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This paper discussed a hepatitis B virus infection with delay, spatial diffusion, and standard
incidence function. The local stability of equilibrium is obtained via characteristic equations. By
using comparison arguments, it is proved that if the basic reproduction number is less than unity,
the infection-free equilibrium is globally asymptotically stable. If the basic reproductive number is
greater than unity, by means of an iteration technique, sufficiently conditions are obtained for the
global asymptotic stability of the infected steady state. Numerical simulations are carried out to

illustrate our findings.

1. Introduction

Human infection with hepatitis B virus (HBV) is a major global health problem. Between 300
and 400 million people are chronically infected worldwide. The virus is contracted through
contact with blood or other fluids from the body, which could lead to develop viral persis-
tence in the individual in the absence of strong antibody or some immune depression. Math-
ematical models have the potential to improve the understanding of the dynamics of this
disease; one of the earliest models is referred to as the basic virus infection model, introduced
by Nowak et al. [1]. They proposed a basic mathematical model for uninfected susceptible

host cells (hepatocytes), u, infected host cells, w, and free virus particles, v, as follows:

i(t) = s - pu(t) - pu(tyo(t),
w(t) = pu(tyo(t) - awl(t),
o(t) = kw(t) - do(t),

(1.1)
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where hepatocytes are produced at a rate s, uninfected cells die at rate y and become and
infected at rate pu(t)v(t), infected hepatocytes are produced at rate fu(t)v(t) and die at rate
aw(t). Free viruses are produced from infected cells at rate kw(t) and are removed at rate
do(t). It is assumed that all parameters are positive constants. Previous models assume that
the infectious process is instantaneous; that is, in the very moment that the virus enters an
uninfected cell, this one starts to produce virus particles; we know that this is not biologically
reasonable. Thus, models with delays have been considered; in [2], the authors studied the
following hepatitis B virus infection model with a time delay:

px(t)o(t)

x(t) +y (1)’

pe ™ x(t-T)v(t—T)
x(t-1)+y(t-1) -

x(t) = A — dx(t) -

(1.2)

y(t) = ay(t),

o(t) = ky(t) —uo(t).

The authors gave results about local and global stability of feasible equilibria.

For HBV infection, susceptible host cells and infected cells are hepatocytes and cannot
move under normal conditions, but viruses move freely in liver [3]; therefore, the authors
introduce an HBV model with diffusion and delay. Xu and Ma [4] considered also a diffusion
model with delay but instead of bilinear response of the infection rate, they considered
saturation response.

In this work motivated by the work of Xu and Ma, we study the following model:

ou _ Pu(x, t)v(x,t)

ot L= du(xt) - u(x, t) +w(x,t)’

ow e u(x,t—71)v(x,t—7)

ot ulxt-1)+w(xt-1) aw(x, ), (1.3)
0v

i DAv + kw(x,t) — pv(x,t),

for t > 0, x € Q, with homogeneous Neumann boundary conditions

ov
o 0, (1.4)

and initial conditions

u(xre) = ¢1(x/ 6) >0, w(x,@) = ¢2(xr8) >0,
- (15)
v(x,0) =¢3(x,0) >0, 0¢€[-1,0], xecQ.

In the previous problem Q is a bounded domain in R” with smooth boundary 0Q, 9/07
denotes the outward normal derivative on 0Q.

This paper is ordered as follows. In the next section we present a result about the
existence, uniqueness, and positivity. In Section 3 we discuss the local stability of each
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of the feasible equilibria of system (1.3), by analyzing the corresponding characteristic
equations. In Section 4, by using comparison arguments and an iterative technique, we
establish sufficient conditions for the global stability of the equilibria of system (1.3). In
Section 5 numerical simulations are carried out to illustrate our principal results and we
compare the effect of the diffusion and the delay on the system (1.3).

2. Preliminaries

Consider problem (1.3)—(1.5) and the following definitions.

