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Let ®(G,\) = det(AM, - L(G)) = ZZ:O(—l)kck(G)A”‘k be the characteristic polynomial of the
Laplacian matrix of a graph G of order n. In this paper, we give four transforms on graphs that
decrease all Laplacian coefficients cx (G) and investigate a conjecture A. Ili¢ and M. Ili¢ (2009) about
the Laplacian coefficients of unicyclic graphs with n vertices and m pendent vertices. Finally, we
determine the graph with the smallest Laplacian-like energy among all the unicyclic graphs with
n vertices and m pendent vertices.

1. Introduction

Let G = (V,E) be a simple undirected graph with n vertices and |E| edges and, let L(G) =
D(G) - A(G) be its Laplacian matrix. The Laplacian polynomial of G is the characteristic
polynomial of its Laplacian matrix. That is

®(G, \) = det(AL, — L(G)) = i(—l)kck(G))L"‘k. (1.1)
k=0

The Laplacian matrix L(G) has nonnegative eigenvalues pi1 > pio > -+ > ptp-1 > p =0

[1]. From Viette’s formulas,

(G =ox(uipio, . pnr) = > [ (1.2)

1€{1,2,...n-1},|I|=k i€l
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is a symmetric polynomial of order n — 1. In particular, we have co(G) = 1,¢1(G) =
2|E(G)|, cx(G) = 0 and ¢,-1(G) = n7(G), where 7(G) is the number of spanning trees of G. If
G is a tree, coefficient ¢,>(G) is equal to its Wiener index, which is a sum of distance between
all pairs of vertices:

en2(G) =W(G) = > d(u,v). (1.3)

u,veV

The Wiener index is considered as one of the most used topological indices with high
correlation with many physical and chemical properties of molecular compounds.

A unicyclic graph is a connected graph in which the number of vertices equals the
number of edges. Recently, the study on the Laplacian coefficients attracts much attention.

Mohar [2] proved that among all trees of order 7, the kth Laplacian coefficients cx(G)
are largest when the tree is a path and are smallest for stars. Stevanovi¢ and Ili¢ [3] showed
that among all connected unicyclic graphs of order n, the kth Laplacian coefficients ci(G)
are largest when the graph is a cycle C,, and smallest when the graph is an S, with an
additional edge between two of its pendent vertices, where S, is a star of order n. He and
Shan [4] proved that among all bicyclic graphs of order n, the kth Laplacian coefficients
¢k (G) is smallest when the graph is obtained from C4 by adding one edge connecting two
non-adjacent vertices and adding 7 — 4 pendent vertices attached to the vertex of degree 3. A.
Ili¢ and M. Ili¢ [5] verified that among trees on n vertices and m leaves, the balanced starlike
tree S(n,m) (see Definition 2.2) has minimal Laplacian coefficients. Some other works on
Laplacian coefficients can be found in [6-8].

In this paper, we determine the smallest kth Laplacian coefficients cx(G) among
all unicyclic graphs with n vertices and m pendent vertices. Thus we completely solve a
conjecture on the minimal Laplacian coefficients of unicyclic graphs with n vertices and m
pendent vertices (see [5]).

Motivated by the results in [3, 4, 9-12] concerning the minimal Laplacian coefficients
and Laplacian-like energy of some graphs and the minimal molecular graph energy of
unicyclic graphs with n vertices and m pendent vertices, this paper will characterize the
unicyclic graphs with n vertices and m pendent vertices, which minimize Laplacian-like
energy.

2. Transformations and Lemmas

In this section, we introduce some graphic transformations and lemmas, which can be used
to prove our main results. The Laplacian coefficients ci(G) of a graph G can be expressed in
terms of subtree structures of G by the following result of Kelmans and Chelnokov [13]. Let
F be a spanning forest of G with components T;, i = 1,2,. .., k having n; vertices each, and let

y(F) = TTE .

Lemma 2.1 (see [13]). The Laplacian coefficient c,,—(G) of a graph G is given by

cak(G) = D, y(F), (2.1)

Fe¥«

where Fi is the set of all spanning forests of G with exactly k components.
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For a real number x, we use |x]| to represent the largest integer not greater than x and
[x] to represent the smallest integer not less than x.

