), that is, ITcx = X, where X is the solution
to the minimization problem

$(x, x) = r;leig¢(y, x), (1.3)

existence and uniqueness of the operator I'lc follow from the properties of the functional
¢(x,y) and strict monotonicity of the mapping | (see, e.g., [1, 2]). In Hilbert space, I'lc = Pc.
It is obvious from the definition of function ¢ that

Iyl = Nl < ¢y, x) < (lyll + lIxll)* Vx,y € E. (1.4)

If E is a reflexive strictly convex and smooth Banach space, then for x, y € E, ¢(x,y) =0
if and only if x = y. It is sufficient to show that if ¢(x, y) = 0, then x = y. From (1.4), we have
llxll = |lyll. This implies that (x, Jy) = ||x||*> = ||Jy||*. From the definitions of j, we have
Jx = Jy. That s, x = y; see [3, 4] for more details.

Let C be a closed convex subset of E, and let T be a mapping from C into itself with
nonempty set of fixed points. We denote by F(T') the set of fixed points of T. T is called hemi-
relatively nonexpansive if ¢(p, Tx) < ¢(p, x) forallx € Cand p € F(T).

A point p in C is said to be an asymptotic fixed point of T if C contains a sequence {x,}
which converges weakly to p such that the strong lim,, _, .. (Tx, —x,,) = 0. The set of asymptotic
fixed points of T will be denoted by E(T). A hemi-relatively nonexpansive mapping T from
C into itself is called relatively nonexpansive if F(T) = F(T) (see, [5D-

A point p in C is said to be a strong asymptotic fixed point of T if C contains a sequence
{xn} which converges strongly to p such that the strong lim, _, ,(Tx, — x,) = 0. The set of
strong asymptotic fixed points of T will be denoted by F(T). A hemi-relatively nonexpansive
mapping T from C into itself is called weak relatively nonexpansive if F (T) = F(T) (see, [6]).

The following conclusions are obvious: (1) relatively nonexpansive mapping must be
weak relatively nonexpansive mapping; (2) weak relatively nonexpansive mapping must be
hemi-relatively nonexpansive mapping.

In this paper, we will give two examples to show that the inverses of above two
conclusions are not hold.
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In an infinite-dimensional Hilbert space, Mann’s iterative algorithm has only weak
convergence, in general, even for nonexpansive mappings. Hence in order to have strong
convergence, in recent years, the hybrid iteration methods for approximating fixed points of
nonlinear mappings has been introduced and studied by various authors.

In 2003, Nakajo and Takahashi [7] proposed the following modification of Mann
iteration method for a single nonexpansive mapping T in a Hilbert space H:

xo € C chosen only arbitrarily,

Yn = X + (1= an)Txn,

Cu={2€C: [lyn—z|| < llxu-2I1}, (15)
Qu=1{z€C: (x,—2,x0 - x,) 20},

Xns1 = Pc,ng, (%0),

where C is a closed convex subset of H, and Px denotes the metric projection from H onto a
closed convex subset K of H. They proved that if the sequence {a,} is bounded above from
one, then the sequence {x,} generated by (1.5) converges strongly to Pr()(x0), where F(T)
denote the fixed points set of T

The ideas to generalize the process (1.5) from Hilbert space to Banach space have
recently been made. By using available properties on uniformly convex and uniformly
smooth Banach space, Matsushita and Takahashi [8] presented their ideas as the following
method for a single relatively nonexpansive mapping T in a Banach space E:

xp € C chosen only arbitrarily,

Yn =] H(@n)x0 + (1= ) JTxn),

Co={z€C:¢(z,yn) <P(z,x,)}, (1.6)
Qu=1{zeC:(xy,—2zJxo—-Jx,) >0},

Xn1 = Ic,n0, (%0),

where ] is the duality mapping on E, and Ilk(-) is the generalized projection from E onto a
nonempty closed convex subset K. They proved the following convergence theorem.

Theorem MT. Let E be a uniformly convex and uniformly smooth Banach space, let C be a nonempty
closed convex subset of E, let T be a relatively nonexpansive mapping from C into itself, and let { e, } be
a sequence of real numbers such that 0 < a, < 1 and limsup,, | _ a, < 1. Suppose that {x,} is given
by (1.6), where | is the duality mapping on E. If F(T) is nonempty, then {x,} converges strongly to
ITrryx0, where Ip(ry(-) is the generalized projection from C onto F(T).

