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Let wy(x) := (1—x2)A_1/2 and P),(x) be the ultraspherical polynomials with respect to
w) (x). Then, we denote the Stieltjes polynomials with respect to w;(x) by Ej ,.1(x) satisfying

fl W) () Py (x)Eypp1(0)x™dx = 0,0 <m < n+1, ﬁl W) (X) Py (%) Ex s (X)x™dx#0, m = n + 1.
In this paper, we investigate asymptotic properties of derivatives of the Stieltjes polynomials
Ejns1(x) and the product Ej ,.1(x)Py,(x). Especially, we estimate the even-order derivative
values of Ej ,,.1(x) and E) ,.1(x)P) ,(x) at the zeros of E) ,,1(x) and the product Ej .1 (x) Py (x),
respectively. Moreover, we estimate asymptotic representations for the odd derivatives values of
Ej)n1(x) and Ej ,11(x) Py, (x) at the zeros of E) ,41(x) and Ej ,11(x) Py »(x) on a closed subset of
(=1,1), respectively. These estimates will play important roles in investigating convergence and
divergence of the higher-order Hermite-Fejér interpolation polynomials.

1. Introduction

Consider the generalized Stieltjes polynomials E) ,.1(x) defined (up to a multiplicative
constant) by

1
f W) (X) Py (x)Eypir (x)x*dx =0, k=0,1,2,...,n, n>1, (1.1)
-1

where w, (x) = (1 - xz))‘_l/ 2, 1> -1/2, and P) ,(x) is the nth ultraspherical polynomial for
the weight function w, (x).

The polynomials E, ,.1(x), introduced by Stieltjes and studied by Szego, have been
used in numerical integration, whereas the polynomials Py ,(x)Ej »+1(x) have been used in
extended Lagrange interpolation. In this paper, we will prove pointwise and asymptotic
estimates for the higher-order derivatives of E ;41 (x) and Py ,(x)Ej n+1(x). It is well known
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that these kind of estimates are useful for studying interpolation processes with multiple
nodes.

In 1934, G. Szego [1] showed that the zeros of the generalized Stieltjes polynomials
E) ni1(x) are real and inside [-1,1] and interlace with the zeros of P, ,(x) whenever 0 <
A < 2. Recently, several authors [2-8] studied further interesting properties for these Stieltjes
polynomials. Ehrich and Mastroianni [3, 4] gave accurate pointwise bounds of Ej ,+1(x) (0 <
A < 1) and the product F)p,+1 := Ej, n+1(x)PM(x) (0 < A <1)on [-1,1], and they estimated
asymptotic representations for E Lnal (x) and F )‘ ons1(X) at the zeros of E) +1(x) and F) 241 (%),

respectively. In [6], pointwise upper bounds of E!, , (x), E;L,n a(x), Fl,,,(x), and Fl,2n+1(x)
are obtained using the asymptotic differential relations of the first and the second order for
the Stieltjes polynomials Eyni1(x) (0 <A< 1)and Fyopea(x) (0 <A < 1). Also the values of
). i1 (%) and F, Lonsl (x) at the zeros of E) ,,41(x) and F) 2,41(x) are estimated in [6]. Moreover,
using the results of [6], the Lebesgue constants of Hermite-Fejér interpolatory process are
estimated in [7].
In this paper, we find pointwise upper bounds of E}’ ") (%) and F)(:;n .1 (x) for two cases
of an odd order and of even order. Using these relations, we investigate asymptotic properties
of derivatives of the Stieltjes polynomials E) ,.1(x) and Fj »,.1(x) and we also estimate the

F29) 1(x) at the zeros of E, ,+1(x) and F) 2441 (x), respectively. Especi-

A2n+
ally, for the value of FJ(\Z; i ,1(x) at the zeros of F) 2,41(x), we will estimate P)frrz (x) and Ef\rzﬁl (x)

for an odd r at the zeros of E) ,.1(x) and P, ,(x), respectively. Finally, we investigate asym-

ptotic representations for the values of Eizgﬂ) nd F)(Lzzex; (x) at the zeros of Ej »4+1(x) and

F).ons1(x) on a closed subset of (-1, 1), respectively. These estimates will play important roles
in investigating convergence and divergence of the higher-order Hermite-Fejér interpolation
polynomials.

This paper is organized as follows. In Section 2, we will introduce the main results. In
Section 3, we will introduce the known results in order to prove the main results. Finally, we
will prove the results in Section 4.

values of Efﬁl (x) and

2. Main Results

We first introduce some notations, which we use in the following. For the ultraspherical
polynomials P, ,, A #0, we use the normalization P)L a(1) = (™2-1) and then we know that
Py ,(1) ~ n?-1. We denote the zeros of Py, by xv n, v = 1,...,n, and the zeros of Stieltjes

polynomlals Ejyna by gﬂ e1r b= 1,...,n+ 1. We denote the zeros of Fjsn41 := Py nE)ni1 by

yv,2n v =1,...,2n + 1. All nodes are ordered by increasing magnitude. We set ¢(x) :=
V1 - x2, and, for any two sequences {b,}, and {c,},, of nonzero real numbers (or functions),
wewrite b, < ¢y, if there exists a constant C > 0, independent of n (and x) such that b, < Cc,
for n large enough and write b, ~ ¢, if b, < ¢, and ¢, < b,. We denote by D, the space of
polynomials of degree at most n.

For the Chebyshev polynomial T, (x), note that for A = 0and A = 1

Eope1 (%) = 2 (T2 (x) = Tyt (4))
7 @2.1)

Er (0) = 2Tt (0).