Definition 2.2 (see [5]). The balanced starlike tree S(n,m), 3 < m < n—1, is a tree of order
n with just one center vertex v, and each of the m branches of T at v is a path of length

[(n=1)/m]| or [(n-1)/m].

Let P, be the path with n vertices. A path P : vv1v; - -- v in G is called a pendent path
if d(v1) = d(vp) =+ = d(vk-1) = 2 and d(vi) = 1. If k = 1, then we say vv; is a pendent
edge of the graph G. A leaf or pendent vertex is a vertex of degree one. A branching vertex is
a vertex of degree greater than two. The k paths P, P, ..., P, are said to have almost equal
lengthsif Iy, I, ..., Iy satisty |l; = I;| <1for1<1i,j <k.

Definition 2.3 (see [5]). The dumbbell D(n, a, b) consists of the path P,_,_; together with a
independent vertices adjacent to one leaf of P,_,_, and b independent vertices adjacent to the
other leaf.

The union G = G; |JG; of graph G; and G, with disjoint vertex sets V; and V, and
edge sets Eq and E; is the graph G = (V,E) with V = ViUV, and E = E; J E;. If G is a union
of two paths of lengths a and b, then G is disconnected and has a + b vertices and a + b - 2
edges. Let m(G) be the number of matchings of G containing exactly k independent edges.
Especially, let my (a, b) be the number of k matchings in G = P, J Py.

Lemma 2.4 (see [5]). Let v be a vertex of nontrivial connected graph G, and let G(p, q) denote the
graph obtained from G by adding pendent paths P = vvv; -+ v, and Q = vuuy - - - uy, at vertex v.
Assume that both numbers p and g are even. If p —2 > q + 2 > 4, then for every k we have

me(G(p,q)) <me(G(p-2,q9+2)). (2.2)

Lemma 2.5 (see [12]). Let my(a,b) be the number of k-matchings in G = P,\JP, and n = 4s + r
with 0 < r < 3. Then the following inequality holds:

mi(n,0) >mp(n—2,2) >me(n—4,4) >--- >me(2s +r,2s). (2.3)

Lemma 2.6 (see [5]). Among trees on n vertices and 2 < m < n — 2 leaves, the balanced starlike tree
S(n, m) has minimal Laplacian coefficient ci(G), for every k =0,1,...,n.

Definition 2.7 (see [5]). Let v be a vertex of a tree T of degree m+1. Suppose that Py, P, ..., P,
are pendent paths incident with v, with lengths n; > 1,i = 1,2,...,m. Let w be the neighbor
of v distinct from the starting vertices of paths vy, v,..., vy, respectively. We form a tree
T' = 8(T,v) by removing the edges vvy, vy, ..., 00,1 from T and adding m — 1 new edges
WU, WO, ..., WOy,_1 incident with w. We say that T' is a 6-transform of T.

Lemma 2.8 (see [5]). Let T be an arbitrary tree, rooted at the center vertex. Let vertex v be on
the deepest level of tree T among all branching vertices with degree at least three. Then for the 6-
transformation tree T' = 6(T,v) and 0 < k < n holds:

cx(T) > ¢k (T’). (2.4)
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Figure 1: Example of sr;-transformation.

Lemma 2.9 (see [14]). For every acyclic graph T with n vertices,
cx(T) =m(S(T)), 0<k<mn, (2.5)

where S(T) means the subdivision graph of T.

3. Main Results

In this section, we present four new graphic transformations that decrease the Laplacian
coefficients.

Definition 3.1. Let u be a vertex in the cycle C of a unicyclic graph G, such that u has degree
p + 2 and p pendent paths named P, P, ... P, where P:uiq, uio, ..., ui, 1 <i<p If ] >
l; +2,and let

G =G- Ui —1Ujl + U1 Ui, = Jry (G) (31)

We say that G; is a Jrj-transformation of G.

It is easy to see that sri-transformation preserves the size of a cycle of G and the number
of pendent vertices.

Theorem 3.2. Let G be a connected unicyclic graph with n vertices and m pendent vertices, Gy =
a1(G). Then for every k =0,1,...,n,

cx(G) 2 ck(Ga), (3.2)

with equality if and only if k € {0,1,n—1,n}.