Recently, Plubtieng and Ungchittrakool [9] here proposed the following hybrid itera-
tion method for a countable family of relatively nonexpansive mappings in a Banach space
and proved the convergence theorem.
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Theorem PU. Let E be a uniformly smooth and uniformly convex Banach space and let C and C
be two nonempty closed convex subsets of E such that C C C. Let {T,} be a sequence of relatively
nonexpansive mappings from C into E such that (", F(T,) is nonempty, and let {x, } be a sequence
defined as follows:

X € é,
C,=C,
x1 = Il¢, xo,

(1.7)
Yn = ]71 (anJxn + (1 =) Tyuxy),

Cn1 = {Z €Cy: ¢(Z/yn) < ¢(Z/xn)}/ n>1,

Xn+l = HC X0,

n+l

where a,, € [0,1] satisfies either

(@) 0<ay, <1foralln>1andlimsup, , _a,<1or

(b) liminf, _, ,a,(1 —a,) > 0.

Suppose that for any bounded subset B of C there exists an increasing, continuous and convex function
hg from R* into R* such that hg(0) = 0, and

lll(im sup{hg(||Tiz—Tkz||) : z € B} =0. (1.8)
Let T be a mapping from C into E defined by Tx = lim,, . xT,,x for all x € C and suppose that

F(T) = (\F(Tw) = (\F(Tu) = E(D). (1.9)
n=1

n=1

Then {xn}, {Tuxn}, and {yn} converge strongly to I ) xo.

In this paper, the authors have obtained the following results: (1) the definition of
uniformly closed countable family of nonlinear mappings, (2) strong convergence theorem
by the monotone hybrid algorithm for a countable family of hemi-relatively nonexpansive
mappings in a Banach space with new method of proof, (3) two examples of uniformly closed
countable families of nonlinear mappings and applications, (4) an example which is hemi-
relatively nonexpansive mapping but not weak relatively nonexpansive mapping, and (5)
an example which is weak relatively nonexpansive mapping but not relatively nonexpansive
mapping. Therefore, the results of this paper improve and extend the results of Plubtieng and
Ungchittrakool [9] and many others.

We need the following definitions and lemmas.

Lemma 1.1 (Kamimura and Takahashi [10]). Let E be a uniformly convex and smooth Banach
space, and let {x,} and {y,} be two sequences of E. If ¢(x,,yn) — 0 and either {x,} or {y,} is
bounded, then x, — y, — 0.
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Lemma 1.2 (Alber [1]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then, xo = Ilcx if and only if

(xo-y, Jx—=Jx0) >0 foryeC. (1.10)

Lemma 1.3 (Alber [1]). Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty closed convex subset of E, and let x € E. Then

¢(y,Icx) + ¢(Ilex, x) < p(y,x) VyeC. (1.11)

The following lemma is not hard to prove.

Lemma 1.4. Let E be a strictly convex and smooth Banach space, let C be a closed convex subset of
E, and let T be a hemi-relatively nonexpansive mapping from C into itself. Then F(T) is closed and
convex.

In this paper, we present the definition of uniformly closed for a sequence of mappings
as follows.

Definition 1.5. Let E be a Banach space, C be a closed convex subset of E, let {T,},.; be a
sequence of mappings of C into E such that (1,2, F(T,) is nonempty. We say that {T,},.; is
uniformly closed if p € N,-; F(T,) whenever {x,} C C converges strongly to p and ||x, —
Tuxu|| — Oasn — co.

Lemma 1.6 (see [11, 12]). Let E be a p-uniformly convex Banach space with p > 2. Then, for all
x/y S E/ ](x) € ]P(x)/ ‘md](y) € ]p(}/)/

? (1.12)

(x-v,j(x) - j(y)) 2

cP
where ], is the generalized duality mapping from E into E*, and 1/c is the p-uniformly convexity
constant of E.

2. Main Results

Definition 2.1. Let E be a Banach space, let C be a nonempty closed convex subset of E, and
let {T,};2; : C — E, {Su};21 : C — E be two sequences of mappings. If for any convergence
sequence {x,} C C, the following holds:

lim [T, — Spal| = 0. (2.1)

n

Then {T,} and {S,} are said to satisfy the only asymptotically condition.

