Hindawi Publishing Corporation
Journal of Applied Mathematics

Volume 2012, Article ID 421340, 11 pages
doi:10.1155/2012 /421340

Research Article

About Nodal Systems for Lagrange Interpolation
on the Circle

E. Berriochoa,! A. Cachafeiro,? and J. M. Garcia Amor?

! Departamento de Matemdtica Aplicada I, Facultad de Ciencias, Universidad de Vigo,
32004 Ourense, Spain

2 Departamento de Matemdtica Aplicada I, Escuela de Ingenieria Industrial, Universidad de Vigo,
36310 Vigo, Spain

Correspondence should be addressed to A. Cachafeiro, acachafe@uvigo.es
Received 20 July 2011; Accepted 12 October 2011
Academic Editor: Nicola Guglielmi

Copyright © 2012 E. Berriochoa et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We study the convergence of the Laurent polynomials of Lagrange interpolation on the unit circle
for continuous functions satisfying a condition about their modulus of continuity. The novelty
of the result is that now the nodal systems are more general than those constituted by the n
roots of complex unimodular numbers and the class of functions is different from the usually
studied. Moreover, some consequences for the Lagrange interpolation on [-1,1] and the Lagrange
trigonometric interpolation are obtained.

1. Introduction

The aim of this paper is to study the Lagrange interpolation problem on the unit circle
T := {z : |z| = 1} for nodal systems more general than those constituted by the n roots
of complex unimodular numbers. This last case has been studied in [1], where there is posed
as an open problem its extension to more general nodal systems. Recently a similar problem
has been solved in [2] for the Hermite interpolation problem. Now we follow the ideas in
[2] to obtain some results for the Lagrange case. Moreover, in [1] there is obtained a result
about convergence of the interpolants for continuous functions satisfying a condition related
to their modulus of continuity. In the present paper our aim is to obtain a similar result for
the new nodal systems and with a different condition on the modulus of continuity for the
functions.

The Lagrange interpolation problem on the real line has been widely studied for a
long time and many results about convergence are known (see [3-6]). If we only assume



2 Journal of Applied Mathematics

the continuity of the function, it is well known that the behavior is rather irregular. Faber
has proved that for each nodal system there exists a continuous function such that the
sequence of Lagrange interpolation polynomials is not uniformly convergent. Bernstein has
also proved the existence of a continuous function such that the sequence of Lagrange
interpolation polynomials is unbounded on a prefixed point. In the case of the nodal
systems constituted by the zeros of the Tchebychef polynomials of the first kind, many
results are known. Although these last nodal systems are good for interpolation, Griitnwald
in [7] and Marcinkiewicz in [8] have proved the existence of a continuous function such
that the sequence of Lagrange interpolation polynomials, corresponding to the Tchebychef
nodal system, is divergent. After this result a natural problem was to obtain an analogous
result for an arbitrary nodal system. This result was obtained by Erdos and Vértesi in [9],
where they prove that for each nodal system on [-1,1] there exists a continuous function
such that the sequence of Lagrange interpolation polynomials diverges for almost every
point in [-1,1]. Thus, to obtain better properties about the convergence of the sequence
of Lagrange interpolation polynomials, it is needed to impose some restriction on the
function, such as a condition on its modulus of continuity. In the case of Jacobi abscissas,
Szeg® has obtained important results about convergence by imposing some conditions
to the modulus of continuity of the function (see [10]). For example, in the case of the
Tchebychef abscissas of first kind, he obtained the uniform convergence to the function on
[-1,1], under the assumption that its modulus of continuity is o(|log 5|™). Szeg6 has also
obtained uniform convergence of the sequence of Lagrange interpolation polynomials for
more general nodal systems, under the assumptions that the nodes are the zeros of the
orthogonal polynomials with respect to a weight function w(x) such that w(x)v1—-x2 >
u > 0, x € (=1,1) and the modulus of continuity of the functions is 0(6'/2) with § —
0.

