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Blow-up criteria of smooth solutions for the 3D micropolar fluid equations are investigated.
Logarithmically improved blow-up criteria are established in the Morrey-Campanto space.

1. Introduction
This paper concerns the initial value problem for the micropolar fluid equations in R?
ou—(p+x)Au+u-Vu+Vp-xyVxw=0,

Ow —yAw —kVV - w+2yw+u-Vw - xVxu=0, (1.1)
V-u=0

with the initial value

t=0: u=uy(x), w=wy(x), (1.2)

where u(t, x), w(t, x), and p(t, x) stand for the velocity field, microrotation field, and the scalar
pressure, respectively. And v > 0 is the Newtonian kinetic viscosity, x > 0 is the dynamics
micro-rotation viscosity, and «, ,y > 0 are the angular viscosity (see, i.e., Lukaszewicz [1]).
The micropolar fluid equations were first proposed by Eringen [2]. It is a type of fluids
which exhibits the micro-rotational effects and micro-rotational inertia and can be viewed
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as a non-Newtonian fluid. Physically, it may represent adequately the fluids consisting of
bar-like elements. Certain anisotropic fluids, for example, liquid crystals that are made up
of dumbbell molecules, are of the same type. For more background, we refer to [1] and
references therein. Besides their physical applications, the micropolar fluid equations are also
mathematically significant. Fundamental mathematical issues such as the global regularity
of their solutions have generated extensive research, and many interesting results have been
obtained (see [3-8]). Regularity criterion of weak solutions to (1.1) and (1.2) in terms of the
pressure was obtained (see [4]). Gala [5] established a Serrin-type regularity criterion for the
weak solutions to (1.1) and (1.2) in Morrey-Campanato space. Wang and Chen [7] established
the regularity criteria of weak solutions to (1.1) and (1.2) via the derivative of the velocity in
one direction. A new logarithmically improved blow-up criterion of smooth solutions to (1.1)
and (1.2) in an appropriate homogeneous Besov space is established by Wang and Yuan [8].

If «x = 0and w = 0, then (1.1) reduces to be the Navier-Stokes equations. Besides
its physical applications, the Navier-Stokes equations are also mathematically significant. In
the last century, Leray [9] and Hopf [10] constructed weak solutions to the Navier-Stokes
equations. The solution is called the Leray-Hopf weak solution. Later on, much effort has
been devoted to establish the global existence and uniqueness of smooth solutions to the
Navier-Stokes equations. Different criteria for regularity of the weak solutions have been
proposed and many interesting results are established (see [11-26]). Regularity criteria of
weak solutions to the Navier-Stokes equations in Morrey space were obtained in [13, 21].

The main aim of this paper is to establish two logarithmically blow-up criteria of
smooth solution to (1.1), (1.2). Our results state as follows.

Theorem 1.1. Let ug,wy € H™(R3) (m > 3) with V - ug = 0. Assume that (u,w) is a smooth
solution to (1.1) and (1.2) on [0, T). If u satisfies
2/(1-
IT (I3
o L+In(e+ [lu(®)|-)

dt<oo, 0O0<r<l, (1.3)

then the solution (u,w) can be extended beyond t = T.
We have the following corollary immediately.

Corollary 1.2. Let ug,wy € H™(R®) (m > 3) with V - uy = 0. Assume that (u,w) is a smooth
solution to (1.1) and (1.2) on [0, T). Suppose that T is the maximal existence time, then

=0, O0<r<l. (1.4)

IT "
o L+In(e+ [u(®)ll.-)

Theorem 1.3. Let ug,wy € H™(R3) (m > 3) with V - uy = 0. Assume that (u,w) is a smooth
solution to (1.1) and (1.2) on [0, T). If u satisfies

T [Vu@®lE"
2 dt<ow, 0<r<l, (1.5)
fo T+In(e + [Vu(t)-)

then the solution (u, w) can be extended beyond t = T.
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One has the following corollary immediately.

Corollary 1.4. Let ug,wy € H™(R3) (m > 3) with V - ug = 0. Assume that (u,w) is a smooth
solution to (1.1) and (1.2) on [0, T). Suppose that T is the maximal existence time, then

dt=c0, 0O0<r<l. (1.6)

IT IVu@ "
o L+In(e+[Vu(b)ll.-)

The paper is organized as follows. We first state some important inequalities in Section
2, which play an important role in the proof of our main result. Then, we prove the main result
in Section 3 and Section 4, respectively.

2. Preliminaries

Firstly, we recall the definition and some properties of the space that we are going to use. The
space plays an important role in studying the regularity of solutions to nonlinear differential
equations.