Theorem 2.2. Let E be a uniformly convex and uniformly smooth Banach space, let C be a nonempty
closed convex subset of E, let {T,,};q : C — E, {Su};ey : C — E be two uniformly closed

n=1 n=1
sequences of hemi-relatively nonexpansive mappings satisfying the asymptotically condition such that
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Fy = M F(T) #0, Fy = (G2 F(Sn) 20, and F = Fy(\F2#0. Assume that {an};20, {Pn}yo,
{Yn)oeo and {6} 5o are four sequences in [0, 1] such that ay + Py + Yn + 6, = 1, lim,, _, oat, = 0 and
0<y <1<l 64 — 0forsome constant y € (0,1). Define a sequence {x,} in C by the following
algorithm:

xo € C arbitrarily,

Yn = J (@] x0 + Bu)xn + YnJ TuXn + 60 ] Suxn), n2=1,

Cn = {Z €Cp: 4)(2'}/") < (I -an)d(z,xn) + an¢(Z,xo)}, n>1, (22)

Co=C,

Xni1 = Ic,x0, n20.

Then {x,} converges strongly to q = Ilrx.

Proof . We first show that C,, is closed and convex for all n > 0. From the definitions of C,,, it
is obvious that C, is closed for all n > 0. Next, we prove that C, is convex for all n > 0. Since

$(z,yn) < (1 - an)(z, xn) + anp(z, x0) (2.3)

is equivalent to

2 (2.4)

2(z, (1= o) Jxn + anJ %0 = Jyn) < (1 = atw)[|2ul* + an|x0]1” = ||

it is easy to get that C, is convex for all n > 0.
Next, we show that F ¢ C, for all n > 1. Indeed, for each p € F, we have

(P yn) = (P, T (@n) %0 + Bu X+ Yu) Tt + 6 S )
= IPII> = 2(p, (@S X0 + BT Xn + Yu  TnXs + 6] Suxn))
+ ||t x0 + BuT Xn + Y TuX + 6] Suxu|®
< lpll* = 22 (p, Jx0) = 2Bu(p, Txu) = 2¥u(p, JTuxn) = 26,(p, ] Suxu)
+ atl|x0l” + Bulloenll + Yul Tuull® + 6ull Spoxall®
< and(p, x0) + Pu (P, Xn) + YuP (P, TuXn) + 6np(p, SnXn)
<anp(p, x0) + (1 = ) (p, xn).

(2.5)

So, p € C,, which implies that F ¢ C,, foralln > 1.
Since xp1 = Ilc,x0 and C,, C C,—1, then we get the following:

@ (xn, x0) < P(xp41,%0), Yn>0. (2.6)
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Therefore, {¢(x,, x0)} is nondecreasing. On the other hand, by Lemma 1.3, we have

¢ (xn, x0) = ¢(Ic, %0, %0) < P(p, x0) = p(p, xu) < P(p, x0), (2.7)

forall p € F(T) C Cyq and for all n > 1. Therefore, ¢(x,, xo) is also bounded. This together
with (3.1) implies that the limit of {¢(x,, x0)} exists. Put the following:

Tim (x, x0) = d. (2.8)

From Lemma 1.3, we have, for any positive integer m, that

¢(xn+m/ xn+1) = ¢(xn+m/ chxo) < ¢(xn+m/ Xo) — ¢(HC,,XO/ Xo)

(2.9)
= ¢(Xnsm, X0) — P(Xns1, X0),
for all n > 0. This together with (3.6) implies that
;}i_{r;ogb(xn+m/xn+1) =0 (2.10)
is, uniformly for all m, holds. By using Lemma 1.1, we get that
Hm [losm = x| =0 (2.11)

is, uniformly for all m, holds. Then {x,} is a Cauchy sequence; therefore, there exists a point
p € Csuch that x, — p.
Since xp41 = Ilc,x9 € Cy, from the definition of C,,, we have the following:

G (Xns1,Yn) < (1= an)P(Xns1, Xn) + Anp (X1, X0). (2.12)

This together with (2.10) and lim,, —, ., = 0 implies that
Jim ¢ (xne1, yu) = 0. (2.13)

Therefore, by using Lemma 1.1, we obtain the following;:
Jim [[i1 = yl| = 0. (2.14)
Since | is uniformly norm-to-norm continuous on bounded sets, then we have the following:

Tim [| Tt = Jyall = 1 [T = Jxal] =0. (2.15)
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Noticing that
||]xn+1 - ]yn” = ”]xn+1 - (an]xo + B xn + Yn) Tnxn + 6n]Snxn> ”
= ”an(]xnﬂ - Jxo) + ﬂn(]xnﬂ = Jxn) + Yn(Uxns1 = JTuxn) + 6n(Jxne1 = JTuxn) ”
> Yn”]an - ]Tnxn” - 6n||]xn+1 - ]Snan

