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We introduce a new iterative scheme with Meir-Keeler contractions for an asymptotically
nonexpansive mapping in g-uniformly smooth and strictly convex Banach spaces. We also proved

the strong convergence theorems of implicit and explicit schemes. The results obtained in this
paper extend and improve many recent ones announced by many others.

1. Introduction

Let E be a real Banach space. With ] : E — 2F, we denote the normalized duality mapping
given by

TG = {f € B (x f) = IxIP, || £1] = %11}, (1.1)

where (-, -) denotes the generalized duality pairing and E* the dual space of E. In the sequel
we will donate single-valued duality mappings by j. Given g > 1, by J, we will denote the
generalized duality mapping given by

Jo(x) = {f € B x ¢, f) = I, 1 £ = Dl . (1.2)
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We recall that the following relation holds:
Ja(x) = 172 (), (1.3)

for x #0.

We recall that the modulus of smoothness of E is the function pg : [0,00) — [0,00)
defined by

1
;may:mm{imx+y”+”x—ﬂD—1ﬂMHSL”y”5%. (1.4)

E is said to be uniformly smooth if lim;_,o(pg(t)/t) = 0.

Let g > 1. E is said to be g-uniformly smooth if there exists a constant ¢ > 0 such that
pe(t) < ct1. Examples of such spaces are Hilbert spaces and L, (or [,).

We note that a g-uniformly smooth Banach space is uniformly smooth. This implies
that its norm uniformly Fréchet differentiable (see [1]).

If E is uniformly smooth, then the normalized duality map j is single-valued and norm
to norm uniformly continuous.

Let E be a real Banach space and C is a nonempty closed convex subset of E. A
mapping T : C — C is said to be asymptotically nonexpansive if there exists a sequence
{h,} C [0, o0) with lim,,_, . h,, = 0 such that

|T"x-T"y|| < QA+ hy)||x-y|, xyeCn>1, (1.5)

and F(T) denotes the set of fixed points of the mapping T; that is, F(T) = {x € C: Tx = x}.
For asymptotically nonexpansive self-map T, it is well known that F(T) is closed and convex

(seee.g., [2]).

Theorem 1.1 (Banach [3]). Let (X, d) be a complete metric space and let f be a contraction on X;
that is, there exists r € (0,1) such that d(f(x), f(y)) < rd(x,y) for all x,y € X. Then f has a
unique fixed point.

Theorem 1.2 (Meir and Keeler [4]). Let (X, d) be a complete metric space and let ¢ be a Meir-
Keeler contraction (MKC) on X, that is, for every € > 0, there exists 6 > 0 such that d(x,y) < e+ 06
implies d(¢p(x), p(y)) < € forall x,y € X. Then ¢ has a unique fixed point.

This theorem is one of generalizations of Theorem 1.1, because contractions are Meir-
Keeler contractions.

We recall that, given a g-uniformly smooth and strictly convex Banach space E with a
generalized duality map ], : E — E* and C a subset of E, a mapping F : C — C is called

(1) k'-Lipschitzian, if there exists a constant k' > 0 such that

[Fx = Fy|| < K'jx -y (1.6)

holds for every x and y € C;



Journal of Applied Mathematics 3

(2) n-strongly monotone, if there exists a constant 7 > 0 such that

(Fx = Fy,jg(x=y)) 2 nllx -y’ (17)

holds for every x,y € C and j,(x - y) € J;(x - y).

In 2010, Ali and Ugwunnadi [5] introduced and considered the following iterative
scheme:

xo € H,
Xn+1 = ﬁnxn + (l - ﬁn)]/nr (18)

yn=1- anA)Ti;Z::i)xn +a,yf(xn), VYn2>1,

where T1,T,,...,Tny a family of asymptotically nonexpansive self-mappings of H with
sequences {1 + k;(("n))}, such that k;(("n)) — O0asn — ooand f : H — H are a contraction
mapping with coefficient « € (0,1). Let A be a strongly positive-bounded linear operator
with coefficient y > 0, and 0 < y < y/a. They proved the strong convergence of the implicit
and explicit schemes for a common fixed point of the family T3, T>, ..., Ty, which solves the
variational inequality ((A - yf)x,x —x) <0,for all x € nf;’l Fix(T;).