Proof. 1t is easy to see that ¢o(G1) = co(G) = 1, c1(G1) = 2|E(G1)| = 2|E(G)| = c1(G), cn(Gy) =
cn(G) =0, cy-1(Gy) = nt(Gy) = nlE(C)| = n7(G) = ¢c4-1(G).

Now, consider the coefficients ¢,_x (k#0,1,n — 1,n). Let Fx and ¥, be the sets of
spanning forests of G and G; with exactly k components, respectively.

Without loss of generality, we assume that [} > I, +2. Let G; = o1 (G) = G — uy ;,—1u1, +
up, U1 (see Figure 1).
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Figure 2: Example of ir,-transformation.

Obviously, by the definition of the spanning forest, the cycle C in the unicyclic graph
satisfies that C ¢ F € ¥r and C ¢ F; € ¥k, where F and F; are the arbitrary forests in
Fr and ¥Fi,, respectively. Without loss of generality, we remove one of the edges in the cycle
C, say uv, so we get T and T’, respectively. By Lemmas 2.4 and 2.9, we have that for every
k=0,1,...,n,

ck(T) > ¢k (T’), (3.3)

with equality if and only if k € {0,1,n — 1,n}. If we remove the other edge, say xy, we get S
and S, respectively. By Lemmas 2.4 and 2.9, we have that for every k =0, 1,...,n,

cx(S) > ek (S), (3.4)

with equality if and only if k € {0,1,n - 1,n}.

Itis easy tosee thatT —xy =S —uvand T' — xy = S’ — uv. We know that the numbers
of the same tree of spanning forests of T — xy and T' — xy with exactly k components are
equal to the numbers of the same tree of spanning forests of S — uv and S’ — uv with exactly
k components, respectively.

Applying to Definition 3.1 and Lemma 2.1, we can show that for every k =0,1,...,n,

ck(G) 2 ck(Gy), (3.5)
with equality if and only if k € {0,1,n -1, n}. O

Definition 3.3. Let v be a vertex in a cycle C of a connected unicyclic graph G, where d(v) > 3.
Suppose that u is one of two neighbors adjacent to v in C, such that u has degree p + 2 and p
pendent paths incident with u and v has degree g + 2 and g pendent paths incident with v.
Let

Gy = G - 004 + uvg = m(G), (3.6)

where 4,1 is one of the other neighbors adjacent to v in C. We say that G, is a -
transformation of G (see Figure 2).
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Obviously, m-transformation decreases the size of a cycle of G and preserves the
number of pendent vertices.

Theorem 3.4. Let G be a connected unicyclic graph with n vertices and m pendent vertices, G, =
a2(G). Then for every k =0,1,...,n,

cx(G) 2 ek (Ga), (3.7)

with equality if and only if k € {0,1,n}.

Proof. Obviously, ¢y(G2) = co(G) =1,c1(G2) = 2|[E(G2)| = 2|[E(G)| = c1(G), cn(G2) = cn(G) = 0.
For k = n -1, the length of a cycle in G is greater than the length of a cycle in G,. Therefore,
cn-1(G) > €n-1(G2).

Now, consider the coefficients ¢,k (k#0,1,n — 1,n). Let Fx and ¥, be the sets of
spanning forests of G and G, with exactly k components, respectively. Let F, € ¥, and T’ be
the component of F, and u € V(T"). If v,,1 € V(T'), we define F with V(F) = V(G) and

E(F) = E(F>) - UDg1 + D0yt (3.8)

Now, we distinguish F, as the following two cases.
Case 1 (v € V(T')). We have trees of equal sizes in both spanning forests thus y(F) = y(F2).

Case 2 (v € V(T')). Let vertex v be in the tree S', that is, v € V(S').

Note the fact that uv is a cut edge of G,. It is easy to see that F is a spanning forest of
G, and the number of components of F is k — 1 or k. We claim that F € ¥. Otherwise, u,v
belong to one tree of F; then there exists a path P joining v, to u in F; then uPvg,1u is a cycle
of F», which contradicts the fact that F, is a forest.