= anl|Jxne1 = Jxol| = BullJxns1 = Jxull,

(2.16)
which leads to
Yn||]xn+1 - ]Tnxn” < ”]xn+1 - ]]/n” + “n”]xO - ]xn+1||
(2.17)
+ Bl Xn1 = Jxull + 6ullJ Xns1 = JSuxnll.
From (2.15) and lim, —, ., = 0, lim, .6, = 0,0 <y <y, <1 we obtain that
Jim [[] x40 = JTxn]| = 0. (2.18)

Since ]! is also uniformly norm-to-norm continuous on bounded sets, then we obtain that

Hm [lxe1 = Toxa|| = 0. (2.19)
This together with (2.11) implies that

im [lx, = Tou|| = 0. (2.20)
Sine {T,,} and {S,} satisfy the asymptotically condition, we also have

Tim [|xy — Syxa]| = 0. (2.21)

Since x, — p and {T, };21, {Sn ) are uniformly closed, we have

peF= <ﬁF(Tn)> ﬂ(ﬁp(sn)) (2.22)
n=1 n=1
Finally, we prove that p = I'lrxg, from Lemma 1.3, we have
¢(p, Texo) + d(Ilrxo, x0) < P(p, x0). (2.23)
On the other hand, x,.1 = I'lc,x9 and F C C,,, for all n. Also from Lemma 1.3, we have

d(ITrx0, Xpi1) + P(xni1, x0) < P(ITFx0, x0). (2.24)
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By the definition of ¢(x, y), we know that
Tim ¢ (xn41, %0) = ¢ (p, %0)- (2.25)

Combining (2.24) and (2.25), we know that ¢(p, xo) = ¢(I1rx0, x0). Therefore, it follows from
the uniqueness of I1rx that p = I1rxp. This completes the proof. O

When a, =0, 6, = 0 in Theorem 2.2, we obtain the following result.

Theorem 2.3. Let E be a uniformly convex and uniformly smooth Banach space, let C be a nonempty
closed convex subset of E, and let {T,,};>, : C — E be a uniformly closed sequence of hemi-relatively
nonexpansive mappings such that F = (\;-q F(T,) #0. Assume that {a,},. is a sequences in [0,1]
such that 0 < a, < a < 1 for some constant a € (0,1). Define a sequence {x,} in C by the following
algorithm:

xo € C arbitrarily,

Yo =) @]+ (1= an)JTxn), n21,
Co={z€Cpi:9(z,yn) <P(z,x4)}, n>1, (2.26)
Co=C,

Xn41 = Ilc,x0, n>0.

Then {x,} converges strongly to q = I'lrxo.

3. Applications for Equilibrium Problem

Let E be a real Banach space, and let E* be the dual space of E. Let C be a closed convex subset
of E. Let f be a bifunction from C x C to R = (oo, +00). The equilibrium problem is to find
x € C such that

f(x,y)>0, VyeC (3.1)

The set of solutions of (1.2) is denoted by EP(f). Given a mapping T : C — E* let f(x,y) =
(Tx,y —x) for all x,y € C. Then, p € EP(f) if and only if (Tp,y —p) > 0 for all y € C, that
is, p is a solution of the variational inequality. Numerous problems in physics, optimization,
and economics reduce to find a solution of (1.2). Some methods have been proposed to solve
the equilibrium problem in Hilbert spaces, see, for instance, [13-15].

For solving the equilibrium problem, let us assume that a bifunction f satisfies the
following conditions:

(Al) f(x,x) =0, forall x € E,
(A2) f is monotone, thatis, f(x,y) + f(y,x) <0, forall x,y € E,
(A3) forall x,y,z € E, only lim suptlof(tz +(1-t)x,y) < f(x,y),

(A4) for all x € C, f(x,-) is convex and lower semicontinuous.
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Lemma 3.1 (Blum and Oettli [13]). Let C be a closed convex subset of a smooth, strictly convex,
and reflexive Banach space E, let f be a bifunction from CxC to R = (-0, +o0) satisfying (A1)—(A4),
and let r > 0 and x € E. Then, there exists z € C such that

f(z,y)+%<y—z, Jz-Jx)>0, VYyeC (3.2)

Lemma 3.2 (Takahashi and Zembayashi [15]). Let C be a closed convex subset of a uniformly
smooth, strictly convex, and reflexive Banach space E, and let f be a bifunction from C x C to R =
(—oo, +o0) satisfying (A1)—(A4). For r > 0, define a mapping T, : E — C as follows:

T, (x) = {ze C:f(zy)+ %(y—z,]z—]x) >0,Yy e C} (3.3)

forall x € E. Then, the following hold:

(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping, that is, for all x,y € E,

(Trx -Tyy, JT,x - JT,y) < (Trx - Ty, Jx - Jy), (3.4)

(3) F(Ty) = EP(f);
(4) EP(f) is closed and convex;

(5) T, is also a relatively nonexpansive mapping.