Motivated and inspired by the results of Ali and Ugwunnadi [5], we introduced an
iterative scheme as follows. for x;1 = x € C,

Xn+l = ,ann + (1 - ﬁn)yn/

(1.9)
Yn = (I — pa,F)T"xy + anyd(x,), Yn>1,

where T is an asymptotically nonexpansive self-mapping of C with sequences {1 + h"}, such
that h* — 0asn — ooand ¢ : C — C are a Meir-Keeler contraction (MKC, forshort). Let F is
a k'-Lipschitzian and #-strongly monotone operator with 0 < y < min{(gn/ Cq(k’)q)l/(q_l), 1}.
We will prove the strong convergence of the implicit and explicit schemes for a fixed point
of T, which solves the variational inequality ((y¢ — uF)p, J,(z — p)) < O, for z € F(T).
Our results improve and extend the results of Ali and Ugwunnadi [5] for an asymptotically
nonexpansive mapping in the following aspects:

(i) Hilbert space is replaced by a g-uniformly smooth and strictly convex Banach space;
(ii) contractive mapping is replaced by a MKC;

(iii) Theorems 3.1 and 4.1 extend the results of Ali and Ugwunnadi [5] from a strongly
positive-bounded linear operator A to a k'-Lipschitzian and 7-strongly monotone
operator F.

2. Preliminaries

In order to prove our main results, we need the following lemmas.
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Lemma 2.1 (see [6]). Let g > 1 and E be a g-uniformly smooth Banach space, then there exists a
constant Cy4 > 0 such that

1, Vx,y€eLE. (2.1)

llx+y |7 < 1xl17 +q(y, jg () + Cqlly

Lemma 2.2 (see [7, Lemma 2.3]). Let ¢ be a MKC on a convex subset C of a Banach space E. Then
for each € > 0, there exists r € (0,1) such that

I =yl = & implies ||¢px - py|| <7llx-y]| VxyeC. (2.2)

Lemma 2.3 (see [8]). Let {x,} and {z,} be bounded sequences in a Banach space E and {y,} be a
sequence in [0, 1] which satisfies the following condition:

0 <lim infy, <lim supy, < 1. (2.3)

n—oo

Suppose that x,1 = YnXn + (1 =Yn)2zn,n > 0,and limsup,, | ([|zn1 = Zull = [|Xn41 — x4l]) < 0. Then
limy, -, o0]|2n — Xn| = 0.

Lemma 2.4 (see [9, 10]). Let {s,} be a sequence of nonnegative real numbers satisfying

Sn+1 S (1= Ap)Sn + L6+, n2>0, (2.4)
where {A,}, {64} and {y,} satisfy the following conditions: (i) {A,} C [0,1] and 377q Ay = oo,
(ii) limsup, 6, <0o0r 320 Xu6n < o0, (iii) ¥, > 0(n > 0), 372 Yn < 0. Then lim,, _, .5, = 0.

Lemma 2.5 (see [11]). Let C be a nonempty closed convex subset of a uniformly convex Banach space
EandT : C — Eis an asymptotically nonexpansive mapping with F(T) # 0. Then the mapping I -T
is demiclosed at zero, that is, x, — x and ||x,, — Tx,|| — 0, then x = Tx.

Lemma 2.6. Let F be a k'-Lipschitzian and n-strongly monotone operator on a g-uniformly smooth
Banach space E with k' > 0,1 >0,0<t <1land 0 < p < min{(qn/Cq(k')‘i)l/(q—l),l}. Then S =
(I - tuF) : E — Eis a contraction with contractive coefficient 1 — tT and T = (qun — Cqui(k')7)/q.

Proof. From (2.1), we have
[[Sx = Sy||” = [|x = y - tu(Fx = Fy) ||’
< lx - yl|"+ g{~tu(Fx - Fy), Jo(x = y)) + Cq||-tpu(Fx = Fy) ||
< lx = yl|” - taunllx - y||7 + tCqp? (k)" || x - y||”
= [1-t(gun - Copt () )] [l -y 25)

qun = Cou (K71’
SRS e L

= (1-t)|lx -y,
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where 7 = (qun — Cqui(k')?) /g, and
5 Syll < (- ) x— y]. 26

Hence S is a contraction with contractive coefficient 1 — t7. O

Lemma 2.7 (see [5, Lemma 2.9]). Let T : E — E be a uniformly Lipschitzian with a Lipschitzian
constant L > 1, that is, there exists a constant L > 1 such that

|T"x - T"y|| <L||x-y|, VxyE€eE. (2.7)
Lemma 2.8 (see, e.g., Mitrinovi¢ [12, page 63]). Let q > 1. Then the following inequality holds:

-1
ab < %a" + quq/(q‘l), (2.8)

for arbitrary positive real numbers a, b.

