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Very recently, Moudafi (2011) introduced an algorithm with weak convergence for the split
common fixed-point problem. In this paper, we will continue to consider the split common fixed-
point problem. We discuss the strong convergence of the viscosity approximation method for
solving the split common fixed-point problem for the class of quasi-nonexpansive mappings in
Hilbert spaces. Our results improve and extend the corresponding results announced by many
others.

1. Introduction and Preliminary

Throughout this paper, we always assume that H is a real Hilbert space with inner product
(-,-) and norm || - ||. Let I denote the identity operator on H. Let C and Q be nonempty closed
convex subset of real Hilbert spaces H; and H, respectively. The split feasibility problem
(SFP) is to find a point

x € C such that Ax € Q, (1.1)

where A : Hy — H, is a bounded linear operator. The SFP in finite-dimensional Hilbert
spaces was first introduced by Censor and Elfving [1] for modeling inverse problems which
arise from phase retrievals and in medical image reconstruction [2]. The SFP attracts many
authors’ attention due to its application in signal processing. Various algorithms have been
invented to solve it (see [3-9] and references therein).
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Note that the split feasibility problem (1.1) can be formulated as a fixed-point equation
by using the fact

Pc(I-yA*(I-DPo)A)x" =x%; (1.2)

that is, x* solves the SFP (1.1) if and only if x* solves the fixed point equation (1.2) (see [10] for
the details). This implies that we can use fixed-point algorithms (see [11-13]) to solve SFP. A
popular algorithm that solves the SFP (1.1) is due to Byrne’s CQ algorithm [2] which is found
to be a gradient-projection method (GPM) in convex minimization. Subsequently, Byrne [3]
applied KM iteration to the CQ algorithm, and Zhao and Yang [14] applied KM iteration to
the perturbed CQ algorithm to solve the SFP. It is well known that the CQ algorithm and
the KM algorithm for a split feasibility problem do not necessarily converge strongly in the
infinite-dimensional Hilbert spaces.

The split common fixed-point problem (SCFP) is a generalization of the split feasibility
problem (SFP) and the convex feasibility problem (CFP); see [15]. In this paper, we introduce
and study the convergence properties of a viscosity approximation algorithm for solving the
SCFP for the class of quasi-nonexpansive operators S such that I — S is demiclosed at the
origin.

Now let us first recall the definition of quasi-nonexpansive operators which appear
naturally when using subgradient projection operator techniques in solving some feasibility
problems, and also some definitions of classes of operators often used in fixed-point theory
and which are commonly encountered in the literature.

Let T : H — H be a mapping. A point x € H is said to be a fixed point of T provided
that Tx = x. In this paper, we use F(T) to denote the fixed-point set and use — and — to
denote the strong convergence and weak convergence, respectively. We use wy,(xx) = {x :
Jxi; — x} stand for the weak w-limit set of {x}.

(i) Amapping T : H — H belongs to the general class ®@g of (possibly discontinuous)
quasi-nonexpansive mappings if

ITx-qll <lx-all V(x.q)eHxFD. (1.9

(ii) Amapping T : H — H belongs to the set @ of nonexpansive mappings if

|Tx-Ty|| < ||lx-v|, Y(xy)eHxH. (1.4)

(iii) Amapping T : H — H belongs to the set @gy of firmly nonexpansive mappings if

? V(x,y) € HxH. (1.5)

2 2
ITx-Ty[|" < [lx-y||" = [(x-y) - (Tx - Ty)

(iv) Amapping T : H — H belongs to the set @rq of firmly quasi-nonexpansive map-
pings if

ITx - q|* < |x - ql* = l1x - Tx|?, ¥(x,q) € H x F(T). (16)
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It is easily observed that ®py C @y C Dg and that ey € Drg C Dg. Furthermore, ®py is
well known to include resolvents and projection operators, while ®rg contains subgradient
projection operators (see, e.g., [16] and the reference therein).