Definition 2.1. For 1 < p < q < +oo, the Morrey-Campanato space M, ; is defined by

My, = {f €Ly, <R3> | ”f"M,,,q = sup SupRS/q_S/p”f”LP(B(x,R)) < oo}, (2.1)
x€R3 R>0

where B(x, R) denotes the ball of center x with radius R.
It is easy to verify that Mp,q is a Banach space under the norm || - || M, Furthermore, it
is easy to check the following:

LF@ Ly, =20 Ly, A>0. 22)

Morrey-Campanato spaces can be seen as a complement to L” spaces. In fact, for p < g, one
has

L7 = M,, C M,,. (2.3)

one has the following comparison between Lorentz spaces and Morrey-Campanato spaces:
forp >2,

¥ r(n@) c L3/ <R3> C M,; /r<R3>, (2.4)

where LV denotes the usual Lorentz (weak L) space.
In the proof of our main result, we need the following lemma which was given in [27].
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Lemma 2.2. For 0 < r < 3/2, the space Z, is defined as the space of f(x) € L2 (R®) such that

loc
IIf

2= sup ||fgllp <oe

s i <1 (2.5)
Then f € Mag,, if and only if f € Z, with equivalence of norms. And the fact that
L*(\H'cBj, cH, 0<r<l, (2.6)
one has
X, C Ma3/r, (2.7)

where X, denotes the pointwise multiplier space from H' to L?.

We need the following lemma that is basically established in [28]. For completeness,
the proof will be also sketched here.

Lemma 2.3. For 0 < r <1, the inequality

1-r r
I£1lg;, < CUAIVAL (2.8)

holds, where C is a positive constant that depends on r.

Proof. It follows from the definition of Besov spaces that

£ 05, = 222" 8.2
’ i€Z

< 2278 Nl + 222N Af |l 2

i<j i>j

1/2 1/2 1/2 1/2 (2 9)
< <222ir> <Z”Alf”i2> + <222i(r1)> <2221”A1f”i2> .
i<j i<j i<j i>j

<C@ Nl + 2N )
- C<2fTA‘T + zf(T—DAl—r) AN e

where A = (||fllgn)/ (Il fllr2). Choosing j such that 1/2 < 2/ A" < 1, from (2.9) we get

Il < (12D AV LA
N1 o (2.10)
<c(1e(3)) VI

Therefore, we have completed the proof of Lemma 2.3. O
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The following Lemma comes from [29].

Lemma 2.4. Assume that1 <p < co. For f,g € W™, and 1< q< o0, 1 <1 < o0, one has

1V(£8) - £°&llir < C(IVf 1o |78

gl 19 f 1) (211)

LN

wherel<a<mand1/p=1/q1+1/r1 =1/g2 +1/1m.

In order to prove Theorem 1.1, we need the following interpolation inequalities in
three space dimensions.

Lemma 2.5. In three space dimensions, the following inequalities

1/8
IV £l < €Al

3/4 /4
ANl < ClIfI
) 112 11/12 (2.12)
[vf|. <clisi
2/3
||V2f o <ClIflle

hold.
3. Proof of Theorem 1.1

Proof. Multiplying the first equation of (1.1) by u and integrating with respect to x over R?,
using integration by parts, we obtain

1d
Ea”u(t)lliz + (u+ )lIVu®)|z = xJ‘RB(v x w) - udx (3.1)

Similarly, we get

Q..|m_‘

||w(t)||L2 +YIVw®)I7. + x|V - wllfz + 2y llwl7. = Xj (Vxu) wdx. (3.2)

N| =

Summing up (3.1) and (3.2), we deduce thats

d
2 (@I + o ®)1F:) + (u+ ) IVu®I:
IV ®) 2 + x|V - w0l + 2xlwll: (3.3)

=X_[ (wa)-udx+xf (Vxu) wdx.
R3 R3

NI~
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Using integration by parts and Cauchy’s inequality, we obtain
xJ (Vxw)- -udx+ xf (Vxu) -wdx < X”V””iz + X||w||i2. (3.4)
R3 R3

Combining (3.3) and (3.4) yields

| =

(eI + o (®)1172) + pI V@2 + ¥V, + <V - wlf2 + xllwl}: <0, (3.5)

N =
QU

t

Integrating with respect to ¢, we have

t
()11 + o ()72 + 2f (M@ + IV ()|} )dr
0 (3.6)

t t
+2x fo IV - w(z) Padr + 2 fo (@) Padr < ol + o

Taking V to the first equation of (1.1), then multiplying the resulting equation by Vu
and using integration by parts, we obtain