Suppose that T' — v,,1 contains a > 1 vertices in the cycle C (including u) and b > 0
vertices in the paths Py, ..., P,, and T' - u contains ¢ > 1 vertices in the cycle C. Let S' contain
d > 1in the paths P4, ..., Py:4. Assume the orders of the components of F, different from T"
and S’ are ny,ny,...n_». We have

k-2

Y(F)—y(F2) =[(a+b)(c+d)-(a+b+ C)d]l—[ni
) - (3.9)
-2

=cla+b-d)] [ni=cla+b-d)N,

i=1

where N = [T5n;.
If we sum all differences for such forest, having fixed values a,c and b+d = M, we get

S v(F)-y(F) = Y cla+b-d)N

Fe¥F* Fe¥~*

M (3.10)

=cN Y (a+2b-M) = (a-1)cNM.
b=0
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Figure 3: Example of sr3-transformation.

It is easy to see that a > 1 and ¢ > 1, so (a — 1)cN M > 0. Since at least one vertex is in
C — u — vg41, there exists one forest F, such that a > 1and ¢ > 1, and then (a - 1)cNM > 0.

If g1 & V(T'), thus y(F) = y(F2).

Therefore, by using Lemma 2.1, we get

ck(G) = Z y(F) > Z y(F2) = ck(Go). (3.11)
Fe¥x F2eFk,
This completes the proof of Theorem 3.4. O

Definition 3.5. Let v (not in the cycle C) be a vertex of degree g + 1 in a connected unicyclic
graph G. Suppose that P,.1, ..., P4 are pendent paths incident with v. Let u be the neighbor
of v distinct from the starting vertices of paths vy, vy, ..., v, respectively. Let

Gs =m3(G) = G- vvy — VU3 — -+ = VU, + UV + UT3 + -+ - + Uy, (3.12)

We say that G is a s3-transformation of G (see Figure 3).

It is not difficult to see that sr3-transformation preserves the size of a cycle of G and the
number of pendent vertices.

Theorem 3.6. Let G be a connected unicyclic graph with n vertices and m pendent vertices, G3 =
73(G). Then for every k =0,1,...,n,

ck(G) 2 ¢k (Gs), (3.13)

with equality if and only if k € {0,1,n—1,n}.

Proof. Obviously, co(Gs) = co(G) =1,¢1(Gs) = 2|E(G3)| = 2|[E(G)| = c1(G), cn(G3) = ca(G) =0,
cn-1(Gs) = n7(Gs) = n|E(C)| = n7(G) = ¢u1(G).

Now, consider the coefficients ¢,_r (k#0,1,n — 1,n). Let Fr and ¥, be the sets of
spanning forests of G and Gz with exactly k components, respectively. Obviously, by the
definition of the spanning forest, the cycle C in the unicyclic graph satisfies that C ¢ F € ¥«
and C ¢ F3 € ¥i,, where F and F3 are the arbitrary forests in Fi and ¥x,, respectively. Without
loss of generality, we remove one of the edges on the cycle, say wu, so we get two trees T and
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Figure 4: Example of sry-transformation.

T', respectively. Applying to Definition 2.7, we know that T' = 6(T). Then using Lemma 2.8,
we can get that forevery k =0,1,...,n,

cx(T) > ¢k (T’), (3.14)

with equality if and only if k € {0,1,n — 1, n}. If we remove another edge, say xy, we get S
and S, respectively. By Definition 2.7, we know that S’ = 6(S). Then applying to Lemma 2.8,
we get that for every k =0,1,...,n,

ck(S) > ¢k (S,), (3.15)

with equality if and only if k € {0,1,n - 1,n}.

Itis easy tosee thatT —xy = S—uvand T' — xy = S’ — uv. We know that the numbers
of the same tree of spanning forests of T — xy and T' — xy with exactly k components are
equal to the numbers of the same tree of spanning forests of S — uv and S’ — uv with exactly
k components, respectively.

By Definition 3.5 and Lemma 2.1, we have that forevery k =0,1,...,n,

ck(G) 2 ck(Gs), (3.16)
with equality if and only if k € {0,1,n -1, n}. O
Definition 3.7. Let u, v, and w be three vertices on the triangle in a unicyclic graph G. Suppose
that Py, ..., P, are pendent paths incident with u, P,.1,..., Py14 are pendent paths incident
with v, and P41, ..., Ppige1 are pendent paths incident with w(p + g + 1 = m). Let
Gy =G-vvy -+ —0Us + Uy + -+ + uvy = m4(G). (3.17)
We say that G4 is a sry-transformation of G (see Figure 4).