3. Main Result

Theorem 3.1. Let E be a g-uniformly smooth and strictly convex Banach space, and C a nonempty
closed convex subset of E such that C + C C C and have a weakly sequentially continuous duality
mapping J, from E to E*. Let T : C — C be an asymptotically nonexpansive mapping with sequences
{1+ hy,}, such that hy, — Oasn — ooand F* := F(T) #0. Let D be a bounded subset of C such that
sup,pllT"'x = T"x|| — 0. Let F be a k'-Lipschitzian and r-strongly monotone operator on C with
0 < y < min{ (qq/cq(k’)q)l/(q_l), 1}, and ¢ be a MKC on C with 0 <y < (qun—Capi(K')7)/q = 1.
Let {a,} be a sequence in (0,1) satisfying the following conditions:

(A1) lim,,_, o, = 0;

(A2) limy, —, o (hy /) = 0.

Let {x,} be defined by
Xn = Y P(xn) + (I — anpF)T"xy. (3.1)
Then, {x,} converges to a fixed point say p in F* which solves the variational inequality

((HF =y$)p, J4(p—2)) <0, VzeF" (3.2)
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Proof. Let p € F*. Since &, — 0 and h,/a, — 0Oasn — oo, then (1 - a,7)(h,/a,) — 0as
n — oo,s0 ANy € N such that for all n > Ny, a, < (k’)_1 and (1 -a,7)(h,/a,) < (1/2)(T-y).
Thus, for n > Ny

lln =PIl = @y (an) + (I = aupF)T"xn = p, Jg(xu = p))
= au(YP(xn) = pFp, Jg(xn = p)) + (I = anpF)T"x = (I = auptF)p, Jq(xn = p))
= an(y¢(xn) =Y (p), Jq(xn = p)) + an(y$(p) = Ep, J4(xn = p))
+ ((I = anpF)T"xn = (I = anpF)p, Jg(xn = p))
< any|lxn = pl|" + (1= awt) (1 + ) xn = p||" + an(yp(p) — wFp, Jo(xn = p))
= [1-au(r=y) + A - awt)ha] ||xn = p||" + au(y$(p) = uFp, Jo (xn = p))

< rd(p) —pEp,Ja(xn —p))
T (7-y) - (- ant) (/)

- 9 (p) —uEp, Jy(xn = p))
(r=7)-(1/2)(r-7)

-1
_ 2llvg(p) - uEpllllxn - pll’
= T—Y .

(3.3)

Therefore,

2ly¢(p) —1Fp|l (3.4)
Ty

[l =Pl <

Thus, {x,} is bounded and therefore {¢(x,)} and {uFT"x,} are also bounded. Also from
(3.1), we have

30 = T" x| = an||yPp(xn) — uFT"x,|| — 0 as n — oo. (3.5)

From (3.5) and ||T"*'x, — T"x,|| — 0, we obtain

n+1 n+1 n
T x, — xp T x, = T"x,

+ IT"x, — x4]] — O,

<

(3.6)

T x, = Tx,|| < (1 +h)||T"x, — x| — O,

Thus,

I Tx, — x,| < ”Txn - T"”xn” + ' T"x, — x,

— 0. (3.7)
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Since {x,} is bounded, now assume that p is a weak limit point of {x,} and a subsequence
{xn;} of {x,} converges weakly to p. Then, by Lemma 2.5 and (3.7), we have that p is a fixed
point of T, hence p € F*.

Next we observe that the solution of the variational inequality (3.2) in F* is unique.
Assume that g, p € F* are solutions of the inequality (3.2), without loss of generality, we may
assume that there is a number ¢ such that ||p — g|| > €. Then by Lemma 2.2, there is a number
r such that ||pp — ¢4l < r|lp — §l|. From (3.2), we know

((MF =yP)p, Js(p-4)) <0, (3.8)
((WF =y9)4,14(G-p)) <O0. (3.9)

Adding (3.8) and (3.9), we have
((WF =y$)p = (F = ¥$)q, Jo(p - 7)) <O. (3.10)
Noticing that
((WF =y¢)p = (WF =¥$)q,14(p —q)) = (uFp - pFq, Jo(p = 4)) = (ydp —y$d, Jo(p - 4))
> unllp - all" - vllgp - ¢l llp - 411"

> prp|lp = q||" = yrllp - 4ll°
> (pn—yr)|lp-q|’