%HVu(t)ll%z +(u +x)||V2u(t) iz = —J V(u-Vu)Vu dx+Xf V(V xw)Vudx. (3.7)
R3 R3

1
2

Similarly, we get

1d 2
sV +y|| V)|, + 17 - Vel + 2 Vel .
(3.8)
= —f V(u-Vw) - dex+xf V(V xu)-Vwdx.
R3 R3
Combining (3.7) and (3.8) yields
1d 2
5 2 (V@I + 190 ®1:) + (u+ ) [ Fuo |,
2 2 2 2
+y||[V2o®) ||, + €IV w0l + 2x) Vool
(3.9)

=—I V(u-Vu)Vudx+Xf V(V xw)Vudx
R R

—f V(u‘Vw)dex+xJ‘ V(V xu)Vw dx.
R3 R3
Using integration by parts and Cauchy’s inequality, we obtain

2
xJ V(wa)-Vudx+xf V(qu)-dexgx“VZuMLz+x||Vw||iz. (3.10)
R3 R3
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Using Holder’s inequality, (2.8), and Young’s inequality, we obtain

—f V(u-Vu)Vudx
R3
<IVull VeVl 2
< ClIVull gy, IVl [Vl (311)

2— 2
< Cl|Vully,, IVuly || v2u

r
12

K2 2 2/(2-1) 2
o RS
Similarly, we have the following estimate:

—I V(u-Vw)Vw dx
R3

< Vel [[VuVewl|p

< ClVully,,, [IVe0llgg V20l 2 (3.12)

2- 2 |I”
< Cl|Vadllyg,,, IVl | 7220

12

Y 2 2/(2-
< H| v, + COvulyE P19l

Combining (3.9)-(3.12) yields

2 (19O 1901 ) + 1|, + |20}, + 5197 - wlis + xl Vool

2/(2- 2 2
< CIval & (1vulf + Vel

Ivuli,” : .
< oo s oy Vel # 19l (+ nfe + [ Vul-))
IVully " , . . .
<O o (P ) e [l 1)
where we have used
H2<R3> .y £ (]R3>. (3.14)
Forany Ty <t < T, we set
O(t) = nggt<”v3u(7')||iz + ||V3w(T) iz) (3.15)
0STS
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Thus, from (3.13), we have

d 2 2
— (IVu®7: + [Vw®T: ) + | V@) || +y|| V| |, +xIVV - w]i. + x| Vellf.
dt 12 12
”vullz/(z—r) (3.16)
(IVully: + IVe0ll}. ) (0 + In(e + 8(1))), VTo<t<T.

M23/r
<C ’
T 1+In(e+||Vull )

It follows from (3.8) and Gronwall’s inequality that

V()% + [V ()|

2/(2-r)
< (IVu(To)|% + IV (To) |2 Clivine s o) [t s,
< (IVuMI: + Vo)) exp CAL+Inte+80) | o

< Coexp{Ce[l +1In(e + 3(1))]}

< Coexp{2Ce[In(e + B(t))]}

< Cole +8(1)*,
(3.17)

provided that

dr<ex1, (3.18)

2/(2—
ft V(@) "
1, 1 +In(e + [|Vul|;=)

where Co = [[Vu(To)lI7, + | V2o (To)[7..-
Applying V™ to the first equation of (1.1), then multiplying the resulting equation by
V™u and using integration by parts, we have

1d, .. m
5 gl VOl + (e )| )

2
= —f V™ (u - Vu)V™*udx +XI V™V x w)V™udx.
L2 R3 R3
(3.19)

Likewise, from the second equation of (1.1), we obtain

1 d m m+ 2 m m

SV 0@l + v ]| v w ||, + K1YV - wif + 25V 0 ()]

(3.20)

=—f V™*u-Vw)V™wdx +y | V™V xu)V'wdx.
R3 R3
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Using V - u = 0 and (3.19) and (3.20), we have

219" + 1901 + e+ ) |7 )|

N[ =

2
]|Vt + w9 w20V ol
B _.[ [V*(u-Vu) —u- VV"u]V"udx +XI V"™V x w)V"udx
R -

—f [V™*"(u-Vw)—u-VV"w]V"wdx + Xf V™"V x u)V™"w dx.
R3 R3

In what follows, for simplicity, we will set m = 3.
By Holder’s inequality, (2.11), (2.12), and Young's inequality, we obtain

- j [V3(u -Vu)-u- VV3u] V3udx
R3

< ||V3(u -Vu) —u-VViu Viu

L2 L2

<crvat o], o]
L4 L2

1/4 11/12 2/3
3/4 4 1/12 4 1/3 4
SC”V””Lé “V u”LZ ”VLL”LQ ”V u“LZ ||Vu||L£ “V u”LZ
11/6
7/6|| w4
< CIVul72°]| 7|,

