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The purpose of this paper is to study the existence and convergence analysis of the solutions of
the system of mixed variational inequalities in Banach spaces by using the generalized f projection
operator. The results presented in this paper improve and extend important recent results of Zhang
etal. (2011) and Wu and Huang (2007) and some recent results.

1. Introduction

Let E be a real Banach space with norm || - ||, let C be a nonempty closed and convex subset
of E, and let E* denote the dual of E. Let (-,-) denote the duality pairing of E* and E. If Eis a
Hilbert space, (-, -) denotes an inner product on E. It is well known that the metric projection
operator Pc : E — C plays an important role in nonlinear functional analysis, optimization
theory, fixed point theory, nonlinear programming, game theory, variational inequality, and
complementarity problems, and so forth (see, e.g., [1, 2] and the references therein). In 1993,
Alber [3] introduced and studied the generalized projections ¢ : E* — CandIlg: E — C
from Hilbert spaces to uniformly convex and uniformly smooth Banach spaces. Moreover,
Alber [1] presented some applications of the generalized projections to approximately
solving variational inequalities and von Neumann intersection problem in Banach spaces.
In 2005, Li [2] extended the generalized projection operator from uniformly convex and
uniformly smooth Banach spaces to reflexive Banach spaces and studied some properties of
the generalized projection operator with applications to solving the variational inequality in
Banach spaces. Later, Wu and Huang [4] introduced a new generalized f-projection operator
in Banach spaces which extended the definition of the generalized projection operators
introduced by Abler [3] and proved some properties of the generalized f-projection operator.
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As an application, they studied the existence of solution for a class of variational inequalities
in Banach spaces. In 2007, Wu and Huang [5] proved some properties of the generalized f-
projection operator and proposed iterative method of approximating solutions for a class
of generalized variational inequalities in Banach spaces. In 2009, Fan et al. [6] presented
some basic results for the generalized f-projection operator and discussed the existence
of solutions and approximation of the solutions for generalized variational inequalities in
noncompact subsets of Banach spaces. In 2011, Zhang et al. [7] introduced and considered the
system of mixed variational inequalities in Banach spaces. Using the generalized f-projection
operator technique, they introduced some iterative methods for solving the system of mixed
variational inequalities and proved the convergence of the proposed iterative methods under
suitable conditions in Banach spaces. Recently, many authors studied methods for solving the
system of generalized (mixed) variational inequalities and the system of nonlinear variational
inequalities problems (see, e.g., [8-17] and references therein).

We first introduce and consider the system of mixed variational inequalities (SMVI) which
is to find X, y, z € C such that

(6:Tiz+ J% - JZ,y - %)+ fi(y) - fi(R) 20, VyeC,
(6:ToX+]y - JX,y =9) + f2(y) - f2(¥) 20, Vy€eC, (1.1)
(67 + 27,y -2) + f3(y) - f3(2) 20, VyeC,

where 6; >0, T; : C — E*, fj : C — RU {+oo} for j = 1,2,3 are mappings and ] is the
normalized duality mapping from E to E*.

As special case of the problem (1.1), we have the following.

If fi(x) =0forj=1,23, forall x € C, (1.1) is equivalent to find X, # and z € C such
that

(6T\Z+J%—Jz,y-%) >0, ¥yeC,
(6, Tox + - JZ,y—-7) >0, ¥yeC, (12)
(65Tsg + J2-J§,y—2) >0, VyeC.

The problem (1.2) is called the system of variational inequalities we denote by (SVI).
IfT, =T, fa(x) = fa(x), forall x € C and y = Z, then (1.1) is reduced to find X,y € C
such that

(1T +Jx-Jy,y - %)+ fi(y) - f1(X) 20, Yy eC,

(62To% + JT T2y~ )+ f2(y) - f2() 20, VyeC, (19

which is studied by Zhang et al. [7].
UT=T =T, =T, fi(x)= fa(x) = f3(x),forallx € Cand x = y = Z, (1.1) is reduced
to find X such that

(T, y - %)+ fi(y) - fi(R) >0, VyeC. (1.4)

This iterative method is studied by Wu and Huang [5].
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If fi(x) =0, for all x € C, (1.4) is reduced to find x such that
(Tx,y-x)>0, YyeC, (1.5)

which is studied by Alber [1, 18], Li [2], and Fan [19]. If E = H is a Hilbert space, (1.5) holds
which is known as the classical variational inequality introduced and studied by Stampacchia
[20].