A mapping T : H — H is called demiclosed at the origin if any sequence {x, } weakly
converges to x, and if the sequence {Tx,} strongly converges to 0, then Tx = 0. A mapping
f:H — H is called a contraction of modulus p € [0, 1) if

Ifx-fyll <pllx-yll, VY(xy)eHxH. (1.7)

In what follows, we will focus our attention on the following general two-operator
split common fixed-point problem:

find x* € C such that Ax* € Q, (1.8)

where A : Hy — H, is a bounded linear operator, U : H; — H; and S: H, — H,; are two
quasi-nonexpansive operators with nonempty fixed-point sets F(U) = C and F(S) = Q, and
denote the solution set of the two-operator SCFP by

I'={yeCAyeQ}. (1.9)

Recall that F(U) and F(S) are nonempty closed convex subsets of H; and H, respectively.
If T'#0, we have I' which is close convex subset of H;. To solve (1.8), Censor and Segal
[15] proposed and proved, in infinite-dimensional spaces, the convergence of the following
algorithm:

Xk = U (xk + YA (S-1)Ax), k€N, (1.10)

wherey € (0,2/1), with A being the largest eigenvalue of the matrix A’A (A! stands for matrix
transposition). Very recently, Moudafi [17] introduced the following relaxed algorithm:

Xea1 = (L —ap)ur + U (ux), k€N, (1.11)

where ux = xi + YA (S - I)Ax, p € (0,1), ax € (0,1), and y € (0,1/1p), with A being
the spectral radius of the operator A*A. Moudafi proved weak convergence result of the
algorithm in Hilbert spaces.

Inspired by their work, we introduce the following viscosity approximation algorithm.

Algorithm 1. Initialization: Let xo € H be arbitrary.
Iterative step: Set T = U(I + yA*(S —I)A).For k € N, let

Xie1 = ar f () + (1 = o) (1 = wp) ke + wi Txe), (1.12)

where f : H — H is a contraction of modulus p, wi € (0,1/2), y € (0,1/1) with A being
the spectral radius of the operator A*A, and ax € (0,1).
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This paper establishes the strong convergence of the sequence given by (1.12) to the
unique solution of the variational inequality problem VIP(I - f,T) :

find x* €T such that ((I - f)x*,v-x")>0, Vvel. (1.13)
Now we give a series of preliminary results needed for the convergence analysis of algorithm
(1.12).

Lemma 1.1. Let H be a real Hilbert spaceand T : H — H a quasi-nonexpansive mapping. Then, the
following properties are reached:

. 1 1 1
(i) (x,y) = =5 lle = yl* + S llxI” + 51yl V(xy) € Hx H;
(i) (x—Tx,x—q) > %Hx — Tx||* and (x-Tx,q-Tx) < %llx ~Tx|?, V(x,q) € HxF(T).

Remark 1.2. Let F := I — f, where f is the contraction defined in (1.7). It is a simple matter to
see that the operator F is (1 - p) strongly monotone over H; that is,

(Fx-Fy,x-y)> (1-p)|lx-y|’, V¥(xy)eHxH. (1.14)

The next result is of fundamental importance for the techniques of analysis used in this paper.
It was established in [18], and its proof is given for the sake of completeness.

Lemma 1.3 (see [18, Lemma 1.3]). Let {6,} be a sequence of real numbers that does not decrease at
infinity, in the sense that there exists a subsequence {5y, } >0 of {6, } which satisfies 6,[], < 6nj+1 or all
j = 0. Also consider the sequence of integers {T(n)} defined by

n>ng

7(n) = max{k <n| 6k < Oks1}- (1.15)

Then {T(n)},,5,, is a nondecreasing sequence verifying lim, _, ,7(n) = oo, and, for all n > ny, it holds
that 6y < O7(n)+1 and one has

6, < 6T(n)+1. (1.16)