Lemma 3.3 (Takahashi and Zembayashi [15]). Let C be a closed convex subset of a smooth, strictly
convex, and reflexive Banach space E, let f be a bifunction from C x C to R = (—o0,+o0) satisfying
(A1)—(A4),let v > 0, and let x € E, q € F(T), then the following holds:

$(q,Trx) + (Trx, x) < ¢(g,x). (3.5)

Lemma 3.4. Let E be a p-uniformly convex with p > 2 and uniformly smooth Banach space, and let C
be a nonempty closed convex subset of E. Let f be a bifunction from CxC to R = (-0, +00) satisfying
(A1)—(A4). Let {ry} be a positive real sequence such that lim, _, 1, = r > 0. Then the sequence of
mappings {T, } is uniformly closed.

Proof. (1) Let {x,} be a convergent sequence in C. Let z, = T;, x, for all n, then

f(zmy)+rl<y—zn,]zn—]xn> >0, VyeC, (3.6)

f(Znim, y) + L(y = Znsm JZnim = JXnim) 20, Yy € C. (3.7)

Tn+m
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Putting v = z,14 in (3.6) and v = z,, in (3.7), we have

1
f(zn/Zner) + r_<zn+m —Zn, JZn— ]xn> >0, Vy e,

f(zn+m/ Zn) + r 1 (Zn ~ Zn+ms ]Zn+m - ]xn+m> 2 0/ Vy € C

n+m

So, from (A2), we have

Jzn=Txn  JZnim = JXnim
Zn+m — Zn, - 20,

rTl rn+m

and hence

n

<Zn+m_zn/]Zn_]xn_ ;

n+m

(T 2o - an+m)> > 0.

Thus, we have

n

(Jznam — ]xn+m)> >0,

<Zn+m = Zn, JZn = JZnem + JZnam — JXn —
n+m

which implies that

n

(Zntm = Zn, JZnem — JZn) < <Zn+m = Zn, J Znim — JXn —
Tn+m

By using Lemma 1.6, we obtain the following;:

cP
E”Lﬂm — za|lP < <Zn+m = Zn, J Znam — JXn —

T'n

(Jznem = ]xn+m)> >0

n+m

_ <zn+m 2, (1 _t ) Jznem + = (s = fxn)>.

Yn+m n+m
Therefore, we get the following:

cP _
cP2p Znsm = znll <

n n

1- 1] znsml + JXnim — Jxn

n+m n+m

On the other hand, for any p € EP(f), from z, = T}, x,, we have

Iza =Pl = 1Trx0 =Pl < [l —p

7

(Jznsm — ]xn+m)> > 0.

11

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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so that {z,} is bounded. Since lim,, _, .7, = 7 > 0, this together with (3.14) implies that {z,} is

a Cauchy sequence. Hence T;, x,, = z, is convergent.
(2) By using Lemma 3.2, we know that

(\E(T:,) = EP(f) #0. (3.16)
n=1

(3) From (1) we know that, lim,_, T, x exists for all x € C. So, we can define a
mapping T from C into itself by

Tx=1limT,x, VxeC. (3.17)

n— oo

It is obvious that T is nonexpansive. It is easy to see that

EP(f) = ﬁF(T,n) c F(T). (3.18)

n=1

On the other hand, let w € F(T) and w, = T, w, we have
1
f(wn,y) + T—(y - Wy, Jw, — Jw) >0, VyeC. (3.19)
n

By (A2) we know that

1
n

(y —wn, Jw, — Jw) > f(y,w,), VYyeC. (3.20)

Since w, — Tw = w and from (A4), we have f(y,w) <0, for all y € C. Then, for ¢t € (0,1]
and y € C,

0=f(ty+ (1 -tHw, ty+(1-tw)
<tf(ty+ (A1 -tHw,y)+ (1 -t)f(ty + (1 - Hw,w) (3.21)
<tf(ty+ (1 -tHw,y).