If E = H is a Hilbert space, then (1.1) is reduced to find X, i, z € C such that

(6Ti2+%-2,y—-%) + fily) - Ai(R) 20, VyeC,
(DX +7-%,y-7)+ f2(y) - f2(¥) 20, VyeC, (1.6)
(63Tsy+z-y,y-2)+ f3(y) - f3(z) 20, VyeC.

If fi(x) =0forj=1,2,3, forall x € C, (1.6) reduces to the following (SVI):

(6:Ti2+%-2,y—-%)20, VyeC,
(6:Ta% + - %,y -7) 20, VyeC, (17)
<63T3]7+2—y,y—2>20, VyEC.

The purpose of this paper is to study the existence and convergence analysis of solutions of
the system of mixed variational inequalities in Banach spaces by using the generalized f-
projection operator. The results presented in this paper improve and extend important recent
results in the literature.

2. Preliminaries

A Banach space E is said to be strictly convex if ||(x + y)/2|| < 1 for all x,y € E with ||x| =
lyll = 1 and x#y. Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then, a Banach
space E is said to be smooth if the limit lim;_(||x + ty|| — ||x||)/t exists for each x,y € U.
It is also said to be uniformly smooth if the limit exists uniformly in x,y € U. Let E be a
Banach space. The modulus of smoothness of E is the function pg : [0,00) — [0, o) defined
by pe(t) = sup{((lx + yll + llx —yl)/2) =1 : |lx|]| = 1, |lyll < t}. The modulus of convexity
of E is the function ¢ : [0,2] — [0,1] defined by ne(e) = inf{l - ||[(x + y)/2|| : x,y €
E |lx|| = llyll = 1,llx — y|| > €}. The normalized duality mapping J : E — 2F is defined by
J(x) = {x* € E*: {x,x*) = ||x|*, |Ix*|| = ||x||}. If E is a Hilbert space, then J = I, where I is the
identity mapping.

If E is a reflexive smooth and strictly convex Banach space and J* : E* — 2F is the
normalized duality mapping on E*, then J~! = J*, JJ* = Ir- and J*] = I, where Ir and I ; are
the identity mappings on E and E*. If E is a uniformly smooth and uniformly convex Banach
space, then | is uniformly norm-to-norm continuous on bounded subsets of E and J* is also
uniformly norm-to-norm continuous on bounded subsets of E*.

Let E and F be Banach spaces, T : D(T) ¢ E — F, the operator T is said to be compact
if it is continuous and maps the bounded subsets of D(T) onto the relatively compact subsets
of F; the operator T is said to be weak to norm continuous if it is continuous from the weak
topology of E to the strong topology of F.

We also need the following lemmas for the proof of our main results.
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Lemma 2.1 (Xu [21]). Let g > 1 and r > 0 be two fixed real numbers. Let E be a g-uniformly

convex Banach space if and only if there exists a continuous strictly increasing and convex function
g:[0,+00) — [0,+00), g(0) =0, such that

[l4x+ (= Dy || < Ml + (1= Dly[|” - saDg ([l -yl (21)

forall x,y € B, = {x € E: ||x|| < r} and A € [0,1], where g, (A) = A(1 = )7 + 19(1 - A).

For case g = 2, we have
[Ax + (1= 0y |7 < Ml + A=V ||ly ]I =21 =V g(|lx - y])- (2.2)

Lemma 2.2 (Chang [22]). Let E be a uniformly convex and uniformly smooth Banach space. The
following holds:

¢+ @ < [|p]|* +2(@, J* (¢ + D)), V¥, D€ E". 2.3)

Next we recall the concept of the generalized f-projection operator. Let G: E* x C —
R U {400} be a functional defined as follows:

G(&x) = [IgI* - 2, x) + lxI* + 2pf (x), (2.4)

where ¢ € E¥, p is positive number and f : C — R U {+o0} is proper, convex, and lower
semicontinuous. From definitions of G and f, it is easy to see the following properties:

@) (&l = Ixl)? +2p £ (x) < G(&, x) < (J1g]l + Ix[)* + 2pf (x);
(2) G(¢,x) is convex and continuous with respect to x when ¢ is fixed;

(3) G(¢,x) is convex and lower semicontinuous with respect to ¢ when x is fixed.

