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We are interested in the exponential stability of the descriptor system, which is composed
of the slow and fast subsystems with time-varying delay. In computing a kind of Lyapunov
functional, we employ a necessary number of slack matrices to render the balance and to yield
the convexity condition for reducing the conservatism and dealing with the case of time-varying
delay. Therefore, we can get the decay rate of the slow variables. Moreover, we characterize the
effect of the fast subsystem on the derived decay rate and then prove the fast variables to decay
exponentially through a perturbation approach. Finally, we provide an example to demonstrate
the effectiveness of the method.

1. Introduction

Descriptor systems are also referred to as singular systems, generalized systems, differential-
algebraic systems, and so on. This kind of systems turns out to be precise to describe some
practical systems that may undergo some extremal conditions, such as lossless transmission
lines. Therefore, it has received considerable attentions to characterize the dynamics of such
systems and develop the fundamental control theory in parallel with that of regular ones. In
this respect, it has been proven to be a useful approach to decompose a descriptor system into
slow and fast subsystems; see [1] and the references therein. Moreover, the existence of this
kind of decomposition can be implied by some Lyapunov equality or Lyapunov inequality.
Therefore, the Lyapunov method provides an efficient tool for both stability and stabilization
problems; see, for example, [2-4].

Meanwhile, there have been great efforts dedicated to the study of time-delay systems
since hysteresis is regarded as the important element in modeling many natural and artificial
systems and it can be the source of instability and poor performance; see [5] and the
references therein. In particular, in the presence of time-delay, the dynamics of a descriptor
system can become rather complex; for example, the decomposition according to slow and
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fast subsystems no longer guarantees the absence of impulsive behavior; see [6]. For the
stability problem of delayed descriptor systems, some sophisticated matrix transformation
techniques have been posed and even extended to robust control problems so as to apply
Lyapunov functional method and the associated convex optimization method under the con-
straint condition of reduced rank of matrix; see, for example, [6-13].

In this paper, we consider a class of descriptor systems with time-varying delay. The
starting point is that the system under consideration satisfies some mild conditions so that it
can be converted into the following differential-algebraic equations (see, e.g., [8, 11]):

X1(t) = Ax1(t) + Buixi(t — h(t)) + Braxa(t - h(t)), (1.1)

0= X2(t) + lexl (x - h(t)) + Bngz(t - h(t)) (12)

This model is composed of the slow subsystem in (1.1) and the fast subsystem in (1.2). We
refer to x1(t) € R” and x,(t) € R" as the slow and fast variables, respectively. In addition,
h(t) € [0, h] is the delay with bounded varying rate |h(t)] < u < 1. The matrices A, Bi1, Bi2, Bo1,
and By are of appropriate dimensions. To simplify typography, let us rewrite the system in
(1.1) and (1.2) into the form of

Ex(t) = Ax(t) + Bx(t - h(})), (1.3)

where x(t) = [222], E = diag{I,,0}, A = diag{A, I,—,}, and B = [g; g;;] The goal of
this paper is to establish conditions guaranteeing the zero solution of such a system to be

exponentially stable.

Definition 1.1. System (1.3) is said to be exponentially stable if there exists an € > 0 such that
limsup,_,  In|x(t; x0)|/t < —e.

The most of the existing results on the stability problem of descriptor systems with
delay only pertain to the case of constant delay. In short, as pointed out in [9], this is due
to that time-varying delay makes it become hardly possible to explicitly express the fast
variables. In [9], to tackle this problem, some terminologies have been borrowed from graph
theory to model the dependency of the fast variables on past instants and express them in
terms of the slow variables. This approach, however, is rather complicated for application
and further improvement.

In this paper, we will focus on the case of time-varying and address the stability
problem in such a way that we first get the decay rate of the slow variables by using Lyapunov
functional approach and prove the stability of the fast subsystem through a perturbation
approach. More precisely, we drop out the idea of expressing the fast variables but use
them to perturb the derived decay rate and, therefore, get the conditions guaranteeing their
convergence. To this end, we present a necessary number of slack matrices to produce some
balance and convexity conditions, which can play a key role for reducing the conservatism
caused by delay itself.



Journal of Applied Mathematics 3

2. Main Results
In what follows we need the following fact; see [14].

Lemma 2.1. The following statements are equivalent: (i) there is a positive-definite matrix P such that

, T . . . yP A'G
A'PA <yP, y > 0; (ii) there are a symmetric matrix P and a matrix G such that [ h G+G,_P] > 0.

