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We introduce an iterative process which converges strongly to a common point of solution of
variational inequality problem for a monotone mapping and fixed point of uniformly Lipschitzian
relatively asymptotically nonexpansive mapping in Banach spaces. As a consequence, we provide
a scheme that converges strongly to a common zero of finite family of monotone mappings under

suitable conditions. Our theorems improve and unify most of the results that have been proved for
this important class of nonlinear operators.

1. Introduction

Let E be a smooth Banach space. Throughout this paper, we denote by ¢ : E x E — R the
function defined by

¢(y,x) = |ly||* - 2(y, Jx) + |x|?>, forx,y€ E, (1.1)

which was studied by Alber [1], Kamimura and Takahashi [2], and Reich [3], where ] is the
normalized duality mapping from E to 2F" defined by

Je={fre B (x )y =12 = 117, (12)
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where (-, -) denotes the duality pairing. It is well known that if E is smooth, then J is single-
valued, and, if E has uniformly Gateaux differentiable norm, then J is uniformly continuous
on bounded subsets of E. Moreover, if E is a reflexive and strictly convex Banach space with
a strictly convex dual, then | “1is single valued, one-to-one, surjective, and it is the duality
mapping from E* into E, and thus JJ ™! = Ig- and J7!] = I (see [4]).

It is obvious from the definition of the function ¢ that

(xll = [ly)* < ¢(xy) < (Ixl + ||ly]l)*  forx,y e E, (1.3)

and, in a Hilbert space H, (1.1) reduces to ¢(x,y) = ||x — y||2, forx,y € H.

Let E be a reflexive, strictly convex, and smooth Banach space, and let C be a nonempty
closed and convex subset of E. The generalized projection mapping, introduced by Alber [1], is
a mapping I'lc : E — C that assigns an arbitrary point x € E to the minimizer, X, of ¢(-, x)
over C, that is, I'lcx = X, where X is the solution to the minimization problem

$(x,x) =min{¢p(y,x),y € C}. (1.4)

Let E be a real Banach space with dual E*. A mapping A : D(A) ¢ E — E* is said to be
monotone if, for each x, y € D(A), the following inequality holds:

(x -y, Ax — Ay) > 0. (1.5)
A is said to be y-inverse strongly monotone if there exists positive real number y such that
x -y, Ax — Ay) > v||Ax - Ay|]>, Vx,yeK. (1.6)
y Y)Y y y

If A is y-inverse strongly monotone, then it is Lipschitz continuous with constant 1/y, that is,
|Ax — Ay|| < (1/y)||x - y||, for all x,y € D(A), and it is called strongly monotone if there exists
k > 0 such that, for all x, y € D(A),

(x -y, Ax - Ay) > k||x - y|*. (1.7)

Clearly, the class of monotone mappings include the class of strongly monotone and y-inverse
strongly monotone mappings.

Suppose that A is monotone mapping from C into E*. The variational inequality
problem is formulated as finding a point u € C such that (v —u, Au) > 0, forallv € C.
The set of solutions of the variational inequality problems is denoted by VI(C, A).

The notion of monotone mappings was introduced by Zarantonello [5], Minty [6],
and Kacurovskii [7] in Hilbert spaces. Monotonicity conditions in the context of variational
methods for nonlinear operator equations were also used by Vainberg and Kachurovisky [8].
Variational inequalities were initially studied by Stampacchia [9, 10] and ever since have been
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widely studied in general Banach spaces (see, e.g., [2, 11-13]). Such a problem is connected
with the convex minimization problem, the complementarity problem, the problem of finding
point u € C satisfying 0 € Au.

If E = H, a Hilbert space, one method of solving a point u € VI(C, A) is the projection
algorithm which starts with any point x; = x € C and updates iteratively as x,,1 according
to the formula

Xn+1 = Pe(xy —a,Ax,), foranyn> 1, (1.8)

where Pc is the metric projection from H onto C and {a,} is a sequence of positive real
numbers. In the case that A is y-inverse strongly monotone, liduka et al. [14] proved that the
sequence {x,} generated by (3.35) converges weakly to some element of VI(C, A).

In the case that E is a 2-uniformly convex and uniformly smooth Banach space, liduka
and Takahashi [15] introduced the following iteration scheme for finding a solution of the
variational inequality problem for an inverse strongly monotone operator A:

Xps1 =] (Jxy — anAxy,), foranyn> 1, (1.9)

where Ilc is the generalized projection from E onto C, | is the normalized duality mapping
from E into E¥, and {a,} is a sequence of positive real numbers. They proved that the
sequence {x,} generated by (1.9) converges weakly to some element of VI(C, A) provided that
A satisfies || Ax|| < ||Ax — Ap||, for x € C and p € VI(C, A).

It is worth to mention that the convergence is weak convergence.

To obtain strong convergence, when E = H, a Hilbert space and A is y-inverse strongly
monotone; liduka et al. [14] studied the following iterative scheme:

xo € C, chosen arbitrary,
Yn = Pe(xn — anAxy),
Co={z€C:|lyn—z| < llxn—2zl}, (1.10)
Qn={zeC:(xp—z,x0—x,) >0},

Xni1 = Pc,ng,(x%0), n>1, forn>1,

where {a,} is a sequence in [0, 2y]. They proved that the sequence {x,} generated by (1.10)
converges strongly to Pyi(c,a)(Xo), where Py ) is the metric projection from H onto VI(C, A)
provided that A satisfies || Ax|| < ||Ax — Ap||, for x € C and p € VI(C, A).