Definition 2.3. Let E be a real Banach space with its dual E*. Let C be a nonempty closed
convex subset of E. It is said that Hé : E* — 2C is the generalized f-projection operator if

f
I1:- {ueciceuw-incen) ver (25)

In this paper, we fixed p = 1, we have
G(&,x) = |87 - 2(&, x) + [lx|* + 2 (x). (2.6)

For the generalized f-projection operator, Wu and Hung [5] proved the following
basic properties.
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Lemma 2.4 (Wu and Hung [4]). Let E be a reflexive Banach space with its dual E* and C is a
nonempty closed convex subset of E. The following statements hold:

(1) Hég is nonempty closed convex subset of C for all { € E*;
(2) if E is smooth, then for all { € E*, x € H{jé if and only if

(6-Jx,x-y)+pf(y)-pf(x) 20, VyeC (2.7)

(3) if E is smooth, then for any & € E¥, H{:g = (J + pOf) "¢, where df is the subdifferential of
the proper convex and lower semicontinuous functional f.

Lemma 2.5 (Wu and Hung [4]). If f(x) > 0 for all x € C, then for any p > 0,

f
G(Jx,y) <G y)+2pf(y), Y¢e€E', yeC, eré. (2.8)
c

Lemma 2.6 (Fan et al. [6]). Let E be a reflexive strictly convex Banach space with its dual E* and
C is a nonempty closed convex subset of E. If f : C — R U {+oo} is proper, convex, and lower
semicontinuous, then

(1) H{: : E* — C is single valued and norm to weak continuous;
(2) if E has the property (h), that is, for any sequence {x,} C E, x, — x € Eand ||x,|| — ||x||,
imply that x,, — x, then Hé : E* — Cis continuous.

Defined the functional G, : Ex C — RU {+o0} by

Gy(x,y) =G(Jx,y), Vx€E, yeC (2.9)
3. Generalized Projection Algorithms
Proposition 3.1. Let C be a nonempty closed and convex subset of a reflexive strictly convex and

smooth Banach space E. If f; : C — R U {+oo} for j = 1,2,3 is proper, convex, and lower
semicontinuous, then (X,, z) is a solution of (SMVI) equivalent to finding X, y, z such that

fi
x=]JUz-6"T2),
C
f2
y=[]Ux-6Tx), 3.1)
C
f3
z=[]0U7-6Ty).
C

Proof. From Lemma 2.4 (2) and E is a reflexive strictly convex and smooth Banach space, we

known that J is single valued and HQ for j = 1,2,3 is well defined and single valued. So, we
can conclude that Proposition 3.1 holds. O
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For solving the system of mixed variational inequality (1.1), we defined some
projection algorithms as follow.

Algorithm 3.2. For an initial point xo, zo € C, define the sequences {x,}, {yn}, and {z,} as follows:
fi
Xn+1 = (1 - “n)xn + “nl_[(]zn - 61len)/
C
f2
Yn+1 = H(]xm—l - 62T2xn+1)r (3-2)
C
f3
Znsl = H(]yn+1 - 63T5Yn41),
c

whereO0O<a<a,<b<1.

If fi(x) =0, j =123, for all x € C, then Algorithm 3.2 reduces to the following
iterative method for solving the system of variational inequalities (1.2).

Algorithm 3.3. For an initial point xo, zo € C, define the sequences {x,}, {yn}, and {z,} as follows:
Xn+1 = (1 - ‘xn)xn + ‘xnl_[(]zn - 61len)1
C
Yot = | [Uxnia = 62Toxni1), (3.3)
c

Zpl = H(]ym—l - 63T3]/n+1)/
C

where0O<a<a,<b<1.

For solving the problem (1.6), we defined the algorithm as follows:
If E = H is a Hilbert space, then Algorithm 3.2 reduces to the following.