Definition 2.1. A pair of functions U = (i, @, 3), U = (i, @, 9) in C([0, o0) x Q) NC12) ((0, 00) x
Q) are called coupled upper and lower solutions to system (1.3)—(1.5) if i <u, w <@, 0 <0
in Q x [T, 00) and the following differential inequalities hold:

o _ Pii(x, H5(x, 1)

ot 2 Lol - o

ow _ Pe ™ iu(x,t —T)0(x,t—T)

ot = di(x,t—-71)+w(x, t—T)

—aw(x,t),

%—Tt) > DAD + kw(x,t) — po(x,t),

o ~ Bii(x, )5 (x, £)
< - e
ot SL-dut) - o T oD

(2.1)

ow < Pe ™ u(x,t —T)o(x,t —7)

ot = ulx,t-1)+w(x,t—T1)

—aw(x,t),

%—Z; < DAD + kw(x,t) — po(x,t),

for (x,t) € Q x (0,00), and

(2.2)
a(x/ t) < ¢1 (X, t) < ﬁ(xr t)r z?)(x, t) < (I)Z(XI t) < TI)(X, t)/

6(x/ t) < ¢3(xr t) < 5(3(, t)/ (X, t) € ﬁ X [_T/O]'

The following lemma then follows from Theorem 3.4 developed by Redlinger [5].

Lemma 2.2. Let U and U be a pair of coupled upper and lower solutions for problem (1.3)—(1.5)
and suppose that the initial functions ¢; (i = 1,2,3) are Holder continuous in [-7,0] x Q. Then
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problem (1 3)—(1.5) has exactly one reqular solution U(x,t) = (u(x,t), w(x,t),v(x,t)) satisfying
U<U<UinQx[-T,0).

It is not hard to see that 0 = (0,0,0) and K = (K3, K3, K3) are a pair of coupled lower-
upper solutions to problem (1.3)—(1.5), where

-7<60<0

L
K7 = max L sup ||¢1( 9)||C(QR)}

kpe ™ K
K, = max u, sup ||¢a(: 9)||CQR)} (2.3)
ap -7<0<0

k2 e MK
K3 = max %, sup “‘i’S( 9)"C(QR)}
p —-7<0<0

Hence, 0 < u(x,t) < K1, 0 < w(x, t) <K, 0<v(x,t) < Ks for (x, 1) € Qx [-7, 00), and also, by
the maximum pr1nc1ple, if ¢i(x,0)#£0 (i =1,2,3), we have u(x,t) > 0, w(x,t) >0, v(x,t) >0
forallt>0,x€Q.

3. Local Stability

System (1.3) has the equilibrium E;(L/d,0,0). Let Ry = fke™7 /ap > 1 then system (1.3) has
a unique infected steady state E,(u*(7), w*(7),v*(T)); the previous notation is because the
equilibrium involves T and we use this as the parameter for the stability analysis, where

) = Le™™ () - LRy
WA= et v a(Ro - 1) T de +a(Ry - 1) -
3.1
o (T) _ ke (RO - 1)

plde™ +a(Ry-1)]"

Let 0 = pyy < pp < -+ be the eigenvalues of the operator —A on Q with the homo-
geneous Neumann boundary conditions, and let E(y;) be the eigenspace corresponding to y;
in C1(Q).

LetX = [Cl(Q) et {¢ij;j=1,2,...,dim E(y;) } be an orthonormal basis of E(y;), and
let Xij = {c¢ij | c € R3}, then

X=Pr X, Xi= @dm‘E(’”‘ (3.2)
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Let ® = diag(0,0,D), Z = Z(x,t) = (U(x,t), W(x,t),V(x,1)), LZ =DAZ+ Jp- Z+ J; - Z(t - T),
where

fwo  puv i

| @+w? @rw) wrw
Je 4 0 ,
0 k -p
(3.3)
0 0 0

e ™ ow  Pe™uv Pe U
@+w)* (i+w)? utw
0 0

]T=

and E*(u,w,v) represents any feasible steady state of the system (1.3). The linearization of
system (1.3) at E* is of the form Z; = £Z. For each i > 1, X; is invariant under the operator
£, and A is an eigenvalue of the matrix —y;D + Jg- + Jrp for some i > 1, then, there is an
eigenvector in X.