In the case that E is 2-uniformly convex and uniformly smooth Banach space, liduka
and Takahashi [11] studied the following iterative scheme for a variational inequality
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problem for y-inverse strongly monotone mapping;:

xo € K, chosen arbitrary,
Yn =Tlc] ' (Jx0 — anAxy),
Co={z€E:9(z,yn) <P(z,xa)}, (1.11)
Qu={z€E:(xy,—2zJxo— Jxn) 20},
Xn = ey, (x0),n>1, forn>1,

where I'l¢c,ng, is the generalized projection from E onto C,, N Q,, J is the normalized duality
mapping from E into E*, and {a,} is a positive real sequence satisfying certain condition.
Then, they proved that the sequence {x,} converges strongly to an element of VI(C, A)
provided that VI(C, A) # @ and A satisfies || Ax|| < ||Ax — Ap|| for all x € C and p € VI(C, A).

Remark 1.1. We remark that the computation of x,.; in Algorithms (1.10) and (1.11) is not
simple because of the involvement of computation of Cy1 from C,, and Q,, for each n > 1.

Let T be a mapping from C into itself. We denote by F(T) the fixed points set of T. A
point p in C is said to be an asymptotic fixed point of T (see [3]) if C contains a sequence {x,}
which converges weakly to p such that lim,_,||x, — Tx,|| = 0. The set of asymptotic fixed
points of T will be denoted by F(T). A mapping T from C into itself is said to be nonexpansive
if |[Tx — Ty|| < |lx — y|| for each x,y € C and is called relatively nonexpansive if (R1) F(T) #0;
(R2) p(p, Tx) < ¢(p, x) for x € C and (R3) F(T) = F(T). T is called relatively quasi-nonexpansive
if F(T)#0and ¢(p,Tx) < p(p,x) forallx € C,and p € F(T).

A mapping T from C into itself is said to be asymptotically nonexpansive if there exists
{kn} C [1,00) such that k, — 1and ||T"x — T"y|| < ky||x — y|| for each x,y € C and is called
relatively asymptotically nonexpansive if there exists {k,} C [1, 00) such that (N1) F(T) #0; (N2)
¢(p, T"x) < kyp(p,x) for x € Cand p € F(T), and (N3) F(T) = F(T), where k, — 1 as
n — oo. A-self mapping on C is called uniformly L-Lipschitzian if there exists L > 0 such that
IT"x-T"y|| < L||lx-y| forall x,y € C. T is called closed if x, — xand Tx, — y,thenTx =y.

Clearly, we note that the class of relatively nonexpansive mappings is contained in
a class of relatively asymptotically nonexpansive mappings but the converse is not true.
Now, we give an example of relatively asymptotically nonexpansive mapping which is not
relatively nonexpansive.

Example 1.2 (see [16]). Let X = IP, where 1 < p < oo, and C = {x = (x1,xp,...) € X;x, >
0}. Then C is closed and convex subset of X. Note that C is not bounded. Obviously, X is

uniformly convex and uniformly smooth. Let {1,} and{\,} be sequences of real numbers
satisfying the following properties:

() 0<Ay<1,A,>1,A, 11, and A, | 1,

(i) Aws1dy = land Ajsiduej < Lforallmand j (e.g, Ay =1-1/(n+1), 4, = 1+1/(n+1)).
Then, the map T : C — C defined by

Tx := <0, Xlls'm xll,)LzJCz,XzJC3,)L3X4,X3X5, .. .>, (1.12)
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for all x = (x1,x,...) € C, is uniformly Lipschitzian which is relatively asymptotically
nonexpansive but not relatively nonexpansive (see [16] for the details). Note also that
F(T) = {0}.

In 2005, Matsushita and Takahashi [17] proposed the following hybrid iteration
method with generalized projection for relatively nonexpansive mapping T in a Banach space
E:

xo € C, chosen arbitrary,
Yn =] (@] xu + (1 - a,)JTxy),
Ch={z€C:¢(z,yn) <P(z,x,)}, (1.13)
Qn={z€eC;{(xp—2z Jxo— Jx,) >0},
Xn41 =c,n0, (x0), n2>1.

They proved that, if the sequence {a,} is bounded above from one, then the sequence {x,}
generated by (1.13) converges strongly to ITg(ryxo.

Recently, many authors have considered the problem of finding a common element
of the fixed-point set of relatively nonexpansive mapping and the solution set of variational
inequality problem for y-inverse monotone mapping (see, e.g., [12, 13, 18-20]).