To study the stability of system (1.1), we construct the Lyapunov functional as follows:
6
V(xt) = > Vi(x) (2.1)
k=1

with the terms defined as

Vi(xy) = x'()E'PEx(t),

t
Va(x;) = 2x’(t)E’QI e x(0)do,
t-h

t t
vg(xt)zf e““’-”x'(e)deRJ e x(0)de,

t-h t-h

t (2.2)
Va(xp) = J e 0D x'(0)Tx(0)d6,

t-h

t
Vs(x) = J 00/ (9)Sx(0)d,
t—h(t)

0 t ’
= a(o—t) x(0) X @
Vi (1) lee Hee [Ex(o)] [* Z||Ex(o) @

Therefore, we can have

Vi(x;) = 2 (t)E'(UF; + PE)x(t),
Va(x1) + aVa(x;) = 2¢' () E'(UF> + Q) t ™00 x(9)dO + 2x'(t)E’Q[x(t) — ey (t - h)],
t-h

Va(x:) + aVs(xp) = 2[x(t) — e hx(t - h)]'R ft ) @D x(0)do
a

t t
- af 0 x’(@)d@Rf e“9-x(0)do,
t-h t-h
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Vi(x) + aVi(xy) = X' (D Tx(t) — e X' (t — h)Tx(t - h),

Vs(xp) +aVs(x;) = x' (1) Sx(t) — (1= h(t))e ™ Ox'(t - h(t))Sx(t - h(t)),

v6<xt)+av6(xt)=h[x(t)] [X Y][x(t)]
Ext)| |« z||Exw)

i ft a6 x(©) 11X Y[ x(6) I
t-h Ex©)| | z||Ex©)]
(2.3)

where U is any square matrix satisfying E'U = 0 and rankU = n — r, and, therefore, F; and
F, can be any square matrices.

Theorem 2.2. Let y € (0,1) and a = —Iny/h > 0. If there exist matrices P, Q, R with [f %] > 0,
$§>0,T>0,XY,Zand Ly(g=1,...,6), Hy(g=1,...,4),Gs(g=1,...,6), F;(qg = 1,2), and
Mg, Npg(p,q=1,...,4) such that the following matrix inequalities can be satisfied:

=+(1-y)1 <0, (2.4)

=+ (1-y)2 <0, (2.5)
(XQl Zl

Y, = >0, (2.6)
*x II
lXQZ 22

Y, = >0, (2.7)
* 11

[zx(R +ELL + E'Ls) Lj+ aE’L6:| 0 8

* L,6+L6

then the system in (1.3) is exponentially stable. Here, the matrices, the matrix blocks, and the matrix
elements presented in (2.4)—(2.8) are defined as follows:

[E11 12 S5 Ens
_ * Sy Ep3 S XY
N 33 Zag / =[* Z:I;
|« x % By
(M1 My Mz + LIE My
Lo me Mys + LLE Ma |
*  x Myp+LE+ELy+(1-p)S Ma+E'Ly
[+ * My
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[N11 N N3+ HE Ny
r * Ny No3 + HéE Noy
" | « % Nu+H,E+EH; Ny+EH;|
[ * * Ny
(M1 M1 Mz My N11 N2 Nz Ny
x My Moz My * Nz Ny Ny
Q= ; € = ;
* *x Mz Msy * * Nz Nz
| * * * My * * * Ny
[ A'Gs+R+ELs—al,E ELy-L,-AG,

5 “BGs+(UF,+Q)-al,E  -BGs-L, ;
—aLE- (1-y)E'Ls -L, - (1-y)E'Ls
~y(R+E'Ls) — aL,E ~YE'Ls-L,

[ “A'Gs+R+F'Ls—aH|E ELs—H,-AGs

s ~BGs+(UF,+Q)-aH,E  -BGs—H,

2 == 7
—aH,E- (1-y)E'Ls  —H}-(1-7)E'Ls
—y(R+E'Ls) - aH}E ~YE'Ls - H,

Z11=-AG ~GA+aEPE+LE+EL +EQ +QFE +S+T +hX;
Z1 = E'Ly + (UF, + PE) + G, - A G, + hY;

Zi3=yH|E+ E'Ly - EL - GB-AGs;

Z1u=FELy-y(HE+EQ) - AGy;

522 = GIZ + GQ + hZ,

Sp3 = -LyE + YH4E + G; — G,B;

524 —YH;E + G4,‘

Ss = y(HyE+E'Hs) - L,E-E'Ly— (1-u)S - BG;s - G3B;
Zay = —E'Ly + yE'Hy - yHLE - B'Gy;
544 = —Y(T + H&E + E/H4).