Therefore, we will consider E ,.1(x) for 0 < A < 1.



Journal of Applied Mathematics 3

Theorem 2.1. Let 0 < A < 1and r > 1 be a positive integer. Then, for all x € [5()‘) §(+1 P

1,n+1”

|E(T)+1(x)| < nr+1 .A, 1-r- A(x) (22)
Moreover, one has

max |E( Vsl (x)| , (2.3)

and especially one has, for x € [-1, e Jule) 1],

1,n+1 n+1,n+1’

|E") 1(x)| s (2.4)

An+

Theorem 2.2. Let 0 < A < 1 and r > 1 be a positive integer. Then, for all x € [g(’\) §(+1 a1l

1,n+17

|[Fa ()] S 772 (). (2.5)
Moreover, one has
20+2r-1
malX11|F)L 2n+l (x)| St (2.6)

and especially, for x € [-1,¢M _Ju W 1],

1,n+1 n+1,n+1”

| ()| ~ o2, 2.7)

In the following, we also estimate the values of Ef:il(x) and F)(Lzzer)ﬁl(x), ¢ > 1 at the

Zeros {§( n 1) of Eyi1(x) and the zeros { 3/1(32)71 1) of Fa2n:1(x), respectively.

Theorem 2.3. Let 0 < A < 1and r > 2 be an even integer. For 1 < y < n+1, one has
( ) (L) _r [ +(\)
B (G| S 707 (50 (28)
Theorem 2.4. Let 0 < A < 1andr > 2 be an even integer. For 1 < v < 2n + 1, one has

|Ft (V8200 | S 7 (i) (2.9)

Finally, we obtain the asymptotic representations for the values of Effﬁ)(x) and

Jaeias)

L ons1 (%) at the zeros of E) n41(x) and F) 2,41(x) on a closed subset of (-1,1), respectively.
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Theorem 2.5. Let 0 < A <1and 0 < e < 1. Suppose |§/(4 i1l <1—¢. Then,

(a)

Gty (8m) = (D i 179 (0 ) B () +O(w2), (210)

(b)
PR ) = (1) nf(n+ 20 (30 ) Pua(e,,) + O (n?22). 2.11)
In addition,

P (8om) = CO O DX (0 ) Pun (8 ) + O (2 2). 212)

Theorem 2.6. Let 0 < A <1and 0 < e < 1. Suppose |x1(,)”,)l < 1-¢. Then,

(a)
ECD L (30) = () (n+ 1972 (x0)) Exen (x850) + O (), 213)

(b)
P)E/Zﬂéﬂ ( (x)) = (- 1)ene(n+2A)e _ze<x1(;2>Pin< u)) +O< )H_zg_z)' (2.14)

In addition,

PA(,Z:+1)< (A)) = (-1) (n+1)2€ < (A)>Pin( >+O< uzm)‘ (2.15)

Theorem 2.7. Let 0 < A < 1and 0 < € < 1. Suppose |y82)n .11 < 1—¢€. Then, one has, for a positive
integer € > 1,

(2e+1) (. (V) _ ¢ 2¢, 20 ( (L) W) A+2¢
i <yv 2n+1> =c(-1)"(n+1)"¢ <yv2n+1>Pizn+1 <yv2n+1> + O(" ’ ), (2.16)
where cp = 4¢ — 2671,

3. The Known Results

In this section, we will introduce the known results in [4, 6, 9] to prove main results.
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Proposition 3.1. (a) Let A > —1/2. Then, P, ,(x) satisfies the second-order differential equa-
tion as follows:

(1 - xZ)len (x) = 2 + 1)xP} (%) + n(n+20) Py 5(x) = 0. (3.1)
(b) Let A > -1/2. Then,
P, (x) = 2APyy11 (%) (3.2)
(c) Let A >-1/2.Then, for1 < p <n+1,
|P (" <§;(:,\r)l+1> | Snt g <§;(4),L;)1+1>- (3.3)
(d) Let A > =1/2. Then, for 1 < v < n,
P, (x50)

(e) Let A > —1/2. Then, for x € (-1,1) and r > 0,

~ g (x)). (3.4)

[P (0] S n o™ (), (35)

(f) Let0 < A < 1.Then,forl <v <,

! )
|E e (x30)

< np”! (x50, (3.6)

(g) Let A > -1/2 and r > 0. Then, Py, (x) satisfies the higher-order differential equa-
tion as follows:

(1 - xz)ij;2> () = @1 +2r + )P (x) + <n2 +2An-rh—r1+ 2))Pj/’g(x) =0. (3.7)

Proof. (a) Itis from [9, (4.2.1)]. (b) It is from [9, (4.7.14)]. (c) It is from [6, Lemma 3.4]. (d) It
is from [9, (8.9.7)]. (e) For r = 0, it follows from [9, (7.33.5)], and, for r > 1, it comes from
(b) and the case of r = 0. (f) It is from [6, Lemma 3.3 (3.23)]. (g) Equation (3.7) comes from
(a). O
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(0]

