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We introduce the generalized split common fixed point problem (GSCFPP) and show that the
GSCEFPP for nonexpansive operators is equivalent to the common fixed point problem. Moreover,

we introduce a new iterative algorithm for finding a solution of the GSCFPP and obtain some
strong convergence theorems under suitable assumptions.

1. Introduction

Let Hy and H, be real Hilbert spaces and let A : H; — H> be a bounded linear operator.
Given intergers p,r > 1, let us recall that the multiple-set split feasibility problem (MSSFP)
was recently introduced [1] and is to find a point:

P r
x*e(C, Ax*e(\Qj (1.1)

i=1 j=1

where {C; }le and {Q; };:1 are nonempty closed convex subsets of H; and H>, respectively. If
p =r =1, the MSSFP (1.1) becomes the so-called split feasibility problem (SFP) [2] which is
to find a point:

x*eC, Ax*eqQ, (1.2)

where C and Q are nonempty closed convex subsets of H; and H, respectively. Recently, the
SFP (1.2) and MSSFP (1.1) have been investigated by many researchers; see, [3-10].



2 Journal of Applied Mathematics

Since every closed convex subset in a Hilbert space is looked as the fixed point set of
its associating projection, the MSSFP (1.1) becomes a special case of the split common fixed
point problem (SCFPP), which is to find a point:

P T
x* € QFix(Ui), Ax* € QFix(Tj), (1.3)
i= j=

where U; : Hy — H; (i = 1,2,...,p)and T; : H, — H (j = 1,2,...,r) are nonlinear
operators. If p = r = 1, the problem (1.3) reduces to the so-called two-set SCFPP, which is to
find a point:

x* e Fix(U), Ax* e Fix(T). (1.4)

Censor and Segal in [11] firstly introduced the concept of SCEPP in finite-dimensional
Hilbert spaces and considered the following iterative algorithm for the two-set SCFPP (1.4)
for Class-$ operators:

Xpe1 = U (x, —yA* (I -T)Ax,), n>0, (1.5)

where xp € Hy, 0 < y < 2/||A||*> and I is the identity operator. They proved the convergence
of the algorithm (1.5) to a solution of problem (1.4). Moreover, they introduced a parallel
iterative algorithm, which converges to a solution of the SCFPP (1.3). However, the parallel
iterative algorithm does not include the algorithm (1.5) as a special case.

Very recently, Wang and Xu in [12] considered the SCFPP (1.3) for Class- operators
and introduced the following iterative algorithm for solving the SCFPP (1.3):

X1 = Up) (% = YA (I = Tjny ) Ax,), n>0. (1.6)

Under some mild conditions, they proved some weak and strong convergence theorems.
Their iterative algorithm (1.6) includes Censor and Segal’s algorithm (1.5) as a special case
for the two-set SCFPP (1.4). Moreover, they prove that the SCFPP (1.3) for the Class-$
operators is equivalent to a common fixed point problem. This is also a classical method.
Many problems eventually converted to a common fixed point problem; see [13-15].
Motivated and inspired by the aforementioned research works, we introduce a
generalized split common fixed point problem (GSCFPP) which is to find a point:

x* e QFix(lli), Ax* e QFix(Tj). (1.7)
i= j=

Then, we show that the GSCFPP (1.7) for nonexpansive operators is equivalent to the
following common fixed point problem:

x*e(Fix(U;),  x*e(\Fix(V;), (1.8)
i=1 j=1
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where V; = I - yA*(I - T;))A (0 < y < 1/||A|]) for every j € N. Moreover, we give a new
iterative algorithm for solving the GSCFPP (1.7) for nonexpansive operators and obtain some
strong convergence theorems.

2. Preliminaries

Throughout this paper, we write x, — x and x,, — x to indicate that {x,} converges weakly
to x and converges strongly to x, respectively.