In [21], liduka and Takahashi studied the following iterative scheme for a common
point of solution of a variational inequality problem for y-inverse strongly monotone
mapping A and fixed point of nonexpansive mapping T in a Hilbert space H:

x1=x€C,
(1.14)
Xp1 = apX + (1 — ay)SPe(x, — MyAxy,), n2>1,
where {a,} is sequences satisfying certain condition. They proved that the sequence {x,}
converges strongly to an element of F := F(S) N VI(C, A) provided that F #§.
In the case that E is a Banach space more general than Hilbert spaces, Zegeye et al.
[12] studied the following iterative scheme for a common point of solution of a variational
inequality problem for y-inverse strongly monotone mapping A and fixed point of a closed
relatively quasi-nonexpansive mapping T in a 2-uniformly convex and uniformly smooth
Banach space E:

C; = C, chosen arbitrary,
zy = e (x, — A Axy),

Yo =] (BJxu+ (1-P)JTz,), (1.15)
Coni={z€Ch:9(z,yn) <P(z,xn)},
xp1 =Ilc,, (x0), n2>1,

where {1,} is sequences satisfying certain condition. They proved that the sequence {x,}
converges strongly to an element of F := F(S)NVI(C, A) # @ provided that F # @) and A satisfies
|Ax|| < ||Ax — Ap| forallx e Cand p € F.

Furthermore, Zegeye and Shahzad [22] studied the following iterative scheme for
common point of solution of a variational inequality problem for y-inverse strongly



6 Journal of Applied Mathematics

monotone mapping A and fixed point of a relatively asymptotically nonexpansive mapping
on a closed convex and bounded set C which is a subset of a real Hilbert space H:

Ci = C, chosen arbitrary,
zn = Pc(xn — AnAxy),
Yn = anXn + (1 —a,)S"zy, (1.16)
Cot = {z€Cuillz—unl? < llz—xall” +6,},

xn+1 = PCV,+1 (xO), n 2 1/

where P, is the metric projection from H into C, and 6, = (1 — a,,) (k% — 1)(diam(C))? and
{an}, {14} are sequences satisfying certain condition. Then, they proved that the sequence
{xn} converges strongly to an element of F := F(S) N VI(C, A) # @ provided that F #0 and A
satisfies ||Ax| < ||Ax — Ap|| forallx e Cand p € F.

Remark 1.3. We again remark that the computation of x,.; in Algorithms (1.13), (1.15), and
(1.16) is not simple because of the involvement of computation of C,.4; from C,, for each n > 1.

It is our purpose in this paper to introduce an iterative scheme {x,} which converges
strongly to a common point of solution of variational inequality problem for a monotone
operator A : C — E* satisfying appropriate conditions, for some nonempty closed convex
subset C of a Banach space E and fixed points of uniformly L-Lipschitzian relatively
asymptotically nonexpansive mapping in Banach spaces. As a consequence, we provide a
scheme which converges strongly to a common zero of finite family of monotone mappings.
Our scheme does not involve computation of C,.; from C, or Q,, for each n > 1. Our
theorems improve and unify most of the results that have been proved for this important
class of nonlinear operators.

2. Preliminaries
Let E be a normed linear space with dim E > 2. The modulus of smoothness of E is the function

pE : [0,00) — [0, o0) defined by

x+y|l +||x-
pr(7) :=sup{” y"2” y||—1:||x||:1;||y||:7‘}. 2.1)

The space E is said to be smooth if pg(t) > 0, for all T > 0, and E is called uniformly smooth if
and only if lim; ¢+ (pe(t)/t) = 0.
The modulus of convexity of E is the function 6 : (0,2] — [0, 1] defined by

, X+
6r(€) = 1nf{1 - HTyH xll =yl =Le=|x-yl } (2.2)

E is called uniformly convex if and only if 6g(e) > 0, for every € € (0,2].
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In the sequel, we will need the following results.

Lemma 2.1 (see [23]). Let C be a nonempty closed and convex subset of a real reflexive, strictly
convex, and smooth Banach space E. If A : C — E* is continuous monotone mapping, then VI(C, A)
is closed and convex.

Lemma 2.2. Let C be a closed convex subset of a uniformly convex and smooth Banach space E, and
let S be continuous relatively asymptotically nonexpansive mapping from C into itself. Then, F(S) is
closed and convex.

Lemma 2.3 (see [1]). Let K be a nonempty closed and convex subset of a real reflexive, strictly
convex, and smooth Banach space E, and let x € E. Then, forall y € K,

¢(y, Tkx) + p(kx, x) < (v, x). (2.3)

Lemma 2.4 (see [2]). Let E be a real smooth and uniformly convex Banach space, and let {x,} and
{yn} be two sequences of E. If either {x,} or {y,} is bounded and ¢(x,,y») — 0asn — oo, then
Xp—Yn — 0,451 — o0.

We make use of the function V' : E x E* — R defined by

Vix,x*) = ||x|]> = 2(x, x*) + ||x||>, Vx€E, x*€E, (2.4)

studied by Alber [1]. That is, V(x,y) = ¢(x, ] 'x*) for all x € E and x* € E*. We know the
following lemma.

Lemma 2.5 (see [1]). Let E be reflexive strictly convex and smooth Banach space with E* as its dual.
Then,

V(x,x*) + 2<]’1x* - x,y*> <V(x,x*+y"), (2.5)

forall x € E and x*,y* € E*.