Proof. Clearly, we can see that {7(n)} is a well-defined sequence, and the fact that it is
nondecreasing is obvious as well as lim,, _, ,,7(1) = 00 and 6.(») < O6r(n)+1- Let us prove (1.16).
It is easily observed that 7(n) < n. Consequently, we prove (1.16) by distinguishing the three
cases: (cl) T(n) =n; (c2) T(n) =n—-1; (c3) 7(n) < n— 1. In the first case (i.e., 7(n) = n), (1.16)
is immediately given by 6:(n) < 67(n)+1. In the second case (i.e., T(n) = n - 1), (1.16) becomes
obvious. In the third case (i.e., 7(n) < n —2), by (1.15) and for any integer n > ny, we easily
observe that 6; > 6;41 for 7(n) +1 < j <n-1; namely,

6T(n)+1 > 6T(n)+2 22 6n—1 > 611/ (117)

which entails the desired result. O
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2. Main Results

Theorem 2.1. Given a bounded linear operator A : Hy — Hp,letU : Hy — Hyand S : Hy — Hp
be quasi-nonexpansive mappings with nonempty fixed-point set F(U) = C and F(S) = Q. Assume
that U — I and S — I are demiclosed at origin. Let {xi} be the sequence given by (1.12) with y €
(0,1/X), wi € (0,1/2) such that 0 < liminfy_, ey < limsup, , wx < 1/2 and {ax} C (0,1)
such that limg_ ax = 0 and X ax = oo. If T #0, then the sequence {xi} strongly converges to
a split common fixed-point x* € T, verifying x* = Pr f(x*) which equivalently solves the following
variational inequality problem:

x*el, ((I-f)x",v-x")>0, Voel. (2.1)

Proof. Set Ty, = (1 —wi)I + wiT. Then xjq = ar f (xk) + (1 — ax) Ty, Xk
Firstly, we prove that {x;} is bounded. Taking y € T, that is, y € F(U), Ay € F(S). We
have

ka1 =yl = e (f () = f () + o (f (¥) = y) + (1 = ) (T xk — ) ||
< || f o) = FW)| + el f () =yl + (0 = @) || Twpxk = y| (2.2)
< arpllxk =y +axl| f(v) — vl + A - @) || Twxx — y]|-

From the definition of T,,,, we get

I Tk =y || = |1 - wi)xi + i Txic - y|*
= ||xk - v + wi(Txx - xk)”2 (2.3)

= ||k — y”2 — 2w {xx = Y, xk — Txie) + w| T — x|
On the other hand, we have

I Txe =y = [U(I +yA"(S- D) A)xi -y’
<|[(1+yA*(S-DA)x -y
= [lxk = ylI* + 1A (S = I) Axe|* + 2y (i — y, A™(S - ) Axx)
= ||k = y||” + Y2((S = I) Ax, AA*(S - T) Axy.) + 2y (xx -y, A*(S - I)Axk>(. |
24

From the definition of 1, it follows that

Y2((S = I)Axy, AA*(S — ) Axr) < \y*((S—T)Axy, (S —I)Axy)
(2.5)
= 2(I(S - I) Ax|]*.
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Now, by using property (ii) of Lemma 1.1, we obtain

2y(xk —y, A" (S - 1) Axy) = 2y(A(xk —y), (S - I)Axy)

=2y(A(xk —y) + (S —I)Axx — (S - I)Ax, (S - I) Axy)

=2y({S(Axe) - Ay, (S - D Axe) - [|(S - D Axel)

<2y (15 - DARI - IS - DAx )

= —ylI(S = D) Axy)”.
Combining (2.4)—(2.6), we have

1T = y1I”< [l = w1 + W20(S = DA = y1I(S - D Axil?
= [l = ylI” =y (1= A0S - DA

< lxe-yl*
From property (i) of Lemma 1.1, we have

1 1 1
(xk =y, 2 = Txi) = =5 || T - vl + 5 Ml - y|I* + 5l = Tocie |

> =l — Ty

N —

From (2.3) and (2.8), we have

| Tk = y||” < [k = v = wiclloce = Tl + wo?flock — T
= llxe = yII* = (1 = i)l = Tl

2
< [l =yl
Combining (2.2), (2.3), and (2.9), it follows that

[l =yl < axpllxe =yl + akl| f (v) -yl + (O - @) || xc - y|
= [1-ax(1=p)]|lxx =y + x| f (v) - vl