In the present paper we improve some results about convergence of the Lagrange
interpolation polynomials in [-1,1], by using the Szeg® transformation and the results
concerning the unit circle. The organization of the paper is the following. In Section 2 we
obtain our main result concerning the uniform convergence of the Laurent polynomial of
Lagrange interpolation for nodal systems described in terms of some properties and for
continuous functions with modulus of continuity o(6”) when 6 — 0 and p > 1/2. Section 3
is devoted to obtain some consequences of the preceding results concerning the Lagrange
interpolation on [-1, 1]. Finally, in the last section, we obtain some improvements concerning
the Lagrange trigonometric interpolation.

2. Lagrange Interpolation in the Space of Laurent Polynomials

Let {zj};?=1 be a set of complex numbers such that |zj| = 1 forall j = 1,...,n and z; #z;
for i#j. Let {u]-};’:1 be a set of arbitrary complex numbers, and let p(n) and g(n) be two
nondecreasing sequences of nonnegative integers such that p(n) + g(n) = n -1, n > 2 with
lim, ., ,p(n) = lim, . q(n) = co.

We recall that the Lagrange interpolation problem in the space of Laurent polynomials
consists in determining the unique Laurent polynomial L_p(),q(n)(2) € A_pm)q(n) = span{z* :
—p(n) < k < q(n)} such that

Loymyqm(zj) =uj, forj=1,...,n. (2.1)
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If we denote by Wy (z) = [T/_;(z - z;) the nodal polynomial, then L) q(n)(z) can be

written as follows:

Lopom.qom (2) = D lin1(2)uj, 2.2)
j=1

where [;,,_1(z) are the fundamental polynomials of Lagrange interpolation given by

z;’(") W, (z)
Wi (z) (z - zj) 7™’

lin1(z) = forj=1,...,n, (2.3)

and they are characterized by satisfying I;,1(zx) = 6;, for all j, k.

We are also going to consider the Lagrange interpolation polynomial for a function F
defined on T, that we are going to denote by L_,() 4 (F; z) and which is characterized by
fulfilling the conditions L_p(n) () (F; 2j) = F(zj) forj=1,...,n.

When the nodal system is constituted by the n-roots of a complex number with
modulus 1, and the function F is continuous on T, and its modulus of continuity satisfies
A(F,6) = O(67), p > 1/2, the following result about convergence is known (see [1]).

Theorem 2.1. Let F be a continuous function on T, let p(n) and q(n) be two nondecreasing sequences
of nonnegative integers such that p(n) + g(n) = n—1and lim,_, ,p(n)/(n—-1) =rwith0 <r <1,
and assume that the modulus of continuity of F is A(F,6) = O(6P) for somep > 1/2,if 6 — 0.

Let Lp(n),q(n)(F; z) be the Laurent polynomial of Lagrange interpolation for the function F
with nodal system {z;}7_; being the n-roots of complex numbers T, with |,| = 1.

Then limy, -, o L_p(n),q(n) (F; 2) = F(z) uniformly on T.

Proof. See [1]. O

The main tools to prove the preceding result are the explicit expression of the Laurent
polynomial of Lagrange interpolation and some properties concerning the nodal system.
In [2] the Hermite interpolation problem was studied for general nodal systems satisfying
certain properties. Following similar ideas we prove, in the next theorem, a result about the
convergence of the Lagrange interpolants for a different class of functions and more general
nodal systems.

Theorem 2.2. Let F be a continuous function on T, with modulus of continuity A(F,5) = o(6'/?),
if 6 — 0. Let p(n) and q(n) be two nondecreasing sequences of nonnegative integers such that
p(n)+q(n) =n-1andlim,_,,pn)/(n-1)=rwith0<r < 1.

Let {z;}}_; be a set of complex numbers such that |z;| = 1 forall j = 1,...,n and z; # z; for
i#jandlet W, (z) = I, (z—zj) be the nodal polynomial. Assume that there exist positive constants
B and L such that for every z € T and n large enough the following relations hold:

(i) B< W, (2)|/n,
(ii) [Wa(2)?/n* X7 (1/]z - ) < L.