Therefore, we have

fty +(1-tw,y) >0. (3.22)
Letting t | 0 and using (A3), we get the following:

f(w,y)>0, VyeC (3.23)

and hence w € EP(f). From above two respects, we know that F(T) = ;2o F(T+,)-
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Next we show {T;, } is uniformly closed. Assume x, — x and ||x, — T}, x,|| — 0, from

n

above results, we know that Tx = lim,,_, - T}, x. On the other hand, from ||x, — T}, x,|| — 0, we
also get lim,,_, , T, x = x, so that x € F(T) = ;24 F(T},). That is, the sequence of mappings
{T,} is uniformly closed. This completes the proof. O

Theorem 3.5. Let E be a p-uniformly convex with p > 2 and uniformly smooth Banach space,
and let C be a nonempty closed convex subset of E. Let f and g be two bifunctions from C x C to
R = (—o0, +o0) satisfying (A1)-(A4). Assume that {a,} e, {Pn oo Yn)eo, a1d {6}y are four
sequences in [0, 1] such that ay+pp+y,+6, = 1, lim,  ,a, =0, lim, .6, =0,and0<y <y, <1
for some constant y € (0,1). Let {x,,} be a sequence generated by

xo € C arbitrarily,

Yn = ]71 (an]xo + ﬂn]xn + Yn]Tr,,xn + 6n]Sr,,xn)/ n>1,
Cn=1{z€Cp1:9(zyn) <(1-an)p(z,x) + anp(z,x0)}, n21, (3.24)
Co=¢C,

Xpi1 = Ic,xp, n 20,

where

T, (x) = {zeC:f(z,y) +%<y—z,]z—]x> >0, VyEC}, Vx € E,
(3.25)
S (x) = {z €eC:g(zy)+ %(y—z,]z—]x) >0, VyGC}, Vx € E,

and limy, _, »t, = v > 0. Assume that the mappings T, and S, satisfy the asymptotically condition.
Then {x,} converges strongly to q = TIgp(f)nnEp(g) Xo-

Proof. By Lemma 3.4, {T},},;21, {Sr, } =1 are uniformly closed; therefore, by using Theorem 2.2

n=1s
and Lemma 3.2, we can obtain the conclusion of Theorem 3.5. This completes the proof. [

When a,, =0, 6, = 0 in the Theorem 3.5, we obtain the following result.

Theorem 3.6. Let E be a p—uniformly convex with p > 2 and uniformly smooth Banach space, and
let C be a nonempty closed convex subset of E. Let f be a bifunction from C x C to R = (—oo, +o0)
satisfying (A1)—(A4). Assume that {a, ), is a sequences in [0,1] such that 0 < a, < a < 1 for some
constant a € (0, 1). Define a sequence {x,} in C by the following algorithm:

xo € C arbitrarily,

Yn = ]71 (an]xp+ (1 - an)]Trnxn)/ n>1,

Co={z€Cpi:9(z,yn) <P(z,xy)}, n>1, (3.26)
Co=¢C,

Xp1 =1Ile,x9, n20,

where limy, . o7, = v > 0. Then {x, } converges strongly to q = Tlgp(s)Xo.
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4. Applications for Maximal Monotone Operators

In this section, we apply our above results to prove some strong convergence theorem con-
cerning maximal monotone operators in a Banach space E.

Let A be a multivalued operator from E to E* with domain D(A) = {z € E : Az#0}
and range R(A) = {z € E: z € D(A)}. An operator A is said to be monotone if

(x1-x2,y1-y2) >0 (4.1)

for each x1,x, € D(A) and ;1 € Ax1, Y2 € Ax>. A monotone operator A is said to be maximal
if it’s graph G(A) = {(x,y) : y € Ax} is not properly contained in the graph of any other
monotone operator. We know that if A is a maximal monotone operator, then A0 is closed
and convex. The following result is also wellknown.

Theorem 4.1. Let E be a reflexive, strictly convex, and smooth Banach space, and let A be a monotone
operator from E to E*. Then A is maximal if and only if R(J + rA) = E*. forall r > 0.

Let E be a reflexive, strictly convex, and smooth Banach space, and let A be a maximal
monotone operator from E to E*. Using Theorem 4.1 and strict convexity of E, we obtain that
for every r > 0 and x € E, there exists a unique x, such that

Jx € Jx, + rAx,. (4.2)
Then we can define a single-valued mapping J, : E — D(A) by J, = (J + rA)"'J and such a
], is called the resolvent of A, we know that A~'0 = F(J,) for all » > 0.