> (un—yr)et
> 0.
(3.11)
Therefore p = g. That is, p € F* is the unique solution of (3.2).
Finally, we show that x, — pasn — co. From (3.3), we get
||x _ ”q < a"<Y¢(P) _P‘pr]q(xn - P)>
nTPI = an(T-7) = (1-ay7)hy
(3.12)
_ 0¢(p) —kEp, Jy(xn = P))
(7-71) = Q- aw7)(hn/ )’
and in particular
Y9(p) = puFp, Jg(xn —p
xnj—p”qs < q< ! >> (3.13)

(t-v)- <1 - an].’r) <hnj/a,,j> .
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Since x,; — p, from the above inequality and J; is a weakly sequentially continuous duality

mapping, we have x,, — pasj — oo. Next, we show that p solves the variational inequality
(3.2). Indeed, from the relation

X = AnYP(xn) + (I — aypuF)T"xy, (3.14)
we get

(MF —y$)x, = _ai [(I = T")xy — appFx, + anpFT"x,]. (3.15)

So, for any z € F*

((HE =Y®)Xn, Jq(xn = 2))

= _al«I = T")xp — anpFxy, + anpFT"xy, J4(xn — 2))

= _aln«l -T"x, - (I- Tn)Z/]q(xn -z))

(3.16)
+ ((UF = uFT")xp, Jq(xn = 2))

1 1
< _a_”xn - Z”q + “_(1 + hn)”xn - Z”q + <(."lF - .uFTn)xn/ ]q(xn - Z)>
hy, q n
< a_”xn - Z” + <(#F _,uFT )xn/]q(xn - Z)>

Now replacing n in (3.16) with n; and letting j — oo, using (uF—pFT")x,; — (WF—pFT")p =
0forp € F*, and the fact that x,, — pasj — oo, we obtain ((uF-y$)p, J,(p—2)) <0,Vz € F*.
This implies that p € F* is a solution of the variational inequality (3.2). Every weak limit of
{x,} say p belongs to F*. Furthermore, p is a strong limit of {x,} that solves the variational
inequality (3.2). As this solution is unique we get that x, — pasn — oo. This completes the
proof. O

Corollary 3.2. Let E be a g-uniformly smooth and strictly convex Banach space, and let C be a
nonempty closed convex subset of E such that C + C C C and have a weakly sequentially continuous
duality mapping J, from E to E*. Let T : C — C be a nonexpansive mapping. Let {a,} be a sequence
in (0, 1) satisfying lim,, _, ., = 0. Let ¢ and F be as in Theorem 3.1. For T, let {x,} be defined by

X = Ay P(xn) + (I — anptF)Txy. (3.17)

Then, {x,} converges to a fixed point say p in F* which solves the variational inequality (3.2).

4. Explicit Algorithm

Theorem 4.1. Let E be a g-uniformly smooth and strictly convex Banach space, and let C be a
nonempty closed convex subset of E such that C £ C C C and have a weakly sequentially continuous
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duality mapping J, from E to E*. Let T : C — C be an asymptotically nonexpansive mapping
with sequences {1 + hy}, such that h, — 0asn — oo and F* := F(T)#0. Let D be a bounded
subset of C such that sup . p||T""'x — T"x|| — 0. Let F be a k'-Lipschitzian and n-strongly

monotone operator on C with 0 < p < min{(qq/Cq(k’)”)l/(qfl),l}, and ¢ be a MKC on C with
0 <y < (qun— Cyui(K"))/q = 7. Let {an}, {Bn} be sequences in (0,1) satisfying the following
conditions:

(B1) lim,, _, o, = 0;

(B2) limy_, op (/) = O;

(B3) 2521 an = oo/

(B4) 0 < lim inf, _, of3, < lim sup, _,_f, < 1.

Then, {x,} defined by (1.9) converges strongly to a fixed point say p in F* which solves the variational
inequality (3.2).