Proposition 3.2 (see [4]). Let 0 < A < 1. Let §()”) = cos OV u=1...,n+landy =

un+1 un+l’ v,2n+1
cosqtf}?wv v=1,...,2n+1.Then, foru=0,1,...,n+2andv =0,1,...,2n+2,
) ) ) ) -1
|6y,n+1 - 9/4+1,n+1 - wv,2n+1 - ¢v+1,2n+1 ~n-, (38)
W _p ) — ) —
where 55,11 = 004y 7= I AN @ 00041 1= 0305 000 = 0.
Proposition 3.3 ([6, Proposition 2.3]). Let 0 < A < 1. Then, forall x € [-1,1],
(1= 2)E} iy (1) = XE} 1y (0) + (14 1) Ex it (%) = L (), (39)
where
[(n+1)/2] \
I, (x) = - Z (n+1- v)va,(,,,iTnﬂ_z,,(x). (3.10)
Yn v=1
Then I, ,(x) is a polynomial of degree n — 1 satisfying
I <nt
xﬁ‘ﬁf‘ul LX) Sn (3.11)
Proposition 3.4 ([4, Theorem 2.1]). Let 0 < A < 1. Then, forn > 0,
|Epna (@) Snt e () +1 -1<x< 1 (3.12)
Furthermore, E) ,41(1) 2 1.
Proposition 3.5 ([6, Theorem 2.5]). Let 0 < A < 1.
(a) Forall x € [ 872+1'§r(1):r)1,n+1]f
|EL ()| <m0 ). (3.13)
A )
Moreover, one has, for x € [—1,§§Jz+1] U [gfljlrm, 1],
|EL (0| ~ 2 (3.14)

(b) Forall x € [¢Y.,¢M 1,

1,n+1” on+1,n+1

|EL (0] S 797 ). (3.15)
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Moreover, one has, for x € [-1,¢Y Jue? 1],

1,n+1 n+1,n+1”/

"

|EM+1 (x)| ~nt, (3.16)

Proposition 3.6 ([6, Corollary 2.6]). Let 0 < A < 1. Then, for all x € [-1,1],
(1 - xz)ﬁlzm (2) = xF) 1 (%) + (2n2 +2(1+ N+ 1)1%,2,,+1 (x) = Jun(x). (3.17)

Here, J) n(x) is a polynomial of degree of 2n + 1 defined in (4.37) such that, for x € [ W

1,n+1’ on+1,n+1

[Tun(x)| S nPp" " (x) (3.18)
and, for x € [-1,¢  JU L&) 111,
[Jin(x)] < n'*2h (3.19)

Proposition 3.7 ([6, Corollary 2.7]). Let 0 <A < 1.

(a) Forall x € g™, ¢™

1,n+1” on+1,n+14/

|F1,zn+1(x)| S np (). (3.20)
Moreover, one has, for x € [-1, §§2 ]y [é,(ﬁ)l wi1r 11
[Pl ()| ~ 2 (3.21)
(b) Forall x € 872+1'§r(1);)1,n+1]f
|Fl,2n+1(x)| St (x). (3.22)
Moreover, one has, for x € [-1, §§)‘2 ]y [é,(ﬁ)l e 1
|1—*;,2n+1 (x)| ~ 32 (3.23)

Proposition 3.8 ([4, Lemma 5.5]). Let 0 < A < 1. Then, fory=1,2,...,n+1,

|E)L n+1< ;(4)?”1) | ~ n27)t(/f)l< /(4);)”1) (3.24)
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and, forv=1,2,...,2n+1,
|F )21 (yu(;gnu) | ~np <y1(;/,\2)n+1>’ (3.25)

We now estimate the second derivatives at the zeros of E ;11 and F) 2,41.

Proposition 3.9 ([6, Theorem 2.9]). Let 0 < A < 1. Then, forp =1,2,...,n+1,

|Eb i (5| S 7207 (500 (3.26)
and, forv=1,2,...,2n+1,
'F;:,2n+1 <y1(;ft2)n+1> | S) rll”t(/'fz*)l (yyZ)nH) . (3.27)

4. The Proofs of Main Results

In this section, welet0 < A <1and m = |[(n +1/2)]. A representation of Stieltjes polynomials
E) ni1(x) is (cf. [1,10])

Yr(LM W ) aff/)Zn cos 6, n even
5 Eini(cos 0) = a cos(n+1)0 +ay, cos(n=1)0+---+ 3 1" () » (4.1)
Ean+1/2,n’ no 4
where
W _ W W) W)
Yon = Jon = 1, Za/l,n v—pn = 0, »=12,...,
u=0
L) . A A (4.2)
=(1-— 1-— =1,2,..., :
vt ( v)( n+v+A>' v=ls
W _ I'(n+21) B 11
Yo =VT e T YT

In the following, we state the asymptotic differential relation of the higher order of
E)L,TH—l'

Lemma4.1. Let 0 < A < 1. Then, forall x € [-1,1] and r > 2,

(1 _ x2>E(r)

() = @r=3)xE( () + (=27 = (n+ D) E D (0 + 11,7 () (43)

An+l n+l

and, for x € [éi)‘) §(A) 1,

n+17 on+1,n+1

|12 (0| S g (). (44)
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Here, I, ,,(x) is a polynomial of degree n — 1 defined in (3.10);

8 m
Lin(%) = =5 2 (n+ 1= v)vas Tuuiay (%), (45)
Yn v=1
such that
(r-2) < 4g2r-2
xgr[ﬁ),(l] Iy, (x)| <n (4.6)

Proof. For r > 2, (4.3) is obtained by r —2 times differentiation of (3.9). Equation (4.6) follows
by (3.11) and the use of Markov-Bernstein inequality. Now, we prove (4.4). We know that the
Chebyshev polynomial T, (x) satisfies the second-order differential equation

(1 - x2>T;(x) — xT,(x) + 12T, (x) = 0, (4.7)
so we have, by r — 2 times differentiation of (4.7),
(1 - xz)T,Y) (x) = (2r - 3)xT" D (x) - <(r —2)2 - nz)T,Y‘” (x) = 0. (4.8)