If L p(n),qn) (F; 2) € A_pnyq(n) s the Laurent polynomial of Lagrange interpolation related to
the nodal system and the function F, then limy, . o L_p(n),q(n) (F; 2) = F(2z) uniformly on T.
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Proof. First we prove that there exists a positive constant C such that Z;‘:l [ljn-1(2)] < Cyn
for every z € T and n large enough. Indeed, taking into account (2.3) and applying the
hypothesis we get

W25 & e

n 1 n
2l = Z|W' @) -7 2 W) -] - Bid|z-2]
/2 . 1/2
|Z Z]| j= B

Let us consider the Laurent polynomial of best uniform approximation to F, T_p()4(n)(2) €
A—p(n),q(n)~ If E—p(n),q(n) (F) = maxzer|F(z) — T—p(n),q(n) (z)|, then it holds that

(2.4)

E_p(m)qm (F) < 21 <F, %) (2.5)

where s(n) = min(p(n),q(n)) (see [1]). Since lim,_, o /s(n) = 0, then by hypothesis
MF,r/s(n)) = o((ax/s(n))""?).

If we write
F(2z) = L-ptm),qm) (F; 2) = F(2) = T_pw),q(m) (2) = L-pm),qm) (F 2) + T-p(n) q(m) (2)
= F(2) = T-p(n),qtm) (2) = Lop(n),qtm) (F = T-p(n) q(n); 2)
n
= F(2) = Tpnyqm (2) = D Lin1(2) (F(2)) = Topimy.qm (24)),

j=1
(2.6)

then we have

n
|F(2) = Lop,qn (F; 2)| < |F(2) = Topmyamm (2)| + D [lin-1(2)||F () = Topiny.am ()|
j=1

< E—p(n),q(n)(F) <1 + i“]’,n—l (Z) |> < 2-)‘(1:/-71'/5(”))(1 + C\/ﬁ)

=1

)L(F a/s(n)) N 1+Cy/n
<ar/s<n>>”2 (s(n)/(n-1))"* Vn-1"

(2.7)
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and it is easy to prove that the last expression tends to zero because lim,_, ,A(F,or/s(n))/
(r/s(n))* =0 and

lim Ln) :1 lim M + lim q(n) ~ lim |P(") —q(n)| _
n—>001’l—1 2 n—oon — n—>oon—1 n— 00 n_l

1
if —.
7, i re(O,Z]

Remark 2.3. (i) Since A(F, 6) = 0(6F) for p > 1/2 implies A(F, 6) = 0(6'/2), then the preceding
result is also valid for functions with modulus of continuity o(67), withp > 1/2,if 6 — 0.
Hence, in the sequel and for simplicity, we establish all the results with the condition A(F, 6) =
0(61/2).

(ii) Since it is clear that the nodal systems in Theorem 2.1 satisfy the hypothesis of
Theorem 2.2, we have that the result given in Theorem 2.1 is also valid for functions with
modulus of continuity 0(6'/2), if 6 — 0.

Next we recall a sufficient condition given in [2] in order that the nodal system satisfies
the conditions imposed in the previous theorem. We use the so-called para-orthogonal
polynomials (see [11-13]) and the class of measures satisfying the Szeg® condition, (see
[10, 13-15]). Notice that the nodal systems in Theorem 2.1 are constituted by the n roots
of complex unimodular numbers, and indeed they are the n roots of the para-orthogonal
polynomials with respect to the Lebesgue measure on [0, 2.r].

Theorem 2.4. Let v be a measure on [0,2sr] in the Szeg6 class with Szeg8 function having analytic
extension up to |z| > 1. Let {¢p,(z)} be the monic orthogonal polynomial sequence with respect to
v, MOPS(v), and wy(z,T) = ¢u(2) + T} (2), with || = 1 being the para-orthogonal polynomials.
Then there exist positive constants A, B1, By, and L such that for every z € T and n large enough the
following relations hold:

(i) lwn(z, 1) < A,
(ii) By < |w, (z,T)|/n < By,

(iti) |wn (2, T)P/1* X7 (1/1z = 2j|*) < L, where one assumes that zi,..., z, are the zeros of
wy(z,T).