Theorem 4.2. Let E be a uniformly convex and uniformly smooth Banach space, let A be a maximal

monotone operator from E to E*, and let J, be a resolvent of A for r > 0. Then for any sequence {1y };q

such that iminf, _, 1, > 0, { ]y, } 5oy is a uniformly closed sequence of hemi-relatively nonespansive
mappings.

Proof. Firstly, we show that {],, },2; is uniformly closed. Let {z,} C E be a sequence such
that z, — pand lim,_, »||zx — Jr,2x|| = 0. Since J is uniformly norm-to-norm continuous on
bounded sets, we obtain that

1
—(Jzn _]]rnzn) — 0. (4.3)
Tn
It follows from
1
r_(]zn = JJrzn) € Alr,Zn (44)
n
and the monotonicity of A that

(0= Joz00" = Uz~ Tz ) 20 @5)
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for all w € D(A) and w* € Aw. Letting n — oo, we have (w — p,w*) > 0 for all w € D(A)
and w* € Aw. Therefore, from the maximality of A, we obtain that p € A™10 = F(J,,) for all
n>1, thatis, p € N2y F(J1,)-

Next we show that ], is a hemi-relatively nonexpansive mapping for all n > 1. For
any w € Eand p € F(J,,) = A™10, from the monotonicity of A, we have

$(p, Jnw) = llpll* - 2(p, J T, w) + I, w0l
= Ipll” +2(p, Jw ~ T ], w0 ~ Jw) + 1], ]
= IplI* +2(p, Jw - J T, w) - 2(p, Jw) + || ]y, ]
=PI -~ 2(Jw —p -~ Jn,w, Jw ~ [T, w) = 2(p, Jw) + || ], ]
= Ipl* - 2{Jr,w = p, Jw - ] Jw0)
+2(Jr,w, Jw = ] Jr,w) = 2(p, Jw) + | J,wl?
<Pl +2¢Jn,w, Jw = T Jn,w) ~ 2(p, Jw) + |, I
= 1Pl - 2(p, Jw) + l[w]? = Tl + 2], Jw) - |[wo]?
=¢(p,w) - p(Jr,w, w)
<¢(pw).

(4.6)

This implies that J,, is a hemi-relatively nonexpansive mapping for all n > 1. This completes
the proof. O

Theorem 4.3. Let E be a uniformly convex and uniformly smooth Banach space, let A and B be two
maximal monotone operators from E to E* with nonempty common zero point set A~1(0) N B~1(0), let
J2 be a resolvent of A and JE a resolvent of B for r > 0. Assume that {a,} 5o, {Bn )iz, {¥n) o, and
{6n )y are four sequences in [0, 1] such that ay + B + ¥ = 1, lim,— oty = 0, limy, —, 5,6, = 0, and
0 <y < yu < 1 for some constant y € (0,1). Let {x,} be a sequence generated by

xo € C arbitrarily,

Yo = ]! <an]xo B Xn + Y T %0 + 6n]],ljxn), n>1,
Cu={2€Cu1:9(zyn) <(1-a)d(z,x,) + tudp(z,x0)}, n>1, (4.7)
Co=C,

xn+1 = chxOI n 2 0/

where liminf, _, o1, > 0. Assume that the mappings J2 and JE satisfy the asymptotically condition.
Then {x,} converges strongly to q = I'l4-1(9)nB-1(0) X0-
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Proof. From Theorem 4.2, {],,};2; is uniformly closed countable family of hemi-relatively
nonexpansive mappings, on the other hand, A™(0) = N2, F(J,,), by using Theorem 2.2, we
can obtain the conclusion of Theorem 4.3. O

When a,, =0, 6, = 0 in Theorem 4.3, we obtain the following result.

Theorem 4.4. Let E be a uniformly convex and uniformly smooth Banach space, let A be a maximal
monotone operator from E to E* with nonempty zero point set A=1(0), and let J, be a resolvent of A
for r > 0. Assume that {a,}, is a sequence in [0,1] such that 0 < a, < a < 1 for some constant
a € (0,1). Define a sequence {x,} in C by the following algorithm:

xo € C arbitrarily,

Yn =) @] X0+ (L= aa) ] Jr,xn), m21,

Co={z€Cr1:¢(zyn) <P(z,xn)}, n21, (4.8)
Co=C,

Xni1 = Ic,xp, n 20,

where liminf, ., 1, > 0. Then {x,} converges strongly to q = 141 ) xo.

5. Examples

Firstly, we give an example which is hemi-relatively nonexpansive mapping but not weak
relatively nonexpansive mapping.