Let for a nonnegative integer j > 0,

A
Lynj(x) =~ )‘)Z(n+ 1- v)vzx( ) T7§]+)1 21;(x)|. (4.9)
n v=1
Observe that in the view of Szegt's result (cf. [1])
A A A <
o) <ayy <l < 0< Yalh <1. (4.10)
v=0

[¢Y)

1n+17 §n+1 ne1] and

Then, since |I<7) ()| < Inj(x) (note (4.10)), we will prove that, for x € [¢
j=0,

Linj(x) S /%97 (x) (4.11)

instead of (4.4). Since, from the proof of [6, Proposition 2.3],

Y( 5 Z(n +1-v)vaiy < n? (4.12)
and, for x = cos 0,
sin(n+1-2v)0 _
| Thi100 ()| = [(n+1 —ZV)T Sny T (x), (4.13)
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we obtain that I) ,0(x) < n? and I, ,1(x) < nd¢~!(x). Using (4.8), we have, for2 < j < n,

T(])

A
I)»,Tl,j (x) ()L) Z(n + 1 v VOC,(,,z n+1- 217( )|

nV—

Z(n +1-v) wx%

Yn v=1
. X (4.14)
><<(21'—3)IXI T (x )| |(7"2) ~(n+1-2v) | T2 (x )|
1 —x2 n+1-2v 1 _x2 n+1 2v
2j —3)|x| n+1
5 %I/\,n,jfl(x) (1 ) I)Ln] Z(x)

Therefore, (4.11) is proved by the mathematical induction on j. Consequently, we have (4.4).
O

We obtain pointwise upper bounds of E(r) 5.1 (x) for two cases of an odd order and an
even order in the following.

Lemma4.2. LetO<A<landr > 2. Letx € 1n+1,§ff+)1n+1].1fris even, then one has

|V, (0)| S 17207 (0| Bl ()| + 1797 (01 Ey i ()] + 177 (), (4.15)
and, if r is odd, then one has

|E)L n+1(x)| <n" 1(p1 "(x) |E)L n+1(x)| + n’_l(p_l‘r(x)|E)L,n+1(x)| +n"p7 (x). (4.16)

Proof. Let r > 2. From (4.3) and (4.4), we have, for x € | ) §()”) 1,

1,n+17 on+1,n+1

|ED )] S 9 @0 (0| + w97 () |EL D ()| + o7 () (4.17)
and especially
< -2 E 2, -2 E 2 -2 418
)Ln+1(x) ¢ (x) /\n+1(x) + 19 () |[Eyn1 (%) + n797(x), (4.18)
A
that is, we have (4.15) for r = 2. From Proposition 3.2, we see 1 + §1 w1 1 551 +)1 w1 ~ 1/m, 80

A
we have, for x € [éi,iﬂ, §(+1 a1l

¢ (x) <n (4.19)
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Then, from (4.17) with = 3 and (4.18), we know that
|E§L3J)l+1(x)| < n2(p‘2(x)|E')L,n+1(x)| + 1274 (20) |[Ey o1 ()| + 22973 (x), (4.20)

that is, we have (4.16) for r = 3. Assume that (4.15) and (4.16) hold for 3,4,...,r — 1 times
differentiation. Let » be an even number. Then, we have, from (4.17), (4.19), and the assump-
tionsforr—1landr -2,

|ED )| S 0207 (0| El o (0)| + 1797 (OIE i ()] + 1797 (x), (421
that is, we have (4.15). Similarly, we also have (4.16) for an odd r. O

Lemmad4.3. Let -1 <x1 <xy<---<x, <land
P(x) :=(x—x1)(x—x2) -+ (x — xp). (4.22)

Then, P'(x) is a polynomial of degree of n — 1 and has distinct real n — 1 zeros in (=1, 1). Moreover, if
onelets =1 < y1 < yp < -+ < yu_1 < 1 be the zeros of P'(x), then {y;}?, is interlaced with the zeros
of P(x) thatis, x; <y; < xis1,i=1,2,...,n-1.

Proof. Since the sign of P'(x;) is (-1)™, itis proved. O
Lemma 4.4. Let r be a nonnegative integer. Then, Eyr)l 1 (x) has distinct n+1-r real zeros on (-1, 1).
If one lets { x4 (r, i) } 151" be the zeros of the polynomial Ey,)q o (x) with
“1<xp1(r,1) <xp1(r,2) < <xpu(r,n+1-r) <1, (4.23)
then one has, for 1 <r <nandk=1,...,.n+1-r,
Xns1(0, k) < Xpia (1, k). (4.24)

Proof. From Lemma 4.3, we know that Eirzl .1 has distinct real n+1 - r zeros on (-1, 1). By the

interlaced zeros property of Lemma 4.3, we see that,fork=1,...,n+1-7,
Xp1(r—=1,k) < xpq(r, k) < xp1(r—1,k+1). (4.25)

Thus, (4.24) is proved. O

Proof of Theorem 2.1. Let r > 1. Equation (2.2) comes from (4.15), (4.16), (3.12), and (3.13).
From Propositions 3.4, 3.5, and (4.19), we have

(r) 2r _
PR 0
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Hence, using the Markov-Bernstein inequality, we have (2.3). To prove (2.4), we will use the

mathematical induction. We use (3.14). The formula (2.3) holds for » = 1 from (3.14). We

suppose that, for x € [—1,§8ﬁ ]y [§fl):)1,n o 1]andr > 2

|EC 0 G| ~m2, (4.27)