Proof. See [2]. O

Taking into account the preceding results, we are in conditions to prove the following
corollary.

Corollary 2.5. Let F be a continuous function on T, with modulus of continuity A(F, &) = o(6'/?),
if 6 — 0. Let p(n) and q(n) be two nondecreasing sequences of nonnegative integers such that
p(n)+q(n) =n-1andlim,_,,pn)/(n-1)=rwith0<r < 1.

Let v be a measure on [0, 2] in the Szeg® class with Szeg6 function having analytic extension
up to |z| > 1. Let {¢p,(z)} be the MOPS(v) and let w,(z,T) = ¢n(z) + TP}, (2), with |T| = 1, be the
para-orthogonal polynomials.
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If Lopny,qn)(F;2) € A_pn),qn) is the Laurent polynomial of Lagrange interpolation related
to the function F and with nodal system the zeros of the para-orthogonal polynomials wy(z, T), then
limy, o L—p(n),q(n) (F; 2) = F(2z) uniformly on T.

Proof. Taking into account that the zeros of w,(z,T) belong to T (see [11]), the result is
immediate from Theorems 2.2 and 2.4. O

Remark 2.6. Notice that the preceding result is valid for the Bernstein-Szegé measures (see

(13]).

3. Lagrange Interpolation on [-1,1]

In this section we present some consequences of Theorem 2.2 concerning the Lagrange
interpolation problems on [-1,1]. Let us recall that the Lagrange interpolation polynomial
related to a nodal system { xj}7:1 C [-1,1] and satisfying the conditions { u]-};’:1 is given by
Lt (1) = 7 (pu () / (P (7) (¢ = 7))y, where py(x) = T, (x - ;).

Theorem 3.1. Lef p,(x) = H}‘Zl(x—xj) be a nodal system in [-1, 1] such that Wy, (z) = 2"z"p,((z+
1/z)/2) satisfies the following inequalities

p< Wl |w2n<z>|2i< SE— >5L(2n)2, G

2 A\|z-z" |z-7|

with (zj + (1/z;))/2 = xj for j = 1,...,n and for some positive constants B and L, n large enough
and every z € T.

Let f be a continuous function on [-1,1] such that \A(f, ) = 0(6'/?),if 6 — 0.

If I, 1(f, x) is the Lagrange interpolation polynomial such that l,_1(f,x;) = f(x;) for j
1,...,n, then l,_1(f, x) converges to f(x) uniformly on [-1,1].

Proof. 1t is easy to see that the polynomial W>,(z) has the following expression W>,(z)
H;?:l(z - zj)(z - zj), with (zj + ;) /2 = x;.

Let us define a continuous function on T by F(z) = F(z) = f(x), withx = (z+(1/2))/2
and z € T. It is clear that

MEF,6) = sup |F(z1) — F(z2)| < sup |f(x1) = f(x2)| = A(f, 6).

21,22€T;|z1-22|<6 x1,%2€[=-1L1];x1-x2|<6

(3.2)

If we take W>,(z) as nodal system on T, we can consider the following Lagrange
interpolation problem: find the Laurent polynomial of Lagrange interpolation L_, ,—1(F; z) €
A_y 1 satisfying the interpolation conditions

Loyua(F;zj) = Loyua(FZj) = f(x5), j=1,...,n. (3.3)

By applying Theorem 2.2 we have that lim,, _, oL, -1 (F; z) = F(z) uniformly on T.



Journal of Applied Mathematics 7

On the other hand, for x = (z+ (1/z))/2 and z € T it holds

1 Wan (Z)Z;'l

L_yna (F;z) =
2 W (5) (= 5)

L W2n(z)z_jn
j=1 z'W,, (7)) (z - 7))

F(z;) + F(z))

> ) (3.4)
Pn(X
= 2 (x—xy)) Bi) = ha(fix).
2 =y () =B (5)
Hence limnaoolnfl (f/ x) = f(X) uniformly on [_1/1] _

As a consequence we obtain, in the next corollary, a result that was proved by Szeg6
in [10] under weaker conditions. Although our result is not new, we give the proof because
the way in which it is obtained is different from Szeg®’s proof.