T -}

< max{ ||k -y

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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It is obviously that

1
e =il < max{ o =l 75 17 @) - w11}, 1)

and hence {x;} is bounded. Let x* = Pr f (x*). We have
Xi1 — Xk + ax (xx = f(xx)) = (1 = ax) (Teo, Xk — Xk), (212)
and hence
(i1 — xk + i (I = fxie, xpc — x*) = =(1 = ag) {xx = Toop X, X5 — X*). (2.13)

By (2.9) we obtain that

. Lo o1 .
(o = Tupexie, i = 6 = 5|12tk = T i + 5[l = 217 = 5 | Tuo0ic = |

w? 1 1 w
> i = Toxel* + 5 vk = | = Sl = |2+ 5 (1 = i) ek — T

Wi 2
= 7||xk = Txi|”.

(2.14)
It follows from (2.13) that
(k1 =0+ (L = f) i, 0= x°) < =25 (1= )l = Tl (2.15)
and hence
—(ok = Xpea1, Xk — 2 < —ae (I = f)xe, xp — x*) — %(1 — o) || xke — Txie| > (2.16)
Setting 6 = %ka - x*|?>, we have
(ot = k1, 3= x°) = =i = %P+ 3 = P+ 2 ek~ e
2.17)

1
= —Ok+1 + Ok + Eka — x|,
so that (2.16) can be rewritten as

1 o w
Oks1 — Ok — Eka — xpa[* < —a{ (I = £k, x — x*) - 7"(1 — o) ||k — Toxie]|*. (2.18)
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Now using (2.12) again, we have

et = kI = e (F (o) = x) + (1 = atge) (Tooy 2k — x|

< (a|| f (xie) = xie || + (1 = ) [| T xk — xell)?

5 (2.19)
<202 || f (i) = xi||” + 201 = )2 Tuo k. = Xkl
<202 || f (i) = xi || + 2(1 = ) | T — x|
= <%k k k k)W k— Xkl
which yields
1
7 i - il < @[ £ (oex) = x| + (1 = a) | Ty — xi|>. (2.20)

From (2.18) and (2.20), we obtain

k1 — Ok + wi (1 - “k)(% - wk>||Txk - xi|? < ax [txk"f(xk) = x| = (T = £, xi - x*>]-

(2.21)
It follows from Remark 1.2 that
((I=fxe = (I=f)x*, xc—x") 2 (1= p)lxe = x*|> = 2(1 - p) 6« (2.22)
and hence
2(1-p)6i+ (I - f)x*, xpc —x*) < (I = f)xpe, xpc — X*). (2.23)

The rest of the proof will be divided into two parts.

Case 1. Suppose that there exists ko such that {6}, is nonincreasing. In this situation, {6y }
is convergent because it is nonnegative, so that limy _, o (6x+1 — 6x) = 0; hence, in light of (2.21)
together with ax — 0, the boundedness of {xx}, and 0 < liminfy_, cwi < limsup, | _wi <
1/2, we obtain

kli—>rrolo||xk - Tka =0. (2.24)
From (2.21) again, we have
v [=ane | £ () = x| + (L = £)xi, 3 = x°)| < B = B (2.25)

By > ax = oo, we deduce that

lim inf (—ate | £ (ei) = xi |+ (I = f)x, 0= x7)) <0 (2.26)
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and hence (as a| f (xx) — xi||* — 0)

lilfninf<(I—f)xk,xk -x*) <0.

By (2.23) and (2.27), we have

liknligf(Z(l —p)6i + ((I- f)x*, x —x*)) <0;

recalling that limy _, ., Ok exists, we obtain

2(1- p);}ijl;loék + 1il§rli£f((l - f)x*, xe —x*) <0.

Now we prove that

li;ninf((I - )x*, x —x*) > 0.
It follows from (2.7) and (2.24) that

Y (1= A)IS = DAx|? < ||x = y||* = | Txe - y||°

= (e =yl = ITxi = ) Cllxx = w1l + 1T =y

< Nl = Tacill ([l = | + [ T = w]])

— 0 (k— o),
and hence

lim (S - D) Axi| = 0.