Algorithm 3.4. For an initial point xo, zo € C, define the sequences {x,}, {yn}, and {z,} as follows:

fi
Xn+1 = (1 - an)xn + anH(]zn - 61len)/
C
f
Y1 = [ [Uxn1 = 62Toxnen), (34)
C

fs
Zpsl = H(]}/n+1 = 63T5Yns1),
c

whereO0O<a<a,<b<l1.

If fi(x) =0, j =123, for all x € C, then Algorithm 3.4 reduces to the following
iterative method for solving the problem (1.7) as follows.
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Algorithm 3.5. For an initial point xo, zo € C, define the sequences {x,}, {yn}, and {z,} as follows:

Xn+l = (1 - an)xn + anPC(]Zn - 61len)/
Yne1 = Pe(Jxna1 — 62Toxp41), (3.5)
Zne1 = Pe(JYne1 — 63T3Yna1),

where0O<a<a, <b<l1.

4. Existence and Convergence Analysis

Theorem 4.1. Let C be a nonempty closed and convex subset of a uniformly convex and uniformly
smooth Banach space E with dual space E*. If the mapping T; : C — E*and f; : C — R U {+oo}
which is convex lower semicontinuous mappings for j = 1,2, 3 satisfying the following conditions:
(i) (Tjx, J*(Jx = 6;Tjx)) >0, forall x e Cfor j =1,2,3;
(i) (J - 6,T;) are compact for j = 1,2,3;
(iii) f;(0) =0and fij(x) 20, forallx €e Cand j =1,2,3;

then the system of mixed variational inequality (1.1) has a solution (X, y, z) and sequences {x,}, {yn},
and {z,} defined by Algorithm 3.2 have convergent subsequences {xy,}, {yn,}, and {z,,} such that

Xy, — X, i— o0,
yni — gr i— oo, (41)
Zn, — 2, 11— o0.

Proof. Since E is a uniformly convex and uniform smooth Banach space, we known that J is

bijection from E to E* and uniformly continuous on any bounded subsets of E. Hence, ng for
j =1,2,3is well-defined and single-value implies that {x,}, {y.}, and {z,} are well defined.
Let Go(x,y) = G(Jx,y), for any x € C and y = 0, we have

Ga(x,0) = G(Jx,0)
= [|Jx]I* = 2(Jx,0) +2£(0)
= 7|

2
= [l

(4.2)

By (4.2) and Lemma 2.5, we have

fi fi
G2 <H(]Zn - 61len)/0> =G <] <H(]Zn - 61len)>/0>
< < (4.3)

< G(Jzn - 61T124,0)
= [Jzn = 6:1T1 2>
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From Lemma 2.2, and for all x € C, (T1x, J*(Jx — 6:T1x)) >0, so for z, € C, we obtain

1Jzn - 61T12n||2 < ”]Zn”2 = 2(61T1zn, J*(Jzn — 61T120))
< 1Tzl (4.4)

< llzall”.
Again by Lemma 2.2, forall x € C, (Tox, J*(Jx — 6,T>x)) > 0, and for x,,.1 € C, we have

”yn+1 ”2 =Gy (yn+1/ 0)

= G(]ym-l/ 0)
f2
=G <]H(]xn+1 = 6. Toxps1), 0)
C
< G(Jxp1 — 62T0x441,0) (4.5)

< T %ns1 = E2Taxnsn ||
< W xnsall* = 2(62Taxnsn, J* (JXns1 — 62T ns1))
< | xns |

< ||xn+1||2-

In similar way, for all x € C, (Tsx, J*(Jx — 63T3x)) >0, and z,.1 € C, we also have

Izn1l* = G(JZns1,0)
< G(JYns1 — 63T3Yn11,0)

= |V yns1 = 83T3Yne1 ||2 (4.6)
< || Jynn ||2 = 2(85T3Yna1, T (JYni1 — 63T5Yns1))

2
o (775

It follows from (4.5) and (4.6) that

zpl* < lxmeall®, VneN. (4.7)

From (4.5) and (4.6), we compute

fi
[0z -61T1z0)
C

||xn+1||2 < (1= an)llxull + an

< (1= an)llxall + anllzall (4.8)
< (1 = an)l|xull + an”yn”
< (X = an)|lxull + anllxall