Corollary 3.2. Let f be a continuous function on [-1,1] such that A(f,6) = 0(6'?),if 6 — 0.
Let du(x) = w(x)dx be a finite positive Borel measure on [-1,1] satisfying the Szeg6 condition
ﬁl(log w(x)/V1-x?)dx > —oo, and let {P,(x)} be the MOPS(u). Assume that the function
w(x)V'1 — x2 is positive on [-1,1] and it is analytic in an open set containing [-1,1].

If L1 (f, x) is the Lagrange interpolation polynomial satisfying the interpolation conditions
Lia(f,xj) = f(xj), j =1,...,n, where {xj};’:1 are the zeros of the orthogonal polynomial P,(x),
then

Tim L, (f, x) = f(x) (3.5)

uniformly on [-1,1].

Proof. By using the Szeg® transformation (see [10]), the measure du(x) becomes into the
measure dv(0) = (1/2)w(cos0)|sin0|dO, which is in the Szegt class with Szegd function
having analytic extension up to |z| > 1 (see [14]). If we denote by {¢,(z)} the MOPS(v) and
by {P,(z)} the MOPS(y), then both sequences are related by

1 Pon(z) + ¢5,(2) 1 won(z,1)

B T @) 7 2L+ () =

(3.6)

The zeros of P,(x), x1,...,x,, are simple and belong to (-1,1) and they are related to
the zeros of w»,(z,1), z1,...,Zn, Zns1 = Zn,- .., 220 = 21, by Xj = (z]- +z;)/2,j=1,...,n. By
applying Theorem 2.4 we get that the system w, (z, 1) satisfies the hypothesis of Theorem 3.1.
Then we have that [,_1 (f, x) converges to f(x) uniformly on [-1,1]. O

Analogous results can be obtained for other nodal systems related to those given in
Corollary 3.2. Let dui(x) = w(x)dx be a finite positive Borel measure on [-1,1]. Let us
consider the measures

dpp(x) = (1- ) (x),  dpa(x) = A=) (x),  dpa(x) = (1+ X)dpus (),
(3.7)
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and let us denote the MOPS with respect to these measures by { P, (x, ;) }i-;. Let us consider
the Szeg6 transformed measure of du;(x), dv(0) = (1/2)w(cos0)|sin 8|d6 with MOPS(v),
{$n(2)}. Taking into account the relation between the measures, we can relate the orthogonal
sequences as follows (see [16]):

1
Pn(x,‘ul) = 2"(1 +¢2n(0))znw2n(zll)/

1
V1-x2P,(x, p0) = Won2(z,-1),

2n+11(1 _ ¢2n+2 (O))Zn+l

; (3.8)
1= xPa(x, o) = 2m41/21(1 = $ons1(0) ) 2+ (172 wanet (2, -1),
1
V1 +xPy(x, ps) = o (2, 1).

w
on+l/2 (1 + ¢2n+1 (0)>Zn+(1/2)

We denote by 1, x1, ..., x, the zeros of V1 — x2P,(x, u2), by 1, y1,...,yn the zeros of
V1 -xP,(x, u3), and by -1, vy, ..., v, the zeros of V1 + xP,(x, us).

If we denote by *1, zi,...,24, Z1,...,2, the zeros of wyu(z,-1), by 1,wy,...,
Wy, W1,..., Wy, the zeros of wi.i(z,-1), and by -1,uy,...,u,, ui,..., u, the zeros of
Win+1(z,1), then the following relations hold: R(z;) = x;, R(w;) = yi, and R(w;) = v,
i = 1,...,n. By taking nodal systems related to the zeros of P,(x, u;), i = 2,3,4, we obtain
the next result.