Lemma 2.6 (see [1]). Let C be a convex subset of a real smooth Banach space E. Let x € E. Then
xo = Iex if and only if

(z—-x0,Jx—Jx0) <0, VzeC. (2.6)

Lemma 2.7 (see [12]). Let E be a uniformly convex Banach space and Bg(0) a closed ball of E. Then,
there exists a continuous strictly increasing convex function g : [0, 00) — [0, co) with g(0) = 0 such
that

llarxr + a2z + az x> < ailloea|® + a2l + as||xs))* — aia;g (|| xi = x|, (2.7)

for a; € (0,1) such that a; + ar + az = 1 and x; € Bg(0) := {x € E : ||x|| <R}, fori=1,2,3.
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Let E be a smooth and strictly convex Banach space, C a nonempty closed convex
subset of E, and A : C — E* a monotone operator satisfying

D(A) CC C T (NoR(J +1A)), (2.8)

for r > 0. Then, we can define the resolvent Q, : C — D(A) of A by

Q,x:={zeD(A): Jxe Jz+rAz}, VxeC. (2.9)

In other words, Q,x = (J +rA) ™ Jx for x € C. We know that Q,x is single-valued mapping
from C into D(A), for all x € C and r > 0 and F(Q,) = A™1(0), where F(Q,) is the set of fixed
points of Q, (see, [4]).

Lemma 2.8 (see [24]). Let E be a smooth and strictly convex Banach space, C a nonempty closed
convex subset of E, and A C E x E* a monotone operator satisfying (2.8) and A™1(0) is nonempty.
Let Q, be the resolvent of A. Then, for each r > 0,

¢(u, Qrx) + $(Qrx, x) < p(u, x) (2.10)

forallu € A™(0) and x € C, that is, Q, is relatively nonexpansive.

Lemma 2.9 (see [25]). Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation:

ap+1 < (1 - ﬂn)an + pn‘sn/ n 2 n, (211)

where {f,} C (0,1) and {6,} C R satisfying the following conditions: limy, _, fn = 0, Xory Pfu = o0,
and limsup, _, 6, <0. Then, lim,, , ,a, = 0.

Lemma 2.10 (see [26]). Let {a,} be sequences of real numbers such that there exists a subsequence
{ni} of {n} such that a,, < a1 foralli e N. Then, there exists a nondecreasing sequence {my} C N
such that m, — oo, and the following properties are satisfied by all (sufficiently large) numbers
ke N:

amk S amk+1r ak S amk+l- (212)
In fact, my = max{j < k:aj <aj.}.

3. Main Result

We note that, as it is mentioned in [27], if C is a subset of a real Banach space Eand A: C —
E* is a mapping satisfying ||Ax|| < ||[Ax — Ap]||, for all x € C and p € VI(C, A), then

VI(C,A) = A1(0) = {pe C: Ap =0}. (3.1)
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In fact, clearly, A~1(0) C VI(C, A). Now, we show that VI(C,A) C A™1(0). Let p €
VI(C, A), then we have by hypothesis that ||Ap|| < ||Ap — Ap|| = 0 which implies that p €
A7Y0). Hence, VI(C, A) € A71(0). Therefore, VI(C, A) = A7}(0). Now we prove the main
theorem of our paper.

Theorem 3.1. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth real Banach space E. Let A : C — E* be a monotone mapping satisfying (2.8) and || Ax|| <
|[Ax — Apl||, forall x € Cand p € VI(C, A). Let T : C — C be a uniformly L-Lipschitzian relatively
asymptotically nonexpansive mapping with sequence {k,}. Assume that F := VI(C, A) N F(S) is
nonempty. Let Q, be the resolvent of A and {x,} a sequence generated by

xo =w € C, chosen arbitrarily,
Y =] NanJw + (1 - ay) Jxn), (3.2)
Xn+l = ]71 (ﬂn]xn + Yn]Tn]/n + Qn]ern)/

where a, € (0,1) such that lim,_a, = 0, limy,_((k, — 1)/ay) = 0, Soian = oo,
{Bu}, {yn}, {6} C [c,d] C (0,1) such that B, + yn + 6, = 1. Then, {x,} converges strongly to
an element of F.

Proof. Let p := ITrw. Then, from (3.2), Lemma 2.3, and property of ¢, we get that

$(p,ya) = $(p. e @nJw+ (1= ) x0))
< ¢<PI ]71 (anJw + (1 - “n)]xn)>
= |lplI* - 2(p, auJw + (1 = @) Jotu) + llan Jwo + (1 = @) Jxu®

<Pl - 2aulp, Jw) = 2(1 = aw)(p, Jotu) + aullJwl* + (1 = ) || Tl
= a,p(p,w) + (1 - an)Pp(p, xn).