= [lxall-
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This implies that the sequences {x,}, {y.}, {2z}, and { HQ (Jzn, — 61T1z,,)} are bounded. For
a positive number r such that {x,}, {y.}, {zx}, {Hé1 (Jzn — 61T124)} € B,, by Lemma 2.1, for
q = 2, there exists a continuous, strictly increasing, and convex function g : [0,00) — [0, 00)
with g(0) = 0 such that for a,, € [0, 1], we have

fi

”xn+1||2 = (1 - “n)xn + “nH(]Zn - 61len)
C

< (1= at) |l + an

f1
H(]Zn -61T1zy)
C

—ap(1- “n)g Xn — H(]Zn - 61T1zy) (4.9)

C

f ‘

fi
=(1- ‘xn)||xn||2 +a,Go <H(]zn - 61T1zn, 0)>
C

—a,(1-ay)g .

fi
Xn — H(]Zn - 51len)
C

Applying (4.3), (4.4), and (4.7), we have

fi
Xn — H(]Zn - 01T1z,)
C

an(1-a,)g <(- “n)”xnnz - ||xn+1||2

fi
+a,G <]_[( Jzn — 61T120), o> (4.10)

C
< (1= ) 2l = (X[ + |

2 2
= lnll” = ll2ensa ]I

Summing (4.10), forn =0,1,2,3,...,k, we have

< lxoll* = lloesalI* < [0l (4.11)

fi
Xn — H(]Zn - 61len)
C

k
Zan(l —an)g
n=0

taking k — oo, we get

[ee] fl
> an(1-an)g||xn = [ [Uzn - 61T12a) || < lIxoll* (4.12)
n=0 C
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This shows that series (4.12) is converge, we obtain that

fi

Xn— | [Uzn—61T120)|[ = 0. (4.13)
C

lima,(1-a,)g

From0 < a<a, <b<1foralln, thus 3,7, a,(1l —a,) >0 and (4.13), we have

fi
lim g||x, — [ [Jzn - 6:1T120)|| = 0. (4.14)
n—oo C
By property of functional g, we have
fi
lim (|x, = [ [(Jzn - 61T120)|| = 0. (4.15)
n— oo C

Since {z,} is bounded sequence and (J — 61T1) is compact on C, then sequence { ]z, — 6111z, }
has a convergence subsequence such that

{Jzn, — 01112y} — wo € E* asi— co. (4.16)

By the continuity of the H/g, we have

i— oo

fi fi
Wm [ [(Jzn, - 61T124,) = [ [ (o). (4.17)
C C

Again since {x,}, {y,} are bounded and (J-6,T3), (J—63T3) are compact on C, then sequences
{Jxy — 62Tox,} and { ]y, — 63T3y, } have convergence subsequences such that

{Jxn, — 02Toxy,} — up € E* asi— oo,
(4.18)
{]yni - 53T3yn,.} — vy €E* asi— co.
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By the continuity of H’g and H? , we have

f2 f2
iliml_[(]x"i - 62T2x"i) = 1_[(”0)1 (419)
f3 f3
lim [ T(ym - 6Tsym) = ] [(v0). (4.20)
¢ c
Let
f1
[ [oo) = %, (4.21)
C
fa
[T =9, (4.22)
C
f3
[ == (4.23)
C

By using the triangle inequality, we have

fi fi
ll2tn; = x| < || %0 — H(]Zn,- —01Thzy) || + H(]Zni -61T1zy,) - k\H (4.24)
c c
From (4.15) and (4.17), we have
lim x,, = x. (4.25)
By definition of z,,, we get
f3
Iz, = 21l < | T TU Y = 83T3ym,) - 2. (4.26)
C
It follows by (4.20) and (4.23), we obtain
limz, =z (4.27)
In the same way, we also have
limy,, =v. (4.28)

i— o0
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By the continuity properties of (J — 6:T1), (J — 62T2), (J — 65T3), and ng forj = 1,2,3. We
conclude that

fi
x=]JUz-61Ti2),
C
f2
y=]JUx-6Dx%), (4.29)
C

f3
z= H(]LA/ - 63T5Y).
c

This completes of proof. O

Theorem 4.2. Let C be a nonempty compact and convex subset of a uniformly convex and uniformly
smooth Banach space E with dual space E*. If the mapping T; : C — E*and f; : C — R U {+o0}
which is convex lower semicontinuous mappings for j = 1,2,3 satisfy the following conditions:

(i) (Tjx, J*(Jx = 6;Tjx)) >0, forallx € Cforj=1,2,3;
(i) fj(0) =0and fi(x) >0, forall x € C for j =1,2,3;

then the system of mixed variational inequality (1.1) has a solution (X, y, z) and sequences {x,}, {yn},
and {z,} defined by Algorithm 3.2 have a convergent subsequences {xy,}, {yn,}, and {z,,} such that

Xy, — X, 1i— o0,

Y —Y, i— o0, (4.30)

Zn, — 2, 11— o0.