<El|va||}, + clvu
<t “v‘luni2 +Cle + (1),
_ f [V3(u Vw) —u- VV3w] V3w dx
R3

< ||V3(u Vw) —u-VViw V3w

L2 L2
i o], [eo], < 7ol 7, |
L* L2 L4 L2

11/12

1/4 2/3
3/4|| 4 1/12|| g4 1/3|| w4
< ClIvul HV u”LZ Vel ”V w”LZ IVeolly: ”V w”L2

11/12 2/3
g
12

1/4
3/4 1/12 1/3
+ ClI Vel |||, IVl || Vi vl 2| v

<Bllva], + 2| vte], + clvaiia el + Clvuls Vel

Hlloa 12 . Y lloa|I? 14Ce
< = LA
< 2||vtul|  + 3| 7w, + cle v,
It follows from integration by parts and Cauchy’s inequality that

XI V3(V x w)Vgudx+X’[ V3(V x u)Viwdx < X||V4u(t)||22 +X||V3w(t)
R3 R3 L

2
2

(3.21)

(3.22)

(3.23)

(3.24)
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Combining (3.21)-(3.24) yields

1d m 2 m 2 m+1 2
52 (9@ + 19w ®l:) + e+ ) [T uo |
2
m+ m m .2
wy| Ve | + vy wli + 25V (3.25)
<Cle+0()", VI, <t<T.
Taking € small enough yields
d 3 |12 5 |12
E(”V u||L2 + Hv w”L) <Cle+d(t), Ty<t<T, (3.26)

forall Ty <t<T.
Integrating (3.26) with respect to time from T to 7, we have

e+ ||V3u(r) ||i2 + “V3w(7‘) ||i2 <e+ ||V3u(T0) “; + ||V3w(T0) ||i2 +C f; (e +O(s))ds.
0

(3.27)
Owing to (3.27), we get
2 2 t
e+d(t) <e+ ||V3u(T0) HL + ||V3w(TO) HL +Cs J (e +O(T))dr (3.28)
To
For all Ty <t < T, with help of Gronwall inequality and (3.28), we have
2 2
e+ ||V3u(t) ||L + HV3w(t)||L2 <G, (3.29)

where C depends on ||Vu(T0)||i2 + ||Vw(T0)||%2. From (3.29) and (3.5), we know that (u, w) €
L*(0,T; H3(R®)). Thus, (4, w) can be extended smoothly beyond t = T. We have completed
the proof of Theorem 1.1. O
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4. Proof of Theorem 1.3

We start to estimate every term on the right of (3.9). Using integration by parts, Holder
inequality, (2.8) and Young inequality, we obtain

—f . V(u-Vu)Vudx
R
< ||| levull

< Clullyg,,, I Vel || 20 (4.1)

L2
1-r 2 1+r
< Cllullyn,, IVl || V2|,

Hll o2 2 2/(1-r) 2
< Z||veu)]| , + iy 1 vul..

Similarly, we have the following estimate

—I . V(u-Vw)Vw dx
R
< “Vzw”LzllquHLz
V2w

< Cllull gy, V2015, (4.2)

12
1+r

1- 2
< Cllullys,,, IVl || 7220

12

Y| w2 2 2/(1-r) 2
< 2| e, + i Ivewl..

Thus from (3.9), (3.10), (4.1), and (4.2), we obtain

2 (19uO I + 1901 ) + 1|, + ][00}, + 57T w0l + Vool
||u”2/(1—r) (4.3)

May,r )<||Vu||iz+||Vw||i2)(1+1n(e+19(t))), VTp<t<T.

<
T 1+In(e+ ||ull e

It follows from (4.3) and Gronwall’s inequality that

IVut)|2: + IV ()2

< <||VM(T0)||2 + |V (To) | )exp{C(l +In(e + B(t))) t ||u(T)||i-,/IZ,13/;) dr}
_ : : 1 T+ Ine + [ul2)
< Coexp{Ce[1l +1In(e + 8(t))]}
< Coexp{2Ce[ln(e + 8(¢))]}
< Cole + B(1))*,
(4.4)
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provided that
N TCoT At
j Mo dr <6 < 1, (4.5)
1, 1+1n(e + [[ul =)

where Cj = IIVu(To)Hiz + va(TO)”iz'
From (4.4), H™ estimate for Theorem 1.3 is same as that for Theorem 1.1. Thus,
Theorem 1.3 is proved.
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