Theorem 3.3. Let f be a continuous function on [-1,1] such that A(f,6) = 0(6'/?), if 6 — 0. Let
w1 be a finite positive Borel measure on [-1,1], dui(x) = w(x)dx, satisfying the Szeg6 condition.
Assume that the function w(x)v'1—x? is positive in [-1,1] and it is analytic in an open set
containing [-1,1]. Let dp;(x), i = 2,3,4, be the measures given in (3.7). Let us consider the Lagrange
interpolation polynomials for the function f with the following nodal systems:

(i) the zeros of P, (x, pa) joint with £1,
(ii) the zeros of P, (x, p3) joint with 1,
(iii) the zeros of Py, (x, pa) joint with —1.

Then the corresponding Lagrange interpolation polynomials uniformly converge to f(x) on [-1,1].

Proof. By the Szeg6 transformation the measure dyu;(x) becomes into the measure dv(0) =
(1/2)w(cos 0)|sinB|dO, which is in the Szegd class with Szeg function having analytic
extension up to |z| > 1. We denote by {¢,(z)} the MOPS(v). If we define a continuous
function F on T by F(z) = F(z) = f(x) with x = (z+1/z)/2 and z € T, then it is clear
that A(F, 6) < A(f, ).

(i) We consider the para-orthogonal polynomial wy,.2(z,—1), whose zeros are
+1,21,...,2n, 21,...,2n. € T and they are related to the zeros of P,(x,u2) by x; = (z; +
z;)/2;, j=1,...,n.

Let us consider the following Lagrange interpolation problem: find the Laurent
polynomial of Lagrange interpolation L_(,+1),(F; z) satisfying

L—(n+1),n(F; Z]) = L—(n+1),n(F;Z_j) = F(Z])/ ] = 1/- .. N,
L—(n+1),n(F/' 1) = F(l), L—(n+1),n(F} —1) = F(—l).

(3.9)
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By applying Corollary 2.5 we have that lim,, _ . L_(4+1)x(F; z) = F(z) uniformly on T. If we
take

L_uiyn(F;2) + Loy n(F; 1
bt (£, x) = o0 E2) 5 (RHIGAR) (3.10)

for x = (z+ (1/z2))/2, then L1 (f, x) fulfills L,11(f, x;) = f(x), j=1,...,n,and L1 (f,+1) =
f(£1). Therefore, I,,.1(f, x) is the Lagrange interpolation polynomial for the function f and
the nodal system given in (i) and lim, —, . [,+1 (f, x) = f(x) uniformly on [-1,1].
(ii) We consider the para-orthogonal polynomials wy,.1(z,—1) whose zeros,
1wy, ..., wy,wr,..., Wy, are related to the zeros of P, (x, u3) by y; = (w; +w;)/2, j=1,...,n.
We pose the problem of finding the Laurent polynomial of Lagrange interpolation
L_,»(F; z) satistying

L_yu(F;wj) = Loyu(F;w;) = F(wj), j=1,...,n,

(3.11)
Lou(F;1) = F().

Since limy,_, L, (F;z) = F(z) uniformly on T, if we define I,(f,x) = (L_yn(F;z) +
L nn(F;1/2))/2 for x = (z + (1/z))/2 and z € T, then I,,(f, x) fulfills L,(f,x;) = f(x;), j =
1,...,n,and I,(f,1) = f(1). Therefore, lim, _, .1, (f, x) = f(x) uniformly on [-1,1].

(iii) It is obtained proceeding the same way as in the previous items. O

Remark 3.4. (i) In particular, the preceding result is valid for the following nodal systems:
the zeros of the Tchebychef polynomials of the second kind joint with +1, the zeros of the
Tchebychef polynomials of the third kind joint with 1, and the zeros of the Tchebychef
polynomials of the fourth kind joint with 1.

(ii) Moreover it is also valid for the polynomial modifications, by positive polynomials,
of the Bernstein measures corresponding to the Tchebychef measures mentioned before.