Then, by Lemma 4.4 and (3.8), we have, for x € [§n+1 1 l]andr > 2
E(’) ) (x)
(r-1)
E rn+1( )
n+2-r 1 1
& x-xalr-1k) "~ éfﬂ,m ~Xna(r—1n+2-1) (4.28)
1 1
(L) () )
§n+1 n+l T Xnl On+2-7) §n+l n+l §n+2—r,n+1
1
—_— >
() W
gn+1 n+l én,n+1
Here, the last inequality is obtained by Proposition 3.2, that is,
) ) ) ) -2
§n+1,n+1 - ‘;n,n+1 = Cos 9n+1 n+1 ~ COS 671 w1 T (4.29)
Therefore, we have, for x € [gn Lnels 1land r > 2,
EV) [(x) 2 EV D (on? ~n. (4.30)
Hence, from (2.3), we have (2.4). For x € [-1, gfﬁ .11, the proof is similar. O
Lemma 4.5. Let € be a nonnegative integer and x € | %3 Ry §7(1)flln 11 Then,
) @ 041, 20
(*Erma (0P, () | S g7 (), (431a)
| L ()P ()@ < mE g7 (), (431b)

’ ’ @ o)
(B 0P, 0) | s 220, (4310
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Proof. (a) When ¢ = 0, it is obvious from (3.5) and (3.12). Now, suppose ¢ > 1. From (3.12),

(2.2), and (3.5), we have

() r+
<xEA,n+1(x)P)'”n(x)> '5 Z |)‘"+1(x)P(,nl)(X)

0-1<g+r<e

g Z nq+r+1 (P—(q+r)—2A (x) g n£+1 (P—E—Z)L (x) )

0-1<g+r<e
(b) From (4.4) and (3.5), we have

(L@ PO £ 3 (L8 PR)
q+r=¢

< n€+1+)L(P—€—)L (x) .

~

(c) Similarly to the proof of (a), we have, from (2.2) and (3.5),

’ <E:\ n+l (x)P)’L > l Z |E;q;ii ( P(r+1) ( )
q+r=¢€

< n2+2lp—2)t—€—1 (.X') .

~

Lemma 4.6. Let 0 < A < 1. Then, forall x € [-1,1] and r > 2,

(1-2)F), () = @r = 5)xF {3 ()

(=2 = (n+1)? = n(n+20) ) F{o2 () + 1,2 ()

2n+

1
and, for x € [él n+1’§£l+)1,n+1]’

])(LT 2)(x)| < nr(P—Z)L—rJrS(x).

Here, J) n(x) is a polynomial of degree of 2n + 1 defined as follows:
Jan (x) = 2~)‘XE)L,n+1 (X)P)’L,n(x)
+2(1=22)E} iy ()P, (6) + LX) Pua ().
Furthermore, one has

|]§Tn—2)(1)' S n2)L+2r73.

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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Proof. Similarly to the proof of Lemma 4.1, (4.35) is obtained by r — 2 times differentiation of

the second-order differential relation with respect to F) ,.1(x), thatis, (3.17). So it is sufficient
to prove (4.36) and (4.38). From (4.37), we know that

T2 (x) = (2AxEsnn (x)Pi,n(x)>(r_2)

. (4.39)
+ (2(1- ) B @PL®) "+ (@) Pua(0) 2.
) (1)
By Lemma 4.5 (a) and (b), we have, for x € | Lm,gmlm],
/ (r-2) r—1, —r+2-21
(2AxErun (0P, (1) | S n T (),
(4.40)
| (L) PLa(0) 2] $ 9727 ),
From (4.19) and Lemma 4.5 (c), we have, for x € | ﬁfﬂ,gﬁ’lml] and r > 4,
, , (r-2)
‘ (2(1 - x2>EA/n+1(x)P)”n(x)> ‘
) / (r-2) ) / (r=3)
< |(1=2) (B 0P, 0) |+ (B @7, 0)
) (4.41)
+ (B (0P, ()
5 nr(P—ZA—r+3 (x) + nr—l (P—Z)L—T+2 (x) + nr—Z(P—Z)L—r+3 (x)
S nr(P—ZA—H-S (X)
When r = 2,3, we can similarly obtain that
(r-2)
‘ (2(1 - x2>E’M+1 (x)P,, (x)> ‘ < (). (4.42)

Therefore, we have (4.36). On the other hand, from (2.4), (4.6), and (3.2), we know that, for a
nonnegative integer ¢,

E(e +1(1) ’ |I(é) | < n2€+2,
(4.43)
P (1) ~ Progne(1) ~ n24+071,
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Then, similarly to the proof of Lemma 4.5, we obtain that

£)
(Eunr P, ) | w0, G| <,
o (4.44)
4)
| < E} o (X) Pi,n(x)> < 20,
x=1
Therefore, we have (4.38). =
Lemma 4.7. Let 0 < A < 1. Then, for r > 2, if r is even, one has, for x € [gi*gﬂ,g(ﬂ Ll
'FATZ)nJrl (x) | ,S nr’2¢7r(x) |F3L/2n+1 (X) ' + Tlr(Pir (x)IF)L,an (x)| + nr(plfz)‘fr (x) (4_45)
and, if r is odd, one has
|F§2n+1(x)| S (x) |F3L,2n+1 (x)| + 1 L T (%) | Foonst (x)] + 172 (). (4.46)

Proof. Using (4.35) and (4.36), we obtain the result similarly to the proof of Lemma 4.2. [

Proof of Theorem 2.2. Equation (2.5) comes from Lemma 4.7 and Proposition 3.7. We will show
(2.6) and (2.7). From Proposition 3.7, we see