(3.3)

Now, from (3.2) and relatively asymptotically nonexpansiveness of T, relatively nonexpan-
siveness of Q,, property of ¢, and (3.3), we get that

$(p,xn1) = (P, T B + Y Ty + 02T Q)

< Pup (P, xn) + Yup (P, T"Yn) + 02 (p, Qryn)

< (P, xn) + Yuknd (P, Yn) + 0np (P, yn)

< Pudp(p,xn) + (Yukn +6n) P (P, Yn) (3.4)
< Pudp (P, xn) + (Yukn + 6n) [and(p, w) + (1= an)p(p, xn)]

< (Yukn +0n) an (p, w) + [Bu + (Yukn + 0) (1 - an) | p(p, xn)

< (Yukn + 0n) aup (p, w) + [(1 = an(yukn + 04)) + yu(kn = 1)] x ¢(p, xn)
<cudp(p,w) +[1-(1-e€)calp(p, xn),
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where ¢, = a,(yn.kn + 0,), since there exists Ny > 0 such that y,(k, - 1)/a, < e(y,k, + 6,) for
all n > Ny and for some € > 0 satisfying (1 — €)c, < 1. Thus, by induction,

P(p, xnn1) < maX{¢(p, x0),(1-€)"'¢(p,w) } Vn > Ny (3.5)

which implies that {x,}, and hence {y,} is bounded. Now, let z, = J ™ (a, Jw + (1 — a,) Jx,).
Then we have that y,, = I1cz,. Using Lemmas 2.3, 2.5, and property of ¢, we obtain that

¢, yn) < PP zn) =V(p, Jza)
<V(p,Jzn—an(Jw = Jp)) = 2(zn = p,~an(Jw - Jp))
= ¢(p, T (@uJp + (1= @) Jwon) ) + 2an(z0 = p, Joo = Jp)
<anp(p,p) + (1= )P (p, wn) +2a4(zn —p, Jw — Jp)
= (1= an)P(p,wn) + 204z — p, Jw — Jp)
< (1= an)p(p,xn) +200u(z0 — p, Jw = Jp).

(3.6)

Furthermore, from (3.2), Lemma 2.7, relatively asymptotically nonexpansiveness of T,
relatively nonexpansiveness of Q,, and (3.6), we have that

(. xun) = $(p. T (BT xn + Y T + 07Qry))
=lpII* = (B, BT Xn + Y Ty + 00T Qryn) + | BT Xn + Y T" Y + 02T Qr ||

< lplI* = 2B (p, Jxn) = 27u(p, JT"Yu) = 260(p, J Q)
Bl xall + vl JT"yall* + 0l JQrymll” = YuBug (120 = J Tyl
< Bud (P, xn) +¥ud (0, T"Yu) + 69 (0, Qryn) = YuBug (|| T2 = JT"yu )
< Pudp(pxn) + (Yn + 01) (P, Yn) + Yu(kn = 1)P(p, Yn) = YuPrg (| J2xn = JT"yu|)
< Pudp(pxn) + (¥n + 6n) [(1 = )P (p, xn) +20(zn —p, Jw ~ Jp)]
+ Yu(kn — 1)¢(PI yﬂ) - Ynﬂng(”]x" - ]Tnyﬂ")
< [Pt (Yn+00) (1 = )| @(p, xn) + 200 (yu + 0n) (20 = p, Jw = Jp)
+Yau(kn = 1) (P, yn) = YuPug (| J2n = TT"yul|)
< (1=62)¢(p, xn) +260(z0 —p, Jw = Jp) + (kn = DM ~ yufug (|| Jxn = JT"yu|)
(3.8)

<1 -60)9(p,xn) +26,(zn —p, Jw - Jp) + (kn —1)M, (3.9)

(3.7)

for some M > 0, where 6, = (y, + 0,) .
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Similarly, from (3.7), we obtain that

(P xunr) = (P T (B + 1) T + 02 Qryn))

S (1 - 6n)¢(p/xn) + 26<Zn _P/]w - ]P) + (kn - 1)M - enﬁng(”]xn - ]ern”)
< (1=62)9(p, xu) +260(zn —p, Jw - Jp) + (kn = 1)M,
(*)

for some M > 0. Note that {6, } satisfies that lim,,_, .6, = 0 and > §,, = oco.
Now, the rest of the proof is divided into two parts.

Case 1. Suppose that there exists np € N > Ny such that {¢(p, x,)} is nonincreasing for all
n > np. In this situation, {¢(p, x,)} is then convergent. Then, from (3.8) and (*), we have that

Yabng (|70 =TT yull) — 0, OuPug([|J2n = JQrynl) — O, (3.10)
which implies, by the property of g, that
Jxn=JT"yn — 0,  Jxn—JQryn — 0, asn-— oo, (3.11)
and, hence, since 7! is uniformly continuous on bounded sets, we obtain that
xn—T"yy — 0, x,-Q;y, — 0, asn— oo (3.12)

Furthermore, Lemma 2.3, property of ¢, and the fact that @, — 0asn — oo imply that

()b(xn' ]/n) = d)(xn/HCZn) < (i)(xnr Zn)
= (i)(xnr ]_1 (‘xn]w + (1 - an)]xn)

(3.13)
< an(;b(xnr w) + (1 - an)¢(xn/ xn)
Sapp(xpy, w) + (1 —a,)Pp(xy,x,) — 0, asn— oo,
and hence
Xy —Yp—0, x,-2,—0, asn-— co. (3.14)
Therefore, from (3.12) and (3.14), we obtain that
Yn—2n—0, vo-T'yy—0, v,—-Q;y,—0, asn— oo (3.15)