Proof. Since a, — 0 and h,/a, — Oasn — oo, (1 - a,7)(h,/a,) — 0asn — oo. Thus,
dNy € N such that (1 - a,7)(h,/a,) < (1/2)(T —y) and a,, < (k’)_l, for all n > Ny. For any
pointp € F* and n > Ny,

lyn =Pl = llan(ydp(xn) = pFp) + (I = anpF)T"xy — (I - anptF)p||
< any||xn = p|| + anllyd(p) — uFp|| + (1 - au7) (1 + o) || xn - p| (4.1)
= [1-an(7-y) + (L= aw?)ha] ||2n = p| + anlly$p(p) - uFp||-

But
s =Pl < Bl =l + (1= )l =PI 2)
Therefore,
e =l < Bt (1 = ) (1=t (5 = ) 1 = ]l = pll+ a1~ B2) [ ) —

= [1 —an(1- ) ((T -y)-(1- anr)Z—:)] [ln = Pl + an (1= Bu) [[y$(p) - uFp||

1 n 1- n /2 -
< [1= 1= 50| e-pl + DD )
2 - uF
. max{”xn_p”, ||Y¢(f)_yll P||}'
(4.3)
By induction, we have
= < e =, LY s m
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Next we show that

lim ||x,41 — x|l = 0.
n— oo

From (1.9),
Yni1 = Yn = A1 YP(Xn1) + (I = i plF) T 21
— Ay P(xn) + (I — aypF)T"xy.
Therefore,
1 = Yull = [|@uerr (@Cenen) = ) + (@nr = @)y ()
+ (I = a1 pF) T xps1 = (I = apa pF) T x,
+(I- cxn+1yF)T"+1xn -(I- an‘uF)T"”xn
+(I = ayuF) T x, — (I — aypuF)T" x|
Hence,

lne1 = yull € dnaayllxna — xall + [ — anly||@ () ||

+ (1= ™)1+ Ry X0 = Xl + [er = | F|

+(1- lan)| Tn+1xn =T"xu||,
lim sup(||yn+1 - yn” = |xne1 = xn“) <0,
n— oo

and by Lemma 2.3

lim ||y, — x,|| = 0.

n— oo

Thus, from (1.9),

%n41 = Xull = (1= B) ||yn — xu]| — 0 as n — oo.

Next, we show that

lim ||x,, — Tx,|| = 0.
n— oo

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)
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Since
ltn = T"xpll < 1201 = Xl + %01 — T" x|
= %1 = 2all + || Baxn + (1= Br) Y — T" x| (4.12)

< lxnar = 2l + Pullacn — T"xn| + (1 _ﬁn)“n(”}’(ﬁ(xn)” + ”ﬂFTnx"”)'

Thus,
n 1 n
|, = T"x,|| < W”anrl = xull + an (|lyPxen) || + || LF T |)- (4.13)
n
Hence,
lim ||x, — T"x,]|| = 0. (4.14)
n— oo

Since T is Lipschitz with constant L and for any positive number n > 1, we have

o = Tl < v = T2l + | T"x, - Tx,

T"x, — T"”xn” + |

(4.15)
< oy = T x| + | T"x, — T x, || + L||T"x,, — x,|| — 0.
Therefore,
nhf;o”x” —Tx,| = 0. (4.16)
Next we show that
lim sup(y¢(p) ~ uFp, Jo(xn = p)) <0, (4.17)

n—oo

where p € F* is the unique solution of inequality (3.2). Let {xy, } be a subsequence of {x,}
such that

lim sup{y$ (p) = uFp, Jq(xa = p)) = lim (v¢ () ~uFp.Jy(x0,-p) ). (418)

n—oo

Since {x,} is bounded, we may also assume that there exists some z € C such that x,;, — z.
From (4.11) it follows that

Xp, = Txy, — 0 as j— oo. (4.19)
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By Lemma 2.5, the weak limit z € C of {x,,} is a fixed point of the mapping T, so this
implies that z € F*. Hence by Theorem 3.1 and J, is a weakly sequentially continuous duality
mapping, we have

lim sup(y$(p) — uFp, J3(xn = p)) = (y$p(p) — uFp,Jo(z = p)) <0. (4.20)

n— oo

Finally, we show that ||x, — p|| — 0. By contradiction, there is a number ¢ such that

lim sup||x, - p|| > <o. (4.21)

n—oo

Case 1. Fixed €1 (g1 < €9), if for some n > N € N such that ||x, — p|| > €9 — €1, and for the
other n > N € N such that ||x, — p|| < & —e1.
Let

_ 24(y9p —#EP, Jo(yn =p)) (4.22)

M,
(&0 - El)q

From (4.20), we know lim sup,, _, .,Mn < 0. Hence, there is a number N, when n > N, we
have M,, < 7 —y. We extract a number ny > N satisfying ||x,, — p|| < €0 — €1, then we estimate

ll2¢ng+1 = pll

”yno _p”q = ”anoy()b(xno) + (I —//thnoF)Tnoan _p”q
= <(I _#“noF)Tnoxno_(I —.““noP)P/ ]q(yno_p)>+“"0<Y¢(xno)_Y(;b(p)f]q(yno_p)>