Example 5.1. Let E = R" and x( # 0 be a any element of E. We define a mapping T : E — E as
follows:

11 Lo (1,1
E + W Xo U X= E + ? X0,
T(x) = (5.1)

forn = 1,2,3,.... Next we show that T is a hemi-relatively nonexpansive mapping but no
weak relatively nonexpansive mapping. First, it is obvious that F(T) = {0}. In addition, it is
easy to see that

ITx|| <llxll, VYx€E. (5.2)
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This implies that
ITx||> = ||x||* < 2(0, JTx - Jx) = 2{p, JTx - Jx) (5.3)
for all p € F(T). It follows from above inequality that
IpII* = 2(p, JTx) + I < [lp|* = 2(p, Jx) + lxI, (5:4)
forallp € F(T) and x € E. That is
¢(p, Tx) < ¢(p, x), (5.5)

for all p € F(T) and x € E; hence T is a hemi-relatively nonexpansive mapping. Finally, we
show that T is not weak relatively nonexpansive mapping. In fact that, letting

1 1
=(=+= =1,2,3,... .
xn (2 + 2n>x0/ n 7 /3/ (5 6)

from the definition of T, we have

1 1
Tx, = <§+ﬁ>xo, n=123,... (57)

which implies that ||x, — Tx,|| — 0and x, — xp (x, — xp) asn — oo. Thatis x € ﬁ(T) but
X0 €F (T)

Next, we give an example which is weak relatively nonexpansive mapping but not
relatively nonexpansive mapping.

Example 5.2. Let E = I?, where

P = {§= (B1,82,8, - dn ) Dl < oo},
n=1

- 1/2
||§||=<Z|§n|2> , VEel, (5.8)
n=1

En)y = Ddttn, VE= (1 éds b )= (MMM 1) €1
n=1
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It is well known that 12 is a Hilbert space, so that (I*)* = I>. Let {x, } C E be a sequence defined
by

xo =(1,0,0,0,...),

X =(1,1,0,0,..),

x =(1,0,1,0,0,..)),

(5.9)
x3=(1,0,0,1,0,0,...),
xn = (‘_Zn,lz gn,ZI é?’l,S/ ey ‘_Zn,k/ .. ')/
where
1 ifk=1 n+1,
nk = (5.10)
0 ifk#1, k#n+1,
for all n > 1. Define a mapping T : E — E as follows:
n
—x, ifx=x,3n>1),
T(x)=4n+1"" " (5.11)
-X if x#x, (Yn>1).
Conclusion 1. {x,} converges weakly to x.
Proof. Forany f = (¢1,62,83,.--,8k,--.) € 2= (lz)*, we have
fxn—x0) = <f/ Xn — .X'o> = Zékén,k =u1 — 0, (5.12)
k=2
asn — oo. Thatis, {x,} converges weakly to xo. O

Conclusion 2. {x,} is not a Cauchy sequence, so that, it does not converge strongly to any
element of 2.

Proof. In fact, we have ||x, — x,|| = v/2 for any n # m. Then {x,} is not a Cauchy sequence. [
Conclusion 3. T has a unique fixed point 0, that is, F(T) = {0}.

Proof . The conclusion is obvious. O
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Conclusion 4. x¢ is an asymptotic fixed point of T.

Proof. Since {x,} converges weakly to xy and

n 1
Il = | L= 2] = gl — 0 6.13)
asn — oo, so that, xg is an asymptotic fixed point of T. O

Conclusion 5. T has a unique strong asymptotic fixed point 0, so that F(T) = F(T).

Proof . In fact that, for any strong convergent sequence {z,} C E such that z, — zy and
|zn = Tzn|| = 0asn — oo, from Conclusion 2, there exists sufficiently large nature number
N such that z, # x;,, for any n,m > N. Then Tz, = -z, for n > N, and it follows from
|z = Tzy|| — Othat2z, — 0and hence z, — zy =0. O

Conclusion 6. T is a weak relatively nonexpansive mapping.

Proof. Since E = I? is a Hilbert space, we have

¢(0,Tx) = [0~ Tx||* = | Tx|* < ||x|I* = |lx - 0" = $(0,x), Vx€E. (5.14)

From Conclusion 2, we have F(T) = F(T), then T is a weak relatively nonexpansive mapping.
O

Conclusion 7. T is not a relatively nonexpansive mapping.

Proof. From Conclusions 3 and 4, we have F(T) # F(T), so that T is not a relatively nonexpan-
sive mapping. g
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