An operator T : H — H is said to be nonexpansive if |Tx — Ty|| < |lx — y|| for all
x,y € H. The set of fixed points of T is denoted by F(T). It is known that F(T) is closed and
convex. An operator f : H — H is called contraction if there exists a constant p € [0, 1) such
that || f(x) — f(y)ll < pllx — y|| for all x,y € H. Let C be a nonempty closed convex subset
of H. For each x € H, there exists a unique nearest point in C, denoted by Pcx, such that
llx = Pcx|| < ||x — y|| for every y € C. P¢ is called a metric projection of H onto C. It is known
that for each x € H,

(x = Pcx,y—Pcx) <0 (2.1)

forally € C.

Let {T,} be a sequence of operators of H into itself. The set of common fixed points
of {T,} is denoted by F({T,}), thatis, F({T,.}) = (N, F(Tx). A sequence {T,} is said to be
strongly nonexpansive if each {T,} is nonexpansive and

Xn = Yn— (Tnxn - Tnyn) —0 (2.2)

whenever {x,} and {y,} are sequences in C such that {x, — y,} is bounded and ||x,, — yx|| -
|Twxn — Tuyull — O; see [16, 17]. A sequence {z,} in H is said to be an approximate fixed
point sequence of {T,} if z, — Tz, — 0. The set of all bounded approximate fixed point
sequences of {T,} is denoted by F ({T,}); see [16, 17]. We know that if {T,} has a common
fixed point, then F({T,}) is nonempty; that is, every bounded sequence in the common fixed
point set is an approximate fixed point sequence. A sequence {T,,} with a common fixed point
is said to satisfy the condition (Z) if every weak cluster point of {x,} is a common fixed point
whenever {x,} € F ({Tn}). A sequence {T,} of nonexpansive mappings of H into itself is said
to satisfy the condition (R) if

lim sup||Tn+1y - Tny” =0 (2.3)
no®en

for every nonempty bounded subset D of H; see [18].
In order to prove our main results, we collect the following lemmas in this section.

Lemma 2.1 (see [16]). Let C be a nonempty subset of a Hilbert space H. Let {T,} be a sequence of
nonexpansive mappings of C into H. Let {A,} be a sequence in [0,1] such that lim inf, A, > 0.
Let {U,} be a sequence of mappings of C into H defined by U,, = \,,I + (1 — X,,)T,, for n € N, where
I is the identity mapping on C. Then {U,} is a strongly nonexpansive sequence.
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Lemma 2.2 (see [16]). Let H be a Hilbert space, C a nonempty subset of H, and {S,} and {T,}
sequences of nonexpansive self-mappings of C. Suppose that {S,} or {T,} is a strongly nonexpansive
sequence and F({S,}) N F({Ty,}) is nonempty. Then F({Sn}) N F({T,}) = F({SnTx}).

Lemma 2.3 (see [17]). Let H be a Hilbert space, and C a nonempty subset of H. Both {S,} and
(T} satisfy the condition (R) and {T,y : n € N, y € D} is bounded for any bounded subset D of C.
Then {S,T,} satisfies the condition (R).

Lemma 2.4 (see [19]). Let {x,} and {y,} be bounded sequences in a Banach space X and let {f,}

be a sequence in [0,1] with 0 < lim inf, o, p, <limsup, B, < 1. Suppose x,i1 = (1= P) yn +
Pn xn for all integersn > 0and

limsup (||yne1 = Y| = %01 = xall) 0. (2.4)

n— oo

Then limy, - o || Yn — Xul| = 0.

Lemma 2.5 (see [20]). Assume that {a,} is a sequence of nonnegative real numbers such that

ans1 < (1 - Yn)an + 611/ n>0, (25)

where {y,} is a sequence in (0,1) and {6,} is a sequence such that

(1) Xt ¥n = o,

(ii) imsup, ., 6n/Yn <001 X2 |64 < co.

Then lim,, _, xa, = 0.