Theorem 3.8. Let u, v, and w be three vertices on the triangle in a unicyclic graph G, G4 = m4(G).
Then for every k =0,1,...,n,

ck(G) 2 ck(Gy), (3.18)

with equality if and only if k € {0,1,n -1, n}.
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Proof. It is obvious to see that co(Gs) = co(G) = 1,c1(Gs) = 2|E(Gy)| = 2JE(G)| =
¢1(G), ¢n(Gs) = ¢cu(G) = 0. For k = n — 1, the length of a cycle in G4 is equal to the length
of a cycle in G. Therefore, ¢,-1(G) = c;4-1(Gy).

Now, consider the coefficient ¢,k (k#0,1,n — 1,n). Let ¥r and ¥, be the sets of
spanning forests of G and G4 with exactly k components, respectively.

Similarly to the proof of Theorem 3.2, we can get 6 trees as shown in Figure 5.
Obviously, by Definition 2.7, we know that Tl.’ = o(T;) (i = 1,2,3). And according to
Lemma 2.8, we can verify that

cx(Th) 2 ex(Ty),
ck(Tz) > ck (Té), (3.19)

ck(Ts) > e (T3).
By (3.19), Definition 3.7, and Lemma 2.1, it is easy to see that for every k =0,1,...,n,
ck(G) 2 ck(Gy), (3.20)

with equality if and only if k € {0,1,n — 1, n}. This completes the proof of Theorem 3.8. [

Theorem 3.9. Let G be a connected unicyclic graph with n vertices and m pendent vertices. Then for
0<k<mn,

ck(G) = ck(S'(n,m)), (3.21)
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with equality if and only if k € {0,1,n}, where S'(n, m) is as shown in Figure 6, and each of the m
branches at v is a path of length |(n —3)/m] or [(n—3)/m].

Proof. Let C = wyw;, - wywy be a cycle of connected unicyclic graph G, and let T; be a tree
attached at w;, i = 1,2,...,t. We can apply s3-transformation to T;, such that the tree contains
one branch vertex w; with pendent path attached to it. Next, we can apply s -transformation
to decrease the size of the cycle C as long as the length of C is not 3. Then we can apply
ori-transformation at the longest and the shortest path repeatedly, the Laplacian coefficients
do not increase while the attached paths become more balanced. Finally, we can apply -
transformation as long as it is not S'(n, m).

According to Theorems 3.2, 3.4, 3.6, and 3.8, we know that sj-transformation (i =
1,2,3,4) cannot increase the Laplacian coefficients. So, for an arbitrary unicyclic graph G
with n vertices and m pendent vertices, we verify that

ck(G) = ck(S'(n,m)), (3.22)

where 0 < k < n and with equality if and only if k = 0,1, n. This completes the proof of
Theorem 3.9. O

4. Laplacian-Like Energy of Unicyclic Graphs with m Pendent Vertices

Let G be a graph. The Laplacian-like energy of graph G, LEL for short, is defined as follows:

n-1

LEL(G) = > \/Hx, (4.1)

k=1

where pi1 > pp > -+ > p,, = 0 are the Laplacian eigenvalues of G. This concept was introduced
by J. Liu and B. Liu [9], where it was demonstrated it has similar feature as molecular graph
energy (for more details see [15]). Stevanovi¢ in [10] presented a connection between LEL
and Laplacian coefficients.

Theorem 4.1. Let G and H be two graphs with n vertices. If cx(G) < cx(H) for k =1,2,...,n-1,
then LEL (G) < LEL (H). Furthermore, if a strict inequality cx(G) < cx(H) holds for some 1 <
k <n-1,then LEL (G) < LEL (H).
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Using this result, we can conclude the following.

Corollary 4.2. Let G be a connected unicyclic graph with n vertices and m pendent vertices. Then if
G & S'(n,m)

LEL (S'(n,m)) < LEL (G), (4.2)

where S'(n, m) is shown in Figure 6, and each of the m branches at v is a path of length |(n — 3)/m|
or [(n—-23)/m].
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