(2.9)

Proof. The first thing we have to do is to note that 37;_, Vk(x;) is positive-definite, and the
positiveness of Vi (x¢) is guaranteed simultaneously by (2.6) and (2.7). The subsequent proof
is rather long; so for the clarity we will proceed in two steps. The first one concentrates on
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getting the decay rate for the slow variables, while the second one turns the focus on proving
the fast variables eventually fallen into decay.

Step 1 (Present the decay rate of the slow variables). Combining (2.3) gives
V(xt) +aV(xi)

t
< 2%'(t)E'(UF; + PE)x(t) + 2%’ (1) E'(UF, + Q) | e x(0)do
t-h

+2[x(t) - e (i - h)]' [Q’Ex(t) +R f e““’-f)x(e)de]

t-h

+x'())(S + T)x(t) — e "x'(t - h)Tx(t - h) (2.10)

+(1-p) (1 - e_“h(t)>x'(t — h(#))Sx(t - h(t)) = (1 - p)x'(t = h(£))Sx(t - h(t))

+h[x<t>]’[x Y][xa)]_r ea(9t>[x<9>]’[x Y][xw)]de
Ex(t)| |~ Z||Ex() t-h Ex(0)]| | x Z||Ex(6)

t t
+ ax'(t)E'PEx(t) - af e“(e‘t)x’(e)deRf e x(0)de.
~h

In addition, partitioning the interval [k, 0] into the union of [-h,—h(t)] and [-h(t),0], by
integrating by parts we therefore obtain that

E [x(t) —e O x(t - h(t)) - J‘t ae® M x(0)do - t e“(et)x(ﬂ)de] =0,

t=h(t) t—h(t) (211)

E[e—"‘h“)x (t— h(t)) — e x(t - h) — Lt_—}l;(t) ae® - x(0)do - Lf_—}l:(t) PRICE)) x(e)de] =0.

It is known that inserting some slack matrices into computing the constructed Lyapunov
functional can produce some balance and convexity conditions. Doing this, we combine
(2.11) into the identity as follows:

0= Z[x(t) + (1 - e—“h“))x(t —h(t)) - x(t - h(t)) - f ae”® 1 x(9)do

t=h(t)
t !
—f e x(0)do
t-h(t)

x E' [le(t) + LyEx(f) + Lax(t — h(t)) + Lax(t - h)

t

t
+Ls J e“9x(0)do + L f
t-h

e“wf)Ex(e)de]
t—h
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t—h(t

(t)
+2 [(e“h(t) - e’”h>x(t —h() + e x(t - h(t)) — e x(t - h) - J ae* @ x(0)do

t-h

t—h(t) !

—j e“<9-f>x(e)d9]
t-h

x E' |H1x(t) + HoEx(t) + Hax(t — h(t)) + Hyx(t - h)
t t
+Ls f e 0D x(0)dO + L f ea<9-f>15x(e)d9]
~h ~h

t t !
=2 [x(t) —x(t-h(t)) - J' ae® M x(0)do - e“wf)x(e)d@]
t-h(t) t=h(t)

x E'[Lix(t) + LEx(t) + Lax(t — h(t)) + Lax(t - h)]

t-h t-h

t-h(t) t=h(t) ,
+2[eMx(t = h(t)) - e "x(t~ h) - f ae"@Nx(@)do— | e x(0)do

x E'[Hyx(t) + HoEx(t) + Hax(t - h(t)) + Hax(t — h)]

+2[x() — (1- ™)t = h(t)) - e x(t - h)]'E’

t
x [L5 f e @D x(0)dO + Ls I

e“<9-f>Ex(9)d9]
t—h t—h

t t !
-2 [E f ae® @D x(0)do + f ™0 Ex(G)dG]
t-h —h

t

t
x [L5 J e x(0)do + L I
t-h

e“(G’)Edc(G)dG]

t—h

+ 2(1 - e‘“h(t)>x'(t — h(t))E'[Lix(t) + LLEX(t) + Lax(t — h(t)) + Lax(t - h)]

+ 2(5“’1(*) - e*ah>x'(t — h(t))E'[Hix(t) + HoEx(t) + Hsx(t — h(t)) + Hyx(t — h)].