Proof. In the same way to the proof in Theorem 4.1, we have

fi
lim ||x, — [1(Jzn — 61T12,)|| = 0. (4.31)
n—oo C

Hence, there exist subsequences {x,,} C {x,} and {z,,} C {z,} such that

fi
lim ||x,, — [TUzn, — 61T124,)|| = 0. (4.32)
1— 00 C
From the compactness of C, we have that
{xp,} — X asi— oo,
(4.33)

{zn,} —Z asi— oo,
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where X, Z are points in C. Also, for a sequence {y,} D {y,} — ¥ asi — oo, where i/ is a
points in C. By the continuity properties of |, 1>, T3H£2, and H’g , we obtain that

f2
y=]]Ux-6nx%),
C

p (4.34)
3
z= H(]? - 63T57).
C
From definition of x,.1, we get
fi
[1Uzn -61T1z,,) - %
C
fi fi
= H(]Zni - 61leni) -X+ Xni+1 — (1 - an)xni - ‘xn:[_:[(]zni - 61leni)
C C
; (4.35)
= |[Xni+1 — X+ (1 - an)H(]Zni - 61leni) - X,
C
fi
< “xni+1 - X[+ (1 -ay,) Xn; — H(]Zni - 51len,~) .
C
By (4.25) and (4.31), we have
f1
x=]JUz-6Ti2). (4.36)
C
This completes of proof. O

Corollary 4.3. Let C be a nonempty closed and convex subset of a uniformly convex and uniformly
smooth Banach space E with dual space E*. If the mapping T; : C — E* for j = 1,2,3 satisfy the
following conditions:

() (Tjx, J*(Jx = 6;Tjx)) >0, forall x € C for j =1,2,3;
(i) (J - 6,T;) are compact for j = 1,2,3;
then the system of mixed variational inequality (1.2) has a solution (X, ¥, z) and sequences {x, }, {yn},

and {z,} defined by Algorithm 3.3 have convergent subsequences {xy,,}, {yn,}, and {z,,} such that
Xp, = X, 1 — O, Yn, = Y, 1 = oo,and z,, — Z, i — oo.

If E = H is a Hilbert space, then H* = H, J* = ] = I, so one obtains the following
corollary.

Corollary 4.4. Let C be a nonempty closed and convex subset of a Hilbert space H. If the mapping
T;:C — Hand fj : C — RU {+oo} which is convex lower semicontinuous mappings for j =1,2,3
satisfy the following conditions:
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(i) (Tjx,x-06;Tjx) >0forj=1,2,3;
(i) f;(0) =0and fj(x) >0 forallx € Cforj=1,2,3;

then the system of mixed variational inequality (1.6) has a solution (X, 1, z) and sequences {x,}, {yn},
and {z,} defined by Algorithm 3.4 have a convergent subsequences {xn,}, {yn,}, and {zn,} such that
X,

i

— X, i — o©o,Yy = Y, 1 = ooandz, — z, i — .

Corollary 4.5. Let C be a nonempty closed and convex subset of a Hilbert space H. If the mapping
T;: C — H forj =1,2,3satisfy the conditions: (T;x, x—06;T;x) > 0 for j = 1,2,3; then the system of
mixed variational inequality (1.7) has a solution (X, i, ) and sequences {x,}, {yn}, and {z, } defined
by Algorithm 3.5 have a convergent subsequences {xn,}, {yn,}, and {z,,} such that x,, — X, i —
©, Yn, — Y, i — oo, and z,, — Z, i — oo.

Remark 4.6. Theorems 4.1 and 4.2 and Corollary 4.3 extend and improve the results of Zhang
et al. [7] and Wu and Huang [5].
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