But observe that from (3.2) and (3.11), we have

I xn41 = Jxull < Yn”]Tnyn - ]xn” + 6n”]ern - ]xn” —0, (3.16)
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asn — oo. Thus, as J!is uniformly continuous on bounded sets, we have that x,.1 —x, — 0
which implies from (3.14) that x,,1 —y» — 0,as n — oo, and that

lyne =yl < lyner = xnwa || + |xne1 = yull — 0, as n— co. (3.17)
Furthermore, since

7

Ty, - Ty, | + |

Tn+1y‘rl _ Tyn

s = Tyall < 1y = T"all + |
< Mlyn = Tall + | T Y1 = Yna
+ [ yner = Yl + [|vn = T"yull + | T(T"yn) = Typu|
<l = T"all + Ll =y || + |
+[yner = Yl + [|vn = Tyl + | T(T"yn) = Tyl
< 2|y = Tl + 1+ D)[| Y = Yo [ + |

Tn+1 Yn — TTH—l Ynsl

+

1
™ Yn+l — Yn+l

+ IT(T"yn) = Tyn
(3.18)

+1
I Ynel — Yn+l

7

we have from (3.17), (3.15), and uniform continuity of T that

|yn —Tyu|]| — 0, asn— co. (3.19)

Since {z,} is bounded and E is reflexive, we choose a subsequence {z,,} of {z,} such that
zy, — zand limsup, | (z, —p, Jw - Jp) = lim;_, (zy, — p, Jw - Jp). Then, from (3.14) and
(3.15) we get that

Yn, — Z,Xp, — Z, aS1— 0. (3.20)

Thus, since T satisfies condition (N3), we obtain from (3.19) that z € F(T) and the fact that
Q; is relatively nonexpansive and y,, — z implies that z € F(Q,) = A™'(0), and, hence, using
(3.1), we obtain that z € VI(C, A).

Therefore, from the above discussions, we obtain that z € F := F(T) NVI(C, A). Hence,
by Lemma 2.6, we immediately obtain that limsup,, _, (z,—p, Jw—]p) = lim;_, (2, —p, Jw—
Jp) =(z—-p, Jw—Jp) <0.It follows from Lemma 2.9 and (3.9) that ¢(p, x,) — 0,asn — co.
Consequently, x, — p.

Case 2. Suppose that there exists a subsequence {#;} of {n} such that
(i)(pl xni) < d)(p/ x"i+1) (3.21)

for all i € N. Then, by Lemma 2.10, there exists a nondecreasing sequence {my} C N such
that me — oo, ¢(p, xm,) < (P, Xm+1) and ¢(p, xx) < P(p, Xm+1) for all k € N. Then, from
(3.8), (%) and the fact 6, — 0, we have

gUTxme =TT ymell) — 0, g(ITxme = JQrym|) — 0, as k — oo (3.22)
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Thus, using the same proof as in Case 1, we obtain that v,,, = Ty, — 0, Y, — QrYm, — O,
as k — oo, and, hence, we obtain that

lim sup(zm, —p, Jw - Jp) <0. (3.23)

k— oo
Then, from (3.9), we have that
PP, xm1) < (A= 6m )PP, Xm, ) +26m,(Zm, — p, Jw = Jp) + (kpm, — 1) M. (3.24)
Since ¢(p, Xm,) < (P, Xm,+1), (3.24) implies that

6mk¢(p/xmk) < ¢(Pl xmk) - (;b(p,xmk+1) + 26mk <zmk —p,]w - ]P> + (kmk - 1)M

(3.25)
< 26m,(zm, —p, Jw = Jp) + (km, — 1) M.
In particular, since 6,, > 0, we get
(kmk - 1)
d(p, xm) <2(zm, —p, Jw-Jp) + 6—M (3.26)
my

Then, from (3.23) and the fact that (k;,, —1)/6m, — 0, we obtain ¢(p, xn,) — 0,as k — co.
This together with (3.24) gives ¢(p, xy,+1) — 0,as k — oo. But ¢(p, xx) < @(p, Xm,+1), for all
k € N, thus we obtain that xx — p. Therefore, from the above two cases, we can conclude
that {x,} converges strongly to p and the proof is complete. O

If, in Theorem 3.1, we assume that T is relatively nonexpansive, we get the following
corollary.

Corollary 3.2. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth real Banach space E. Let A : C — E* be a monotone mapping satisfying (2.8) and || Ax|| <
|Ax — Apl|, forall x € Cand p € VI(C, A). Let T : C — C be a relatively nonexpansive mapping.
Assume that F := VI(C, A) N F(S) is nonempty. Let {x,} be a sequence generated by

xo = w € C, chosen arbitrarily,
Yn = HC]_l (anJw+ (1 -ay)Jxy,), (3.27)
Xn+l = ]_1 (ﬂn]xn + Yn]Tyn + en]ern)r

where a, € (0,1) such that lim, _, xa, =0, 302 ay = 0o, {Bn}, {yn}, {6n) C [c,d] C (0,1) such
that B, + yn + 6, = 1. Then, {x,} converges strongly to an element of F.
Proof. We note that the method of proof of Theorem 3.1 provides the required assertion. [