The characteristic equation on the equilibrium E; is

(A +d) ()@ +ah+ag+ bO(T)e-“) =0, (3.4)

where
ap = a(p+uD), a1 =a+p+uD, bo(T) = —kpe™™". (3.5)

The characteristic equation has the negative root A = —d. All other roots of (3.4) are given by
the transcendental equation

A+ apd+ag+by(t)e* = 0. (3.6)
Let

FA) =A%+ a;d + ag + by(T)e ™7, (3.7)
if Ry > 1, note that for A real and i = 1 (in this case p; = 0),

f(0)=ag+by=ap-kpe™™ <0, Alim f(A) = +oo. (3.8)

Hence, (3.7) has a positive root. Therefore, there is a characteristic root A with positive real
part in the spectrum of £. Accordingly, if Ry > 1, the disease-free steady state E1(A/d,0,0) is
unstable.

If Ry < 1, when T = 0 the coefficients of (3.7) are a; and ag + by(0), and under
the hypothesis Ry < 1 the coefficients are positive and according to the criterion of Routh-
Hurwitz, the equilibrium E;(A/d, 0, 0) is locally asymptotically stable.
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For 7 > 0ifiw (w > 0) is a solution of (3.6), separating in real and imaginary parts, we
obtain

—w? + ag = —by(T) cos(wT),

(3.9)
aw = bo(7) sin(wT).
Squaring and adding the above equations and taking z = w? we obtain
2+ <a% - 2a0>z + ag —bo(1)* =0, (3.10)
where
a?-2ag=a*+ (p +‘ul-D)2 >0,
(3.11)

ag - by(7) = (a(p + wiD) - kpe™") (a(p + wD) + kpe ™) >0,

the last inequality is true because Ry < 1. Therefore there is no positive root z = w? of (3.10).
In conclusion if Ry < 1 the equilibrium E;(A/d,0,0) is locally asymptotically stable.

The characteristic equation of system (1.3) at the endemic equilibrium E;(u*, w*, v*) is
of the form

A3 4 @y (T)A% + ard + ag(T) + (bz(T)AZ +bi(T)A + bo(r))e-“ =0, (3.12)

where

porw*

az(T)=a+d+p+/4iD+—2,
(u* + w*)

ar=a(p+wuD) + (a+p+wuD)d,

ao(t) = a(p + uiD) [d + M],

(u* + w*)2
e v (3.13)
b =
2(7) (u* + w*)*
B ﬂe—mTu*w* ﬁe—mTu*
bl(T)—(d+p+‘ll1D) (u*+w*)2 u*+w*’
ﬁe—mTu*v* ﬂe—mTu*
bo(t) =d(p + u;D - dk ,
o(7) = d(p + pi )(u* Ty KT

when 7 = 0 becomes

A%+ (a2(0) + b2(0))A% + (a1 + by (0))A + (a0(0) + by (0)) = 0. (3.14)
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Note that a,(0) + b2(0) > 0; adding ao(0) + by(0) and replacing u*(0) and z*(0) we obtain

_pw(007(0)
(u(0) +w*(0))?
(a2(0) + b2(0)) (a1 + b1(0)) — ao(0) + bo(0)

pu(0)v*(0)

a0(0) +bo(0) = a(p + uD) @0 + 0 (0))2

+ d(p + ‘l/l,D)

4

i <d(” +p+mD) + W (0) + mo»M)

(u*(0) +w*(0))* (3.15)

§ . " * L
<a+d+P+ﬂ1D+ (u*(0) +w (0))(u*(0)+w*(0))2>

Apo* (0) S po (0)
@ (0) + w (0)° (” HA OO0 w*<0>>2> 70

By the Routh-Hurwitz criteria, all roots have negative real parts if Ry > 1.
For the case 7 > 0 we look for solutions A = iw (w > 0) for (3.12), separating real and
imaginary parts, it follows that

w® - aw = <b2(7)w2 - by (T)) sin(wTt) + b1(T)w cos(wrT),

(3.16)
ay(T)w? — ay(7) = —<b2(7')w2 - by (T)) cos(wT) + by (T)w sin(wT).
Squaring and adding the two equations, we derive that
w® + Cw* + Cow® + C3 =0, (3.17)

where

pro* (1)" (7) >2 au’(r) <a+ﬁe-mu*(T>v*<T>> -
(u* (1) + w*(1))? u*(t) + w*(7) (w*(T) + w*(1))?
w* (1) (u* (1) + 2w*(7))