1421

max |F’A,2n+1(x)' ~n (4.47)

x€[-1,1]

Hence, using Markov-Bernstein inequality for F, Lo € Do, we have (2.6). Now, we show

(2.7). By Proposition 3.7 (a), it is true for r = 1. We suppose that, for r > 2,

(r-1) - (A) (L)
|F/\TZn+1 (x) ' ~ n2r+2 3’ [ 1 n+1] [§n+1 n+1’/ ] (4'48)
As the proof of Theorem 2.1, we have, for r > 2 and for x € [551);)1 i 1

(r)
F n+1(x) > 2

(r 1)
)L2n+1( )

(4.49)

Therefore, we see that by induction with Proposition 3.7, (2.7) holds for every r = 1,2,3,....
O

Corollary 4.8. Let 0 < A < 1and r > 2. Then, for x € | ,g‘” U [g(” 1],

1,n+1 n+1,n+1”

70,7 )| < meres, (4.50)
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Proof. Corollary 4.8 comes from (4.35), (2.7), and (3.8). O
Proof of Theorem 2.3. Equation (2.8) comes from (4.15) and (3.24). O

Lemma4.9. Forl<pu<n+land1 <v<2n+1,

)Ph,n <§,(4)Lr)1+1> | ~ n)t_l(P_)L< ‘L(l),l31+1>’ (4.51)
|E)L,n+1 <x-§; r)1> ~ nl_)‘(pl_)‘ <x1());1> (4.52)

Proof. Since we know from (3.24) and (3.25) that

=21 ( (L) ) (A) (V)
ny <‘§,4,n+1> ~ |F;L,2n+1 <§y,n+1> | |E)t n+l < U, n+1> Pf\r" (éu,nﬂ) '

(4.53)
=17 () | P (8in) |
(4.51) is obviously proved. Similarly, since we have, from (3.4) and (3.25),
2 60 = [Frn (12) = e ()P (52)
(4.54)
-l (<8 | Emn (52|
(4.52) is obtained. O
Lemma 4.10. Let 0 < A < 1and r > 1. Let r be an odd integer.
(@) Forl<pu<n+1,
)P(r) <§;¢Ar)1+1>| zw-zq)-r—l( ,931+1> (4.55)
(b) For1 <v <mn,
[EDL (x50)] s o (x50). (4.56)
Proof. (a) We know, from (3.3),
P (8 )| s v g2 (5. (4.57)

So (4.55) holds for k = 1. Assume that, fork =1,2,...,¢,

| P (k- 1)( LAy)ﬂ) ' < P2k 2k <§H n+1>' (4.58)
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Then, we have from (3.5), (3.7), and (4.58) that

|P(2€+1) < ::\,)H_l) |

N ‘P_2< ,(1)‘31+1>) P (5,9;1&)' +n2(p_2 <§LA,)H1>| p* (é:llr)l+1>| (4.59)
< p2Ae2e-1 (p—ze—z ( éu) 1>‘
~ W+

Therefore, we have the result using the mathematical induction.
(b) For an odd integer » > 1, we have from (3.6), (4.16), and (4.52)

|ED. (xbn)
S0 () (| B (¥00)

A
Sn'eT <x§2>

+ | E)L,TH—l <x1(;2>

) +n'p" (x,(,)‘,),> (4.60)

O
Lemma 4.11. Let r > 2. If r is even, then
|P(”) < (/U) )L+T'—2(P—./\—T—l (xy’;)l) . (461)
Proof. 1t is easily proved from (3.4) and (3.7). O
Lemma 4.12. Let k be a positive integer. Then, one has, for 1 < v < 2n+1,
(2k k- A
|])l )< v2n+1> | S n2k+1+)l(P 2k (y1(;,2)n+1>' (462)
Proof. From (4.37), we know that
Jan(x) = 2AXE) i1 (x) Py, (%)
(4.63)
+ 2(1 - x2) E 1 ()P, () + L () Pra(x)
From Lemma 4.5 (a) and (b), we know that for x € [y%)nﬂ, yéﬁll oni1) (=[§$+1, §1(1)j31/n+1])
| (xEuma P, ) ™| £ my 220
(4.64)

| (L) Pn(x) | S 214072 ().
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On the other hand, we estimate |((1 — x?)E! nsl (x)P)’Ln(x))(Zk)| splitting into three terms as

follows:

‘ <<1 — x2>E'1,n+1 (x)Pi,n(x)> k) ‘

< 3 [(-2)Enn @ @)
q+r=

o) H (Epa ()P, () G

Here, from Lemma 4.5 (c), we have for x € [yi)‘z)n 1Yo n)+1 oni1)

/ -1 +1, -2~
(B, 0) | S 22 ),

(2k-2)
‘( E,)L,n+1( x) Pi,n( x)) ‘ < n2k (P—ZA—2k+l(x) < 2kt (P—zx—zk (x).

For the first term, we also split into two terms as follows:

S |(1-#) B 0P @)

q+r=2k

_ (g+1) (r+1)
- Y |-P)E @R ()
q+r=2k,q:even,r: even

(g+1) (r+1)
v 3 |(-2)EL @R )
q+r=2k,q: odd,r:odd

= A1(x) + Az(x).