If E = H, a real Hilbert space, then E is uniformly convex and uniformly smooth real
Banach space. In this case, | = I, identity map on H and Ilc = P¢, projection mapping from
H onto C. Thus, the following corollary holds.
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Corollary 3.3. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let A : C —
H be a monotone mapping satisfying (2.8) and ||Ax|| < ||Ax - Ap||, forallx € Candp € VI(C, A).
Let T : C — C be a uniformly L-Lipschitzian relatively asymptotically nonexpansive mapping with
sequence {k,}. Assume that F := VI(C, A) N F(S) is nonempty. Let {x,} be a sequence generated by

xo = w € C, chosen arbitrarily,
Yn = Pe(apw + (1 - ay)xy), (3.28)
Xn+l = ﬂnxn + YnTnyn + Qnernr

where a, € (0,1) such that lim,_ a, = 0, lim,_((kn — 1)/a,) = 0,37 a, = oo,
{Bn), {yn}, {60} C [c,d] C (0,1) such that B, + yn + 6, = 1. Then, {x,} converges strongly to
an element of F.

Now, we state the second main theorem of our paper.

Theorem 3.4. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth real Banach space E. Let A : C — E* be a monotone mapping satisfying (2.8). LetT : C — C
be a uniformly L-Lipschitzian relatively asymptotically nonexpansive mapping with sequence {k,}.
Assume that F := A71(0) N F(S) is nonempty. Let Q, be the resolvent of A and {x,} a sequence
generated by

xo = w € C, chosen arbitrarily,
Yn = HC]_l (anJw + (1 - ay)Jxy), (3.29)
Xntl = ]_1 (ﬂn]xn + Yn]Tnyn + en]ern)/

where a, € (0,1) such that lim,_a, = 0, limy_((k, — 1)/ay) = 0, Soian = oo,
{Bn} Ay}, {62} C [c,d] C (0,1) such that B, + y, + 6, = 1. Then, {x,} converges strongly to
an element of F.

Proof. Similar method of proof of Theorem 3.1 provides the required assertion. O

If, in Theorem 3.4, A = 0, then we have the following corollary. Similar proof of
Theorem 3.1 provides the assertion.

Corollary 3.5. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth real Banach space E. Let T : C — C be a uniformly L-Lipschitzian relatively asymptotically
nonexpansive mapping with sequence {ky}. Assume that F := F(S) is nonempty. Let {x,} be a
sequence generated by

xo = w € C, chosen arbitrarily,
Y =] NanJw + (1 - ay) Jx,), (3.30)
Xn+l = ]71 (ﬂn]xn + (1 - ﬂn)]Tnyn)/

where a, € (0,1) such that lim, _ ay = 0, limy, oo ((kn — 1)/ay) = 0, Soqan = 00, {fu} C
[c,d] € (0,1). Then, {x,} converges strongly to an element of F.
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If, in Theorem 3.4, T = I, identity mapping on C, then we have the following corollary.

Corollary 3.6. Let C be a nonempty, closed, and convex subset of a uniformly smooth and uniformly
convex real Banach space E. Let A : C — E* be a monotone mapping satisfying (2.8). Assume that
F := A71(0) is nonempty. Let Q, be the resolvent of A and {x,} a sequence generated by

xp = w € C, chosen arbitrarily,
Yn = HC]71 (anJw + (1 -ay)Jxy,), (3.31)
Xn+l = ]_1 (ﬂn]xn + (1 - ﬂn)]Qr]/n)r

where a, € (0,1) such that im, ,,a, = 0, X721 a, = oo, {fn} C [c,d] C (0,1). Then, {x,}
converges strongly to an element of F.

If, in Theorem 3.4, we assume that T is relatively nonexpansive, we get the following
corollary.

Corollary 3.7. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth real Banach space E. Let A : C — E* be a monotone mapping satisfying (2.8). Let T : C — C
be a relatively nonexpansive mapping. Assume that F := A71(0) N F(S) is nonempty. Let {x,} be a
sequence generated by

xo = w € C, chosen arbitrarily,
Yn = I—IC]_1 (anJw + (1 -ay)Jxy,), (3.32)
Xn+l = ]_1 (ﬂn]xn + Y JTyn + Gn]ern)/

where ay, € (0,1) such that lim, _, a, = 0, Do an = 0, {Bu}, {¥n}, {6x} C [c,d] C (0,1) such
that By + Yy + 0, = 1. Then, {x,,} converges strongly to an element of F.

We may also get the following corollary for a common zero of monotone mappings.

Corollary 3.8. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth real Banach space E. Let A, B : C — E* be monotone mappings satisfying (2.8). Suppose that
Ty = (J+rA) " Jand T, = (J + rB)™'J. Assume that F := A~1(0) n B~1(0) is nonempty. Let {x,)
be a sequence generated by

xo = w € C, chosen arbitrarily,
Yn = HC]_l (“n]w + (1 - ‘xn)]xn)/ (333)
Xn+l = ]_1 (ﬁn]xn +YuJT1Yn + en]TZyn)/

where ay, € (0,1) such that lim,_, a, = 0, Dy an = 0, {Bu}, {¥n}, {6} C [c,d] C (0,1) such
that B, + vy + 60, = 1. Then, {x,} converges strongly to an element of F.