(2.12)

Furthermore, we can have additional slack matrices through the following identity

0= Z[Ex(t) - Ax(t) - Bx(t - h(t))],

t

x I:Glx(t) + GEx(t) + Gsx(t — h(t)) + Gax(t — h) + Gs f ™9 x(0)do (2.13)
t—h '

t
+Géf eﬂwt)Ex(e)de].

t—h
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Therefore, substituting (2.12) and (2.13) into the right-hand side of (2.10) and rear-
ranging the obtained terms according to the augmented system variables as

n(t) = [x'(t) Ex(t) x'(t-h(t) x'(t-h)],
(2.14)
&0 = [ () X(t+6) EX(t+0)]
yields
V(xt) +aV(x;)

< (HEnt) + 2(1 - e""h(t)>x'(t — h(t))E'[Lix(t) + LLEX(t) + Lax(t — h(t)) + Lax(t — h)]

+ z(e*“h@ - e*“h)x'(t — h())E'[Hyx(t) + HaEx(t) + Hax(t - h(t)) + Hax(t - h)]
0 0% ~h() 0 %
_ af s _ af st
G [ H] §(0)a0- ey 0 [ H] (@)d0
J't (6D [ x(9) ] 40 [“(R +EL;+E'Ls) L+ “E/L6] r (6D [ *(6) ]d@
t-h Ex(0) * Ly + L t-h Ex(0)
t
[ —ah(t) f ea(@—t)de] ﬂ'(t)Qlfl(f)
t—h(t)

t—h(t)
—ah —p{h _aJ‘ ) eu(@—t)dg]n’(t)gzq(t).
t_

(2.15)

By using (2.8) to drop the sixth term and arranging the remaining terms on the right-hand
side, (2.15) becomes

V(o) + aV () < 1) [E N <1 _ e—uh(t))rl N <e—uh(t) _ e—ah)rz]rl(t)

0 (2.16)
[ egemaede- f £03)(6)Y.4,(6)de.
h(t)
Thus, recalling (2.6) and (2.7), we have
V(x) +aV(x) <1'(t) [E + <1 - e*“h(t)>l“1 + (e*"‘h(t) - e*"’h>1“2]71(t). (2.17)

The right-hand side of (2.17) turns out to be convex in e ®*®. It then can be eliminated
through the boundary conditions (2.4) and (2.5), which correspond to the cases of e = y
and e = 1, respectively. We then obtain

V(x;) < —aV(xy). (2.18)
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And hence,

xy () Prxi(t) < V(xg)e™, t>0, (2.19)

where Py; is the first r x  order principle block of the matrix P. Therefore, it is proven that
the slow subsystem is exponentially stable.

Step 2 (Prove the fast variables fallen into decay exponentially). We proceed in such a way
that we first conclude the Schur stability of the difference equation x;(t) + Bayx(t — h(t)) =0,
and, therefore, prove the fast variables eventually fallen into decay via evaluating their effect
on the decay rate derived as in (2.19) From (2.4) or (2.5), it is straightforward to see

Dy Dy D3
D= * (D22 q)zg, SO, (220)
* * (I)33

where ®;; = -A G — G/A+aE'PE+L\E+EL +EQ +QE +S,®1, = E'L, + (UF; + PE)' +
G, -~ AGy, @13 = YH|E+ ELy - E'Li ~G,B-AGs + (1 - y)L\E, @y = Gy + Gy, Dp3 =
~L,E+yH,E+G;~G,B+(1-y)L,E, and @33 = Y(H5E+E'P£3—L'3E—E'L3—(1—y)5)—§'G3—G'3§.

Pre- and postmultiplying (2.20) by the matrix [(l) % ‘;] and its transpose, respectively,
we get that

¥, ¥
Wy 11 12 < 0, (221)
* ‘Pzz

where ¥y; = aE'PE+L,E+E'L1 +EQ +QE'+S+A L,E+E'L,A+A PE+E'PA+ A UF,+F|U’A,
Wi = E'Ly+ EPB+ FU'B+yH{E+ FLy = E'Ly+(1-y)L{E - ALE+yAHE+(1-y)ALE,
and Wy, = y(H4E + E'Hs — L4E - E'Ly + B H,E + E'HyB - B L,E — E'L,B — (1 — p)S).

In fact, the family of slack matrices G, (9 = 1,...,6) plays a key role in getting (2.21).