From (2.2) and (4.55), we know that for even g and r

(q+1) ) 2-4,—q-A (1)
|E)L n+1< yn+1>| S n* % 1 <§I4/"+1>'

|Pr+1)< ﬂ"+1>| < p2lar- 1lpfr 2<§yn+1>

Also, we know from (4.56) and (3.5) that for even g and r

£ (<)

'P(r+1) <xl(;);)z>

Snle i (xi),

/S n.l+r(P*)L*r*1 <x1(;)Lr)1>

(CET e

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)
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Then, we have

[ ()|
ST D SR L2 LG L A e

q+r=2k,q:even,r:even

2k+1+A, —2k—A [ (L)
511 (P <§;4,n+1>’

A (g+1) A 1 A
SPGE) SR ()P ()

q+r=2k,q: even,r:even

e

~ v,n

< p2kHed ¢-A—2k ( xm) ]

Similarly, for odd g and r, we have, by (2.8) and (3.5),

(g+1) /(1) (r+1) [ (V) 2k+1+X, —2k-1-2 [ (1)
|E/\L,7n+1 <§;4,n+1>P)J-: <§‘u,n+1>| SJ n o % ('g‘u,n+1>
and, by (2.2) and (4.61),

< g2keled —)L—Zk—2< (k)>'

(g+1) A 1 A
| () P (x60) | < ¢ Xy

Thus, we have

(1)
|A 2 <§#/n+1> |
2 ( (1) (q+1) [ (1) (r+1) [z (1)
5 4 (‘;u,n+1> Z )E)L,n+1 <§y,n+1>PA,n (éy,n+1> '
q+r=2k,q:odd,r: odd

2k+1+4, —2k=A [ (A1)
Sn 9 <§y,n+1>’

A A (g+1) A 1 A
Ao <o) 3 [EEA ()P (x5)
q+r=2k,q:odd,r:odd

< n2k+1+A(P—/\—2k< (l)>'

~ xv,n

Therefore, we have the result.

19

(4.70)

(4.71)

(4.72)

(4.73)
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Proof of Theorem 2.4. When r = 2, (2.9) holds from (3.27). Let even r > 2, and suppose that

(2.9) holds for r — 2. Since we know by (4.35), (2.5), (4.62), and (4.19)

@) (r) W)
(yv 2n+1> 'FA 2n+1 <yv 2n+1> '
(r-1) ) 2| p(r-2) ) (r-2)
|F). 2n+1 (yv,2n+1> | tn |FJ\ 2n+1 <yv2n+1> | |] ( v2n+1> |
2| p(r-2) W —14A, —r2-0 [ (L)
'Sn |F)L2n+1<yv2n+1>| +n p " <yv2n+1>

we obtain, using mathematical induction,

) (r) V) 144, —r+2-1 (1)
<yv 2n+1> |F)L 2n+1 <yv 2n+1> | N ni’ " (P r+ <yv,2n+1> :

Therefore, (2.9) is proved.

Proof of Theorem 2.5. (a) From (4.3), we know that

(60 )ED L (69,)) =~ + 1By, (80,,) + O(Era (E0,))
+O(Eya (800)) + O(L (801
Therefore, we have, by (2.2), (3.24), and (3.26),
0

() = 0250 e (E81) O

Suppose that, for an integer € > 2
ECrt (i) = (D e 002D (60 VB (80) + O(n2).
Then, from (4.3), we obtain
9 (8o ) vt (Gmar) = = 0+ D’ELD (600) + O (B (§im))
+O(EL (§mn)) + O (10 (men)):
Therefore, by (2.2), (2.8), and (4.4), we have

Epat (Gona) = =1+ D297 (00 ) EDL (§mn) + O(72)

=(-1) (n+1)Ze 7ze<<§”n+1>> An+1<§,91)z+1) +O(n2‘”1>.

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)
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(b) Similarly to the proof of (a), by (4.51), (3.3), and (3.7), we can obtain
P(2€) (‘5,9214—1) — (_1)2113(11 +2A)€(P—2€<§P(l)’tr)l+1> )”l<§yn+1> < 2)l+2€—3>. (4.81)

In addition, we see that, from (4.51),

P(ze <§/(4121+1> = (1)l + 1)22({)—28( ,(42+1>P1r" (gﬁiﬂ)
+O(r 1P (&) ) + O (2 27) (4.82)
= (D )P (2 )P, ) + O (242,

Proof of Theorem 2.6. (a) From (3.9), we know that
97 (x50 ) Ep e (x50) = =00+ 1 Even (x632) + O(El s (*50) ) + O(Lin(x52) ). (483)
Therefore, by (4.4) and (4.56), we have
Eppa (%60) = =0+ 1797 (x(2) Ex o (x532) + O (). (4.84)
Then, we obtain from (4.3), (2.2), and (4.56) that
9? () G0 (x50) = =+ )?EC D (x60) + O(n). (4.85)

Therefore, we have the result inductively.
(b) From (3.7), we know that

¢? (x5 PO (x0) = —n(n+20) P, (x60) + O(PY, (x60)) + O(Py, (x52)). (4:86)
Therefore, by (3.4) and (4.61), we have
Pi (i) = =nn + 20097 (x0) P, (w5n) + O(n). (487)
Suppose that, for an integer ¢ > 2,

PEED(x) = (1) o+ 20T g2 () Py () + O (). (488)

Then from (3.5), (3.7), and (4.61)

Pfer ( (/\)> = (-1)%n’(n +20)° 72e<x1(;Ar)l>Pil <x1(,2> +O<n“2"’2>. (4.89)
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Here, we see that for ¢ > 2

nn+20)1=m+1)%+ O<n2€_1>. (4.90)

Hence, we obtain, from (3.4),
LD (380 = () (e 1) (x9) P (x2)
+O(n7p, (x5)) ) + O(n*22) (4.91)