(w* (1) + w*(7))*

N azﬁw*('r)v*(”r) <2d N ﬂw*(’T)U*(T) > N (p +/liD) <d N (ﬂw*(’z‘) +v*(T) > >0,

(@@ +w @)\ @ (1) +w(0) w (1) + w* (7))

C = (p+yl~D)2+ <d+

Cy=a’ (d2 +(p+ yiD)2>

_a(p+ wiD)’po* (1) (de ™ u* (1) + aw* (7)) . . pw*(T)v* (1)
o (1) + w0 (D)) (o e ) o
(3.18)

implying that (3.17) has no positive roots z = w?.
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Theorem 3.1. If Ry < 1 the disease-free equilibrium is locally asymptotically stable; if Ry > 1 it is
unstable and the endemic equilibrium exists and it is locally asymptotically stable.

4. Global Stability

We will discuss in this section the global stability of the infected steady state and the disease-
free equilibrium. The technique of proof is to use comparison arguments and to successively
modify the coupled lower-upper solutions pairs.

Consider the following delay system:

afe ™ uy(t — 1)
avui-n b (4.1)

i (t) = kuy (t) — pua(t),

1w (t) =

with initial conditions
ui(s) = ¢i(s) 20, se[-1,0), $:(0) >0, ¢; € C([-7,0],R,). (4.2)

System (4.1) always have the trivial equilibrium A°(0,0). If kfe™" > ap, then system (4.1)
has a unique positive equilibrium A*(u}, u;) where

kBe ™" —
e a1 (kpe ap)’

1=

. _ ak(kpe™ - ap)
u; = ,

. (4.3)
ap ap

and according to [2], for system (4.1), one has the following.

Lemma 4.1. If kpe ™" > ap, then the positive equilibrium A*(uj, u3) is globally stable.
If kpe™™" < ap, then the equilibrium A°(0,0) is globally stable.

Now we stablish and prove our result about global stability.

Theorem 4.2. Let (u(x,t), w(x,t),v(x,t)) be a solution to problem (1.3)—(1.5), let ¢;(x,0)#0 (i =
1,2,3). If Ry > 1 and

(H1) dpe™ > kffe™ — ap,

then

tlim (u(x,t), w(x,t),v(x,t)) = (u', w",v*) uniformly for x € Q, (4.4)

that is, the infected steady state E* is globally asymptotically stable.
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Proof. Let (u(x,t),w(x,t),v(x,t)) be a solution to problem (1.3)-(1.5), let ¢;#0 (i = 1,2,3).
We have u(x,t) >0, w(x,t) >0, and v(x,t) > 0 for all x € Q, t > 0. Denote

u = lim sup maxu(x, t), u = liminf min u(x, t),
t—oo  xeQ —® xeQ

w = limsup max w(x, t), w = liminf minw(x, t), (4.5)
t—oo  x€Q t=o xeQ

v = limsup maxv(x, ), v = liminf minv(x, t).
t—oo  xXEQ = yeQ

First we look for upper solutions for the system (1.3). Let @' (x, 1), (x,t),7 (x,t)) be a
solution for the following problem:

aﬂ(l)
ot

ow?  pemu (x,t - 7)o" (x,t - 7)

or 7O (x,t-1)+ @V (x,t - 7)

=L-duV(x,t), t>0, x€Q,

aE(l)(x, t), t>0, xeQ,

55(1)
ot
ou(x,t)y  owV(x,t) 90" (x,t)

ot ot ot

= DAY (x, 1) + ko (x, 1) - poP (x,1), >0, x€Q, (4.6)

=0, t>0, x€0Q,

V) =ulx,t),  oV(x,t) = v(x, 1),

w(x,t) =w(x,t), te[-1,0], xcQ.