Proof. Clearly, from Lemma 2.8, we know that T; and T, are relatively nonexpansive
mappings. We also have that F(T;) = A™(0) and F(T») = B~1(0). Thus, the conclusion follows
from Corollary 3.7. O
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Remark 3.9. We remark that from Corollary 3.8 the scheme converges strongly to a common
zero of two monotone operators. We may also have the following theorem for a common zero
of finite family of monotone mappings.

Theorem 3.10. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth real Banach space E. Let A; : C — E*, i =1,2,..., N be monotone mappings satisfying
(2.8). Suppose that T; = (J + rA;)"YJ, and assume that F = ﬂlﬁ’lAi‘l(O) is nonempty. Let {x,} be a
sequence generated by

xo = w € C, chosen arbitrarily,
Yn = HC]_l (anJw + (1 -ay)Jxy,), (3.34)
Xn+1 = ]_1 (ﬂn,()]xn + ﬂn,l]len +teeet ﬂn,N]TN]/n)/

where a, € (0,1) such that lim,_,a, = 0, 37 a, = oo, {fni} C [c,d] C (0,1), for
i=0,1,2,...,N, such that ¥, B = 1. Then, {x,} converges strongly to an element of F.

A monotone mapping A : C — E* is said to be maximal monotone if its graph is not
properly contained in the graph of any monotone operator. We know that if A is maximal
monotone operator, then A™(0) is closed and convex: see [4] for more details. The following
Lemma is well known.

Lemma 3.11 (see [28]). Let E be a smooth and strictly convex and reflexive Banach space, let C be a
nonempty closed convex subset of E, and let A : C — E* be a monotone operator. Then A is maximal
ifand only if R(J + rA) = E* forall r > 0.

We note from the above lemma that if A is maximal then it satisfies condition (2.8) and
hence we have the following corollary.

Corollary 3.12. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth real Banach space E. Let A : C — E* be a maximal monotone mapping. Let T : C — C
be a uniformly L-Lipschitzian relatively asymptotically nonexpansive mapping with sequence {ky}.
Assume that F := A™1(0) N F(S) is nonempty. Let {x,} be a sequence generated by

xp = w € C, chosen arbitrarily,
Yn = ITC]71 (anJw + (1 -ay)Jxy,), (3.35)
Xn+1 = ]_1 (ﬂn]xn + Yn]Tnyn + en]ern)/

where a, € (0,1) such that lim, e, = 0, lim,_((k, — 1)/a,y) = 0, Soian = oo,
{Bu}, {yn}, {6} C [c,d] C (0,1) such that B, + yn + 6, = 1. Then, {x,} converges strongly to
an element of F.

4. Application

In this section, we study the problem of finding a minimizer of a lower semicontinuous
continuously convex functional in Banach spaces.
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Theorem 4.1. Let E be a uniformly convex and uniformly smooth real Banach space. Let f,g: E —
(=00, 20) be a proper lower semicontinuous convex functions. Assume that F := (0 f )1 0)n(d g)_1 (0)
is nonempty. Let {x,} be a sequence generated by

xp = w € C, chosen arbitrarily,
Yn = I_IC]71 (anJw + (1 -ay)Jxy),

h, = argmin{f(z) + zl—r(i’(zryn)'z € E}’ (4.1)

t, = argmin{g(z) + er(,b(z,yn),z € E},
Xn+1 = ]_1 (,ﬁn]xn + YnJhn + Qn]tn)/

where a, € (0,1) such that lim, , ,a, = 0, >0 an = oo, {Bu}, {yn}, {6:} C [c,d] C (0,1) such
that B, + yn + 6, = 1. Then, {x,} converges strongly to an element of F.

Proof. Let A and B be operators defined by A = 8f and B = dg and Q, = (J +rA)™'J, QF =
(J+rB)"J forallr > 0. Then, by Rockafellar [29], A and B are maximal monotone mappings.
We also have that

1
h, = Qf'y = argmin{ f(z) + —¢(z,y),z€ E},
{ 2r } (4.2)

th =QPy = argmin{g(z) + %(])(z,y),z € E},

for all y € E and r > 0. Furthermore, we have that F(Q#) = A™'(0) and F(Q?) = B-1(0). Thus,
by Corollary 3.8, we obtain the desired result. O

Remark 4.2. Consider the following.

(1) Theorem 3.1 improves and extends the corresponding results of Zegeye et al. [12]
and Zegeye and Shahzad [22] in the sense that either our scheme does not require
computation of C,41 for each n > 1 or the space considered is more general.

(2) Corollary 3.5 improves the corresponding results of Nakajo and Takahashi [30] and
Matsushita and Takahashi [17] in the sense that either our scheme does not require
computation of C, for each n > 1 or the class of mappings considered in our
corollary is more general.

(3) Corollary 3.6 improves the corresponding results of Iliduka and Takahashi [11],
liduka et al. [14], and Alber [1] in the sense that our scheme does not require
computation of C,41 for each n > 1 or the class of mappings considered in our
corollary is more general.
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