Taking v € wy(xk), from the demiclosedness of S — I at 0, we obtain

S(Ay) = Ay.

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

Now, by setting uy = xx + yA*(S — I) Axy, it follows that v € wy, (ux). On the other hand,

U () = x|l = || Toek = xx = yA*(S = ) Axie|| < [|Toxexe = x|l + ¥ [|A*]| - |(S = ) Ax|| — O,

which, combined with the demiclosedness of U — I at 0, yields

Uy =y.

(2.34)

(2.35)
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Hence, y € C and y € I'. We can take subsequence {xy; } of {xx} such that xx, = y asj — oo
and

liminf((1— )", x = x°) = lim (1= )", 2 = x"), (2.36)
which leads to
liminf((1 - f)x",x = x°) = (I - f)x",y = x°) 20. (2.37)

By (2.29), we have limy _, ,,6x = 0, and hence {x} converges strongly to x*.

Case 2. Suppose there exists a subsequence {6kj } j20 of {6k} such that 6k]. < 6k].+1 forallj > 0.In
this situation, we consider the sequence of indices {7(k)} as defined in Lemma 1.3. It follows
that 67(k)+1 — 6z > 0, which by (2.21) amounts to

1
wi (1 - ar(p) (5 - wk) 1T 3r0) = e |1 < e [aveco 1f Cercer) = 0|1

(2.38)
~((I = f)xe(e), Xz = x*) ]
By the boundedness of {xi} and ax — 0, we immediately obtain
lim || Ty = 2o || = 0. (2.39)
Similar to Case 1, we have
liminf((1 = f)x7, Xz = x7) 2 0. (2.40)
It follows from (2.38) that
((I= P, Xe = ) < ariig || f () = %o [ (241)
which in the light of (2.23) yields
2(1=p)6ra + (I = )", Xrg) = X°) < ey || f (i) = Xriio |5 (2.42)

hence (as a()|l f (Xr(k)) — Xz I> — 0) it follows that

2(1 - p) lim sup 6T(k) < —li’?’l il’lf( (I - f)x*, Xr(k) = x*>- (2.43)
k— oo -
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From (2.40) we have limsup, _,  6(x) = 0, so that limy _, ,6+(x) = 0, and hence limy _, oo || x7(x) —
x*|| = 0. On the other hand, it follows that

|2z y1 = 2o || = [lergo) (f (X2 i)) = Xr(iy) + (1= @riy) (Teo Xr iy = X2i)) || 4
< i || £ (er)) = 2o || + (1 = i) i | Ty = 210 ||,
which, by (2.39), implies that
Jim [|xr 41 = %200 || = 0. (2.45)
So we have
. 1 .
kh_{r;o67(k)+1 = §||xr(k)+1 -x*|| =0. (2.46)

Then, recalling that 6x < 67¢)+1 (by Lemma 1.3), we get limy_,,6x = 0, so that the sequence

{xx} converges strongly to x™*. -

Theorem 2.2. Given a bounded linear operator A : Hy — Hp,letU : Hy — Hyjand S : Hy — Hp
be quasi-nonexpansive mappings with nonempty fixed-point set F(U) = C and F(S) = Q. Assume
that U — I and S — I are demiclosed at origin. Let xo € H be arbitrary and {x } the sequence given by

X1 = ap f () + (1= o) (1 — w)xx + wTxy), (247)

where T = U(I+yA*(S-1)A), f : H — H a contraction of modulus p, y € (0,1/1), w € (0,1/2),
and {ay} C (0,1) such that limy_, ,ax = 0 and > ay = co. If ' #0, then the sequence {x; } strongly
converges to a split common fixed-point x* € T, verifying x* = Pr f (x*) which equivalently solves the
following variational inequality problem:

x*eTl, ((I-f)x*,v-x*)>0, VYvel. (2.48)
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