3. Main Results
Now we state and prove our main results of this paper.

Lemma 3.1. Let A : Hy — Hj be a given bounded linear operator and let T, : Hy — Hj be a
sequence of nonexpansive operators. Assume

AN Fix({T,})) = {x € H; : Ax € Fix({T,.})} #0. (3.1)
For each constant y > 0, V,, is defined by the following:
Vu=1-yA*(I-T,)A. (3.2)

Then Fix({V,}) = A7 (Fix({T,.})). Moreover, for 0 < y < 1/||A||?, V, is nonexpansive on Hy for
neN.
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Proof. Since the inclusion A7'(Fix({T,})) C Fix({Vy}) is evident, now we only need to
show the converse inclusion. If z € Fix({V,}), then we have A*(I — T,)Az = 0. Since
AY(Fix({T,.})) #0, we take an arbitrary p € A~ (Fix({T,})). Hence

|Az - T,Az|*> = (Az - T,Az, Az - T, Az)
=(Az-T,Az, Az— Ap + Ap - T, Az)

=(A*I-T,)Az,z-p)+(Az-T,Az, Ap - T,Az) (33)

1 1 1
= 5 1Az - Ap||* + 5114z - T, Az|* + 5 || Ap - Tu Az

< Z||Az - T, Az|.

N =

It follows that (1/2)||Az - T,Az|> < 0, then Az = T,Az for every n € N, hence z €

AL (Fix({T,})). Next we turn to show that V,, is a nonexpansive operator for n € N. Since
T, is nonexpansive, we have

(I-T)Ax - (I -T)Ay|” = ||Ax - Ay|* + ||T.Ax - T, Ay||* - 2(Ax - Ay, T,Ax - T, A
y y y y y
<2||Ax - Ay|* - 2(Ax - Ay, T, Ax - T, Ay)

<2(Ax - Ay, Ax - Ay — (T, Ax - T, Ay)).
(3.4)

Hence

[Vix = Vay|I* = | (I - yA"(I - T) A)x = (I - yA*(I - T) A)y |’
= [lx = yIP + PIAIP|| (L - T Ax - (1 - T,) Ay’ (35)
~2y(Ax - Ay, (I - T,) Ax — (I - T,) Ay) '

< [l = ylI? + y(YIlAIP = 1) |( - T,) Ax - (I - T,,) Ay]|*

For 0 < y < 1/||Al]?>, we can immediately obtain that V,, is a nonexpansive operator for every
neN. O

From Lemma 3.1, we can obtain that the solution set of GSCFPP (1.7) is identical to the
solution set of problem (1.8).

Theorem 3.2. Let {U,} and {V,,} be sequences of nonexpansive operators on Hilbert space H1. Both
(U, } and {V,,} satisfy the conditions (R) and (Z). Let f : Hy — H; be a contraction with coefficient
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p € [0,1). Suppose Q = Fix(U,,) N Fix(V},) # 0. Take an initial quess x1 € Hj and define a sequence
{xn} by the following algorithm:

Yn = )Lnxn + (1 - /\n)vnxn/
(3.6)
Xn+l = “nf(xn) + ﬂnxn + Ynunyn/

where {a,}, {Pn}, {yn}, and {A,} are sequences in [0, 1]. If the following conditions are satisfied:
(i

Ay +Pu+yn=1, foralln>1;

(i) imy, . ca, = 0 and X2 a, = oo;

(iv) 0 <lim inf, oA, <limsup, A, <1;

)
)
(iii) 0 < lim inf, . f, <limsup, | f, <1
)
(v) limy, o [Aps1 = An| = 0,

}

then {x,} converges strongly to w € Q where w = Po f (w).
Proof. We proceed with the following steps.

Step 1. First show that there exists w € Q such that w = Po f (w).
In fact, since f is a contraction with coefficient p, we have

|Paf(x) = Paf (y)|l < [ f(x) = F(w)]l < pllx -yl (3.7)

for every x, y. Hence Pqf is also a contraction. Therefore, there exists a unique w € Q such
that w = Pof(w).