+ (YD (P) = HED, Jq(Yny —P))

" i

< (1 - “HUT)(l + hno)“x"o _p” ”yno - p| + a”OY”(;b(x"()) - (;b(p) ” ”yn[) _pl

+ an, (YP(P) — HFP, J4(Yno — 1))

"

< [1=an, (T7=y) + (1= @D o) (€0— €) | Yy =P |"™ + @ (Y@ (p) ~1FP, J4(Yns—P))

AR M
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+an(Yd(p) = Fp, Jg(yn = P))

<[t- %(T 1) @0 = e0)llym = PI"" + @ (yd(p) = 1P, Ty (o~ P))
no 1 -1
<[1- -] e+ Ty -pl
+ an, (Y@ () = KEP, Jg(Yn, — P))

<[1- %(T —1)] (20 = 1) + qn, (Y (p) = HFP, Ty (Y, — P))-
(4.23)

But
%m0 = PI* < Bus 1200 =PI + (1= Po) lyms = PII*

< ﬂno(SO -e1)7+ (1 _ﬁm)”yno _p”q'

(4.24)

Therefore,
g =l < B )7 + (1= o) [1 = 222 (7 )] 0 = )’
+ qatn, (1= Pug) (Y@ (p) = 1EP, Jq(Yno = P))

|1 56 (1= ) (7)) e = )7+ 0t (1= B ) Y5 = P, o (v =)

[1- 50 (1) (7= 1) - M) o - 0y

< (g0 —&1).
(4.25)
Hence, we have
||xn01 = p|| < €0 — e (4.26)
In the same way, we can get
lxn —p|| <€0-€1, Vn>n. (4.27)

It contradicts the limsup,, _, __[lx, - pll > 0.
Case 2. Fixed €1 (g1 < €9), if ||x, —p|| > €0 — €1, foralln > N € N, from Lemma 2.2, there
is a number (0 < r < 1) such that

I¢Cen) =) < 7lln =Pl n2N. (4.28)
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It follows (1.9) that

lvn =PI = llawy@(xn) + (I = paaF)T" 2 — p||
= ((I = panF)T"xn = (I = panF)p, Jg(yn = p)) + an(yP(xn) = y¢(p), Js(yn —p))
+an(Y(p) = HFP, Jo(yn —P))
< (1 -aym)(1+ bl =l lyn =PI + any|Cen) = $ () [l - plI*
+an(Y(p) = HEP, Jo(yn —P))
< [1=an(r=yr) + (1=aD)ha] [|x0 = Pl lya= I +anlyd(p) - uFp, Jo(yn—p))

hy, -
1=a| (=) = = am) 2| | = pl =
+an(yd(p) = #Fp, Jy(yn =)

<[t- %(T ~y)| Il = plllyn = plI"" + @y (p) = 1Ep, Jo (v - p))

an 1 qg-1
<[1-3Fr —Yr)]allxn Pl =l -l

+an(Y(p) = UFP, J4(yn = P))

< [1= 3 =y0)]llxn =PIl + q@a(yg () = uEp, Jy (v = p))-
(4.29)

Therefore,

%51 = plI* < Ballen = pl|* + (1= Ba) Iy — |
< Pallen = pl|” + (1—ﬁn)[1 - %(T—w)]llxn—;ﬂllq
+ (1= Bn)ang{yd(p) - uFp, J4(yn —p))

=[1- %an(l —Pu) (T - yr)] 1 = pl|7 + (1= Bu) 2ug{yd(p) — uFp, Js(yn - p))-
(4.30)

By Lemma 2.4, we have that ||x, —p|| — 0asn — oo. It contradicts the ||x, — p|| > & — 1.
This completes the proof. O

The following corollary follows from Theorem 4.1.

Corollary 4.2. Let E be a g-uniformly smooth and strictly convex Banach space, and let C be a
nonempty closed convex subset of E such that C £ C C C and have a weakly sequentially continuous
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duality mapping J, from E to E*. Let T, F*, F, ¢ and {a,,} be as in Corollary 3.2. Let {x,} be defined
by

Xn+l = ﬁnxn + (1 - ﬁn)yn/

(4.31)
Yn = (I — pa,F)Tx, + ayyd(xn), Yn2>0,

Then, {x,} converges strongly to a fixed point say p in F* which solves the variational inequality
(3.2).
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