Furthermore, noting the special structures of the matrices E, U, and A, from (2.21) we can
deduce that

[522+F1,22+F1,22 Fi B2 ]s , (2.22)

* -y(1-4)Sn

where Sy, and Fj 5, represent the last (n —r) x (n —r)-order principle blocks of of the matrices
S and Fj, respectively. According to Lemma 2.1, we have

B’22522B22 < )’(1 — ‘u) 522 < )’522. (223)

This constraint condition does imply that if the varying rate of delay exceeds 1, the system in
(1.1) would no more be able to retain the stability.
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By the fact that |& + &[* < [&1]2/6 + |&)*/(1 = 6) holds for all vectors ¢;,& of same
dimension and number 6 € (0, 1), from (2.19) and (2.23) we can estimate that

x'2 (t)SZZJCz (t) < %xa (t - h(t))B;lszanxl (t - h(t)) + %x;(t - h(t))BEZSZZBZZ-xZ(t - h(t))

v
XV attn) 4 L gy X5 (£ +0) Sz (t + 6)
1-6 t-h<f<t

IN

XV(JC()) —at Y ]
< e+ = sup x,(t+0)Syx(t+0), t>0,
y(1-0) 6t—hS19)St o )5 )

(2.24)

where y is sufficiently large so that B;1522B21 < xPi1 and 6 is specified within (y,1). Let
i = sup(kfl)hgegkh{x’z(t +0)Spx(t+0)},k=0,1,2,.... Then, from (2.24) it follows that

Vi(x
¢ < %e‘“““”h + %(‘Ifk—l V), kx1. (2.25)
Therefore,
okl < L(XO) ah—(a-e)kh | ¥ eh( e(k-1)h v ekh k>1 296
k_Y(1—6)e +66’ <€ k-1 Ve (I)‘k>, >1, ( . )

where the positive number e is sufficiently small for ye" < 6.
Noting € < (In6 —Iny)/h < a, we deduce that

ma(e) < ST g™+ 5o [ man(en) | @)
Hence,
{2%(@”'1‘1’1') s0= (XV(XO)& 1__(;5;5)2{:{)6)6%) ' (2.28)
Thus,
@ <oe k> 1. (2.29)
But this implies that
lim sup In g% < - (2.30)

kh —

k— oo
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Table 1: Calculated upper bound of size of delay for various varying rates.

u 0.0 05 0.9
h 2.130 1.741 1.336

Table 2: Calculated upper bound of size of delay for various specified y.

y 0.6 0.7 0.8 0.9 0.99
h 1.786 1.895 1.990 2.071 2.137
And it follows that
lim supM < -—e. (2.31)
t— oo
This together with (2.19) then completes the proof. 0

In arranging the augmented system variables, we insert a necessary number of
slack matrices to render some balance and flexibility. Also, with the aid of slack matrices,
the interval [-h,0] is decomposed into the union of [-h,-h(t)] and [-h(t),0] and, more-
over, the terms factored by e 1 are reformulated into a form of convex combination. In
this way, the Lyapunov functional in (2.1) is computed almost without loss of its general-
ity.

In the derived stability conditions, there only is a parameter to be specified, namely,
y, which deserves a brief discussion. In fact, as shown in (2.23), it is introduced to guarantee
the difference equation x;(t) + Byxa(t — h(t)) = 0 to be Schur stable. Therefore, we use y to
characterize the effect of the fast subsystem on the decay rate of the slow variables, a. Indeed,
this turns out to be a typical perturbation approach to prove stability. Besides, y is one of
boundary conditions of the convex combination on the right-hand side of (2.17).

3. An Example
In this section, we use a numerical example to demonstrate the theoretical results.

Example 3.1. Consider a system in the form of (1.3) with the following parameters:

100 05 0 0 -1 0 02
E=|lo10f, A=]0 030, B=][-1-1-04]. (3.1)
000 0 0 1 1 0 03

Specified y = 0.98, the calculated stability margins for various varying-rate of delay are
presented in Table 1. On the other hand, we compute the upper bound of size of delay for
various specified y with fixing u = 0, which is shown in Table 2. In the light of the discussion
on the parameter y, it would become clear that there is a mutually constraint relation between
the difference operator x;(t) + Byx,(t — h(t)) and the size of delay in guaranteeing stability.
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4. Conclusion

We considered a class of descriptor systems with time-varying delay. We developed a
Lyapunov technique to investigate the exponential stability of such a system, which combines
a necessary number of slack matrices, convexity condition, and matrix transformation.
Therefore, after getting the decay rate for the slow variables, through a perturbation approach
we came to the conclusion that the fast variables eventually fall into decay exponentially. A
numerical example was given to illustrate the theoretical results.
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