4. Trigonometric Interpolation

Next we obtain some consequences of Theorem 2.2, which are related to the Lagrange
trigonometric interpolation. Now the nodal points are in [0,22r] and they are obtained as
follows. Let du(x) = w(x)dx be a positive finite Borel measure on [-1, 1] satisfying the Szeg6
condition. Assume that the function w(x)+v/1 - x2 > 0 for all x € [-1,1] and it is analytic in an
open set containing [-1,1]. If {P,(x)} is the MOPS(u) and {x; };’:l are the zeros of P,(x), we
consider the following nodal system on [0, 2], {0; }]2-:1, such that 6; = arccosx;, j=1,...,n
with 0 < 0; < or and 0,,4j = 2r — 0,41 for j = 1,...,n; that is, the points are symmetric with
respect to Jr.

Theorem 4.1. Let f be a real continuous function on [0, 2], with modulus of continuity A(f,6) =
0(6?),if6 — 0.

Let the nodal system be {Qj}]z-i’l with 0; = arccosxj, j = 1,...,nwith 0 < 6; < o and
Ontj = 201 = On_ji1 for j = 1,...,n, where {xj};-’zl are the zeros of the orthogonal polynomial P,(x)
with respect to the measure du. One also assumes that du(x) = w(x)dx is a positive finite Borel
measure on [-1,1] satisfying the Szeg6 condition and such that w(x)v'1 - x> > 0 for all x € [-1,1]

and it is analytic in an open set containing [-1,1].



10 Journal of Applied Mathematics

Then there is a Lagrange interpolation trigonometric polynomial of degree < n, 7,(0), such
that 7,,(0;) = f(0;) for j = 1,...,2n and it satisfies that lim,, _, . 7,,(0) = f(0) uniformly on [0,2s].

Proof. Proceeding like in Corollary 3.2 we obtain that the transformed measure of du(x)
by the Szeg¢ transformation, dv(0), satisfies the hypothesis of Theorem 2.4 and the para-
orthogonal polynomials satisfy the bound condition of Theorem 2.4.

Let us define F by F(e) = f(0) for 6 € [0,2x]. Let L_,,1(F,z) be the Lagrange
interpolation polynomial such that L, ,-1(F, z;) = f(6;), where z; = e, j=1,...,2n.

Since F is continuous on T and A(F,6) = 0(6'/2), we can apply Corollary 3.2 and
therefore limy, , oLy, -1 (F; z) = F(2z) uniformly on T.

If we take 7,,(0) = R(L_n,-1(F;e"?)), then 7,(0) satisfies the interpolation conditions,
7,(0;) = f(0;), and lim, .. ., 7,(0) = f(0). O

In the next result we denote the integer part of x by [x] and we consider another type
of nodal system on [0, 2or].

Theorem 4.2. Let v be a measure on [0,2sr] in the Szeg0 class with Szeg6 function having analytic
extension up to |z| > 1. Let {z; };-1:1 be the zeros of the para-orthogonal polynomials w,(z) = ¢n(z) +
7¢;,(2), with |t| = 1, and let 0; € [0, 2r] such that % = zj, j=1,...,n.

If f is a continuous function on [0,20r] with A(f,6) = 0(6'/2), if 6 — 0, then there is a
Lagrange interpolation trigonometric polynomial of degree < [n/2], T(n/21(60), such that T(,/2)(0;) =
f(0;) for j =1,...,nand it satisfies that lim,, _, o T[n/2)(0) = f(0) uniformly on [0, 2sr].

Proof. Let F be a continuous function defined by F(e'¥) = f(0). Since A(F,6) < A(f,6),
then A(F,6) = 0(6'/?). By applying Corollary 2.5 we obtain for p(n) + g(n) = n — 1, with
lim,, . ,p(n)/(n-1) =rand 0 < r < 1, there exists L_p(u) 4(n) (F; z) such that L_p () () (F; e =
f(0;) and lim;, —, o L_p(n) q(n) (F; 2) = F(z) uniformly on T.

We distinguish the two following cases.

(i) If nis even, we take p(n) = n/2 and q(n) = n/2 - 1. Then [n/2] = n/2.
(ii) If nis odd, we take p(n) = (n—1)/2 and g(n) = (n—1)/2. Then [n/2] = (n-1)/2.

In any case the real part of L_, () 4(n)(F; 2) is a trigonometric polynomial of degree [n/2], that
satisfies the interpolation conditions and the convergence property. O
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