Step 2. Now we show that {x,} is bounded.
Let p € Q, then p € Fix({U,}) and p € Fix({V,.}). Hence

IUnyn = pll < lyn —pll < Aallxen = pll + (1 = L) [[Vaxn = pll < [0 = pl- (3.8)
Then

l|l2¢n1 = pl| < @l fCen) = || + Bullxn = p|| + Yo |Unyn - p|
< anpl|xn = pl| + anl| f(p) =Pl + Bullxn = Pl + ¥ull %0 =P

< (1w =)l =pl + (1= p) 7 17 Gr) = 59

< max{ v, =l 75 1 0) -1 }

By induction on 7,

1
Voo =pll < 1=l < max{ [l =l T 1) - (3.10)
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for every n € N. This shows that {x,} and {V,x,} are bounded, and hence, {U,y,}, {y,}, and
{f(x,)} are also bounded.

Step 3. We claim that F({A,}) = F({V,}) and F({U,A,}) = E({U,)}) N F({V,}), where A, =
M + (1= X)) Vi

We first show the former equality. Let {z,} be a bounded sequence in H;. If {z,} €
F({V,}), then

|Anzn — zall = |[Anzn + (1= X)) Vazy — 24l = (1 = )| Vauzn — zall — O. (3.11)

Hence {z,} € f({An}). On the other hand, if {z,} € f({An}), combining (3.11) and
limsup,_, A, < 1, we obtain that ||V, z, — z4| — 0. Hence {z,} € ?({Vn}). Therefore,
F({An}) = F({Va})-

Next, we show the latter equality. Using Lemma 2.1, we know that { A, } is a strongly
nonexpansive sequence. Thus, since F({U,}) n F({A,}) = F({U,}) n E({V,})#0, from
Lemma 2.2 we have

F({U,An)) = FU}) NF({A4}) = F{U,}) N F({Vii)). (3.12)

Step 4. {S,} satisfies the condition (R), where S, = U, A,.
Let D be a nonempty bounded subset of H;. From the definition of { A, }, we have, for
allye D,
[ Anay = Any |l = Xy + (1= A1) Vi y = Lny = (1= L) Vay ||
< Pt = Aallly [l + [Varay = Vay [| + A Vasay = 2 Vay |
< Pt = Lallly [l + [[Veay = Vay [| + A Vasay = V|
+ [[MViay = L Vay|| (3.13)
= Pt = Al |y | + Vieery = Vay || + Pt = 2l | Vi |
+ 4| Viry = Vay |
= Pt = Ll ([l + Vi [ + 1+ ) [[Viery = Vay |-

It follows that

sup|| Any = Ay || < nar = Aalsup([[y[| + [|Vaary]]) + (1T + L)sup||Viay - Vay||. - (3.14)
yeD yeD yeD

Since {V,,} satisfies the condition (R) and lim,,_, o |As+1 — L] = 0, we have

lim sup||Any — Anyl|| =0, (3.15)
n—oo yeD
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that is, {A,} satisfies the condition (R). Since {A,y : n € N, y € D} is bounded for any
bounded subset D of Hj, by using Lemma 2.3, we have that {V, A,} satisfies the condition
(R), that is, {S,,} satisfies the condition (R).

Step 5. We show ||x,41 — x| — 0.

We can write (3.6) as X1 = PuXn + (1 — Bn)z, where z, = (a0, f (xn) + YnSnXn) /1 = . It
follows that

_ lxn+1f(xn+1) + Yn+1Sn+1xn+1 “nf(xn) + Ynsnxn

el T En = 1- ﬂn+1 - 1- ,Bn
txn+1 Xptl Oy
= 12 (F ) - f) + (5 L )f) (3.16)
Yn+1 _ Yn+1 _ Yn
1= ﬂn+1 (Sn+1Xn41 — Snxp) + <1 — ﬂn+1 1= ﬁn>5nxn-

From Step 2, we may assume that {x,} C D’, where D’ is a bounded set of H;. Then from
(3.16), we obtain