= (-1)%(n+1)*p2¢ (xf,ﬁ)P)’m (xw) + O<n"+2€_1>.
Lemma4.13. Let 0 <e < 1and |y1(,’/\2)n+1 < 1 — €. Then, for a nonnegative integer € > 0,

(2¢+1) /(1) _ 920+1 2+1 20+2, 20 ( (A ) A+20+2
])‘f”+ (y"fz’”l) =2 (_1) ' (n * 1) ' ¢ <yV,2n+1>FI (yv,2n+1> + O<n o > (4'92)

Proof. Let | y‘(j‘z)n .1l £1-¢. From (4.37) and Lemma 4.5, we see that

(o)
=2(1-22) (B}, (0P}, (x) P g+ (Ej ()P, (2)) o

—20(2¢ +1) <E’m+1 (x)Pi,n(x)) e (4.93)

(20+1)
P2U(XELra ()P, (1)) +H(Tun ()P () %Y

_,,N
X=Yyom41

(26+1) +0 <n2€+2+A>

- 2(1 — x2> <E;/n+1 (x)P/I\,n (x)> 2y
“Iv2n+l

Here, we let 2¢(2¢€ + 1)(E/ 1(x)P)’Ln(x))(2e71) = 0 when ¢ = 0. To estimate the first term, we

An+
split it into two terms as follows:

, , (20+1)
<EJ\,n+1 (x) Pl,n (x)>

(4.94)
S Y

n
0<i<2¢+1,i: even  0<i<20+1,i: odd< !

20 +1 i+1 20+2-i
. )Ei”jl(x)PA(,n* ) (x).
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Then, using |x,(,)”,)l < 1-¢, from (2.13) and (2.15), we obtain

Z (26 + 1> Eil-%—l 1( (A)) P(ze+z i) (x,(,)ﬁ)
i n+ .

0<i<20+1,ir0dd

_ (—1)€+1(n + 1)2£+2(P-2e-2< >F’A 2n+1< (A)) Z <2€i+ 1) N O<nx+ze+2> (4.95)

0<i<2¢+1,i: 0dd

= 220(1)%*1 (g 4 1)2¢+2 (P—ze—2< (A)> Fl (xikz> n O<n“2"+2>

and, from (4.56) and from (4.61),

Z <2£ + 1) EA1+1)1< <A>> P<ze+2 i) <x52> - o<n“2"”>. (4.96)
i n+ ’ '

0<i<2¢+1, i:even

)

Thus, we have, for |x,,,| <1-¢,

, , (20+1)
(B} (0P, ()

)

o (4.97)
= 22¢(_1)*(n + 1)2e+2q)-ze-z (xvn>1_~3 - (x%) + O<n).+2e+2>'

Similarly, noting |§I(4)Lf)l < 1-¢, from (2.10) and (2.12)

20 +1 i+1) [/ +(\) (26+2-1) [ +(
_ ) ( i ) )Lln+1 (é n+1>PA,n 1 (é n+1>
0<i<2¢+1,i:even (4.98)

=221y 4 1)22+2q)—2e-2 <§# n+1>F3l - <§/€321+1> + O(nx+ze+2>

and, from (2.8) and (4.55),

20 + 1\ L(i+1) /+(1) (20+2-1) [ s (V) 20420+1
Z ( i )E):,n+1 <§,u,n+1>P/\,n (gy,nH) = O(” i > (4.99)
0<i<2¢+1,i:0dd
A
Then, we have, for |§( ) al <1l-¢g,
(2¢+1)
(Bl (0P, ()

Y

by (4.100)
4 o+1 2042 20-2 ( (1) (€Y] A+2¢

=2X (-1 (n+ )y 2<‘§y,n+1>1:12n+1 <§yn+1> < " +2>'
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Therefore, we have, for |yf))‘2)n al <1l-¢

(2+1)

(Ebpa (P, ()

@)

X=Yyom41 (4.101)
2+1 20+2 20— (A (A
=2X(-1)" (n +1)** 27 2<yv,2)n+1>F \ons (yv,2)n+1> + O<”A+2€+2>'

Thus, we have, for |ym <1l-¢

v2n+1l ==

(2¢+1) (- (1) 20+1 2+1 2042, 20 (. (L) (L) 142042
Ln (yv,2n+1> =22 (=D (n+ )"y (yv,2n+l>F;L,2n+l (yv,2n+l> + O(" i >

(4.102)

O

Proof of Theorem 2.7. From (4.35), (3.25), (3.27), and Lemma 4.13, we have
) 3) )
(PZ (yv,2n+1 ) F).,2n+1 (yv,2n+1 >
2 (L) )
=2(n+1)°F g <yv,2n+1> +Jin <yv,2n+1>

(4.103)

+ O<”P3L,2n+1 <y1(:l2)n+l>> + O<FX,2n+1 (ym(;flz)nn))

= —3(1’1 + 1)2F3L,2n+1 <y1()f‘2)n+1> + O<nl+2> :
Suppose that

(2¢-1) /(1) 2-1 20-2, -2¢ (L) (L) 426~
Fyana (y Vf2"+1> = cea (-7 (n + 1) <yv,2n+1>F ,A,2n+1 <yv,2n+1> * O(n ” 2)'
(4.104)

Then, we obtain from (4.35)
) (26+1) /()
(Pz (yv,2n+1> F)L,Zr:r+l (yv,2n+1>
= (2000 + 24 ) (D 00+ 092 (Y200 ) P (Vo) +O(n) - (4105)

= ce(-1)(n + 1)26‘/’72&2 <y1(;ft2)n+1>1: ;,2n+1 <y1(j2)n+1> + O("H2Z>~

Therefore, (2.16) is proved. O
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