Xyl Xptl
_ < _
2 =zl < | 2 L M+ Sl + T2 pls -
: f"[;jm ISnans = Sutunll + 7L 5 Swtnes = Sl
il O{n Xntl
< |2 = 22 Ul + 1Sml) + [1= 125 (1) bt =
+ L sup| Sy - Suy]|
- ﬂn+l yeD’
(3.17)
It follows that
a a
Zns1 = Zall = et = Xnll < |2 (I f ) || + 1Snxall)
1- ﬁn+1 1- ﬂn (3 18)
# L supl|Suay = Suy | = 725 (1= p) s = 3l
1- ﬁn+1
Since {S,} satisfies the condition (R), combining &, — 0 asn — oo, we have
limsup(||zu+1 = Zall = [[%n+1 = xull) < 0. (3.19)

n—oo
Hence by Lemma 2.4, we get ||z, — x,|| — 0asn — oo. Consequently,

nli_I)I;O”an — x| = _ﬂlgrc}o(l - ﬂn)“zn - x| =0. (3.20)
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Step 6. We claim that {x,} € F({U,}) N F({V,.}).

From (3.6), we have

”Snxn - xn” < ”Snxn - xn+1|| + len+1 - xn”
= ”Snxn - lxnf(xn) - ﬁnxn - Ynsnxn” + ||xn+1 - xn” (321)

< | Snxn = f () || + Ball Snxn = xull + 12041 = %l
and hence
(1= Bu)lISnxn — xull < aul|Suxn = f(xn) || + |%ne1 — xa]l- (3.22)
Since [|xp41 = X4|| — 0, a, — 0and limsup, ,_p, <1, we derive
1Snxn = xu|l — 0. (3.23)
Thus (3.23) and Steps 2 and 3 imply that
(n} € F({Su)) = F({UR D) 0 E((Va)). (3.24)

Step 7. Show limsup, _, _(f(w) - w,x, —w) <0, where w = Po f (w).
Since {x,} is bounded, there exist a point v € H; and a subsequence {x,,} of {x,} such
that

limsup(f(w) - w, x, —w) = _lim (f (w) —w, xp, —w) (3.25)

n—oo

and x, — wv. Since {U,} and {V,} satisfy the condition (Z), from Step 6, we have v €
F({U,}) N F({Vy,}). Using (2.1), we get

lim sup(f(w) - w, x, —w) = im ( f (w) — w, x,, — w)
noe e (3.26)
= (f(w) —w,v-w) <0.

Step 8. Show x,, — w = Pof(w).
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Since w € Q, using (3.8), we have

% ps1 — wl* = (an (f (x) = w) + Pr(xn — W) + Yu(UnYn — W), Xpi1 — W)
S an(f (xn) = f (W), Xps1 — W) + A (f (W) — W, Xps1 — W)

+ Bullxn —w|| - X1 — wl| + Yn”]/n - w” “|lxna1 — w|
1
< Eanp<||xn — |2 + || xpe1 — w||2) + an{ f (W) — W, X1 — W) (3.27)
+ 1ﬁn ll2cn = wl[* + |21 — w]|*) + 1Yn 120 = 0l1* + || x1 — 20|
2 2

1
<z[1-an(1-p)]llxn - wl* + §||xn+1 —w|* + an(f (W) —w, xp1 —w),

N —

which implies that
1
|2¢ns1 — w||2 < [1 - an(l - P)] [l2cn — w||2 + Zan(l - P)m(f(w) — W, Xn1 — w>/ (3.28)

for every n € N. Consequently, according to Step 7, p € [0,1), and Lemma 2.5, we deduce that
{x,} converges strongly to w = Po(w). This completes the proof. O

Combining Lemma 3.1 and Theorem 3.2, we can obtain the following strong conver-
gence theorem for solving the GSCFPP (1.7).

Theorem 3.3. Let {U,} and {T,} be sequences of nonexpansive operators on Hilbert space Hy and
H,, respectively. Both {U,} and {T,} satisfy the conditions (R) and (Z). Let f : Hi — Hj bea
contraction with coefficient p € [0,1). Suppose that the solution set Q of GSCFPP (1.7) is nonempty.
Take an initial guess x; € Hy and define a sequence {x,} by the following algorithm:

Yn =Xn — Y(l - ) A*(I - T,) Axy,
(3.29)
Xn+l = anf(xn) + ,ann + Ynun]/nz

wherey € (0,1/||Al%), and {a,}, {Bu}, {yn}, {An} are sequences in [0,1]. If the following conditions
are satisfied:

(D) an+Pp+yn=1, foralln>1;

(ii) limy, . a, = 0 and =2 a, = oo;

)

)
(iii) 0 < liminf, ., B, < limsup, B <1;
(iv) 0 <liminf, A, <limsup, | A, <1;
)

(v) limy, o [Aps1 = An| = 0,

then {x,} converges strongly to w € Q where w = Pq f (w).
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Proof. SetV,, = I-yA*(I-T,)A. By Lemma 3.1, V, is a nonexpansive operator for every n € N.
We can rewrite (3.29) as

Yn = )‘nxn + (1 - J\n)ann/
(3.30)
Xn+l = anf(xn) + ﬁnxn + Ynunyn-

We only need to prove that {V,} satisfies the conditions (R) and (Z). Assume that D
is a nonempty bounded subset of H;. For every y € D, we have
[(T=yA" (I = Tua) A)y = (I -y A" (I = T A)y|| < y[|A*(I - Tua) Ay - A°(I - To) Ay |
<YIAITwn (Ay) = Tu(Ay) |-
(3.31)

Since {T,} satisfies the condition (R), and D' = {Ay : y € D} is bounded, it follows from
(3.31) that

suDPII (I-yA (I -Tu)A)y - (I -yA (I -T)A)y|| < YllAllsugllTnu (Ay) - Tu(Ay) ||
ye ye

= y||Allsup||Tp+1z = Tnz|| — 0.
zeD’
(3.32)

Therefore, {V,,} satisfies the condition (R).
Assume that x, — z and x, - V;,x, — 0; we next show that V,,z = z. By using x,, —
Vux, — 0, we have A*(I - T,)Ax, — 0. Since A~}(Fix({T,})) #0, we choose an arbitrary
point p € A7} (Fix({T,,})); then for every n € N,
|Ax, = Ty Axnl* = (Ax, — TyAxn, Ax, — Ap + Ap — T, Ax,)

= (A*(I - Ty) Axy, xp — p) + (Axy — TyAxy, Ap — T, Axy)

1 1
= (A"(I = T,) Axy, 20 = p) = 5 || Ax - Ap||* + 5 1A%y = T Ay |

(3.33)
+ 3 14p - TuAx |
<{A*(I = Ty) Axn, X — p) + %qun — T Axy|*
Hence
%HAxn ~ T Ax,|* < (A*(I = Tp) Axy, X — p) — 0. (3.34)

Then we get Ax, € F ({T,,}). Since {T,} satisfies the condition (Z) and Ax,, — Az, we have
Az € F({T,}). From Lemma 3.1, we have z € Fix({V,}). O
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Let T : H — H be a nonexpansive mapping with a fixed point, and define T,, = T for
all n € N. Then {T,} satisfies the conditions (R) and (Z). Thus, one obtains the algorithm for
solving the two-set SCFPP (1.4).

Corollary 3.4. Let U and T be nonexpansive operators on Hilbert space Hy and H, respectively.
Let f : Hy — H;j be a contraction with coefficient p € [0,1). Suppose that the solution set € of
SCEPP (1.4) is nonempty. Take an initial guess X1 € H1 and deﬁne a sequence {x,} by the following
algorithm in (3.29), where y € (0,1/||Al[%), and {a,}, {Bn}, {yn}, {An} are sequences in [0,1]. If the
following conditions are satisfied:

(D an+Pu+yn=1, foralln>1;
(i

i) imy, - aty = 0 and 5 oy = oo;
(iid

0 <lim inf, p, <limsup, , p.<1;

(iv) 0 <lim inf, A, <limsup, | A, <1;

)
)
)
(V) limy, oo A1 = Au| = 0

Then {x,} converges strongly to w € Q where w = Po f (w).

Remark 3.5. By adding more operators to the families {U,} and {T,} by setting U; = I for
i>p+1landT; =Iforj>r+1, the SCFPP (1.3) can be viewed as a special case of the GSCFPP
(1.7).
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