We note that the solution of this system is an upper solution of system (1.3)—-(1.5). For t > 0,
x € Qwe have

0<u(xt) <aV(x,t), O0<wxt) <wV(xt), 0<o(xt) <V (x1). (4.7)
From the first equation of (4.6)
tlimﬂ(l)(x,t) = s = M". (4.8)

Hence, by comparison, for all € > 0 sufficiently small, there exists t; > 0 such thatif t > t;

maxu (x,t) < M¥ +¢, (4.9)
xeQ

since ¢ is arbitrary and sufficiently small we can conclude that

u = lim sup max u(x, t) < MY. (4.10)
t— oo xeQ
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Now consider the problem related with the second and third equations of (4.6)

awél) pe ™ (M + e)wél)(x,t -T)

awél) (x,t), t>hH, x€Q,

ot M;‘+€+w§1)(x,t—7)
oy M M M
T—DA(UB (x,t) + kw, "(x,t) —pwy’, t>t, x€Q, (4.11)
6w§1) awgl)
—_— = =0, t>t, x€0Q,
on on
wél)(x, B =w(x,t), wél)(x, t)=v(x,t), te[-tT,th], x€ Q.
Consider the solution for
pe ™ (M + €)us(t - 7)
I = —auy, t>h,
2 M} +e+u(t—7) att !
(4.12)

Uz = kup —pus, t>t,

uy(t) = maxw(x,t), wusz(t) =maxv(x,t), te[-,t].
xeQ xeQ

Note that (u(t), u2(t)) is an upper solution for system (4.11), and using the assumption that
Ry > 1, by Lemma 4.1, it follows from (4.12) that

_ (kpe™™ —ap) (M{ +¢)

tlim u(t) = ap ,
(4.13)
k(kpe™ — M
lim s (1) = SPE Zap) (M e)
t— oo ap

Hence, for all € > 0 sufficiently small, by comparison there exists a t, > t; such thatif ¢ > ¢,

maxw (x, ) < MY +¢, max7 (x, t) < M7 +¢, (4.14)
x€Q x€Q
where
kfBemT — MU k(kBe ™7 — MH
M-iu — ( ﬁe I.Ip) 1 , M;; — ( ﬂe I.Ip) 1 . (415)
ap ap?
Since € > 0 is arbitrary and sufficiently small, we conclude that
w = lim sup maxw(x, t) < MY,
t—oo  x€Q
(4.16)

v = limsup maxv(x,t) < M7.
t—oo  XEQ
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Now for lower solutions, let (uV(x,t),wW (x,t),vM (x,t)) be the solution for the following

problem:

pu® (x, o (x, 1)

u®(x,t) + @ (x, 1)

ou®

t>t, x€eQ,
ot 2

= L-du®(x,t) -

0w peu (x, o (x,1)
ot uM(x,t)+wh(x,t)

ag(l)(x, t), t>t, x€Q,

oM
2 _ DAQ(D (x,t) + ky(l)(x, t) - pg(l)(x, t), t>t, x€Q,

ot (4.17)

ou®  ow® oW

611 = aﬂ = aTl =0, t>t, x€0Q,

1 1
W h) = e, w00t = Jwlo,

1
oW (x,t) = EU(JC, t), te[-1,t], xeQ.

Note that the solution of (4.17) is a lower solution to (1.3)—(1.5). For all € > 0 sufficiently
small, from the first equation of (4.17) and (4.16) it follows

ou®
ﬁt >L—du (x,t) - (M} +€), t>h, x€Q. (4.18)

By comparing the above equation with the following problem:

)
0w, )
e L-dw,’ (x,t) - (M} +€), t>t, x€Q,
(4.19)
% =0, t>t), x€0Q, wi(x, ty) = 1u(x, ), xeQ,
wn 2
we obtain
L-p(M?+¢
tlimwl (x,t) = %, (4.20)

SO g(l) (x,1) > wi(x,t),t > ty, and x € Q. Hence, for all € > 0 sufficiently small, thereisa t; > t,
such that if t > t3,

minu® (x,t) > N¥ —¢, (4.21)

xeQ
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where
L-pM7
N¥ = — (4.22)
Since € > 0 is arbitrary sufficiently small, by comparison we conclude that
. . L-pM7
u = liminfminu(x,t) > N{ = ————. (4.23)
- f—o e d

Now consider the following problem related with the second and third equations of (4.17):

dw,y _ pe ™ (N} - e)ws(x,t - T)
ot N} -e+wy(x,t-17)

—awy(x,t), t>t;, x€Q,

% = DAws(x,t) + kwy(x,t) — pws(x,t), t>t3, x€Q,
(4.24)

Ow2 _0Ws ot xeoQ,

o on

wy(x,t) = %w(x, t), ws(x,t)= %v(x, t), te[-t,t3], x€ Q.

Now let us consider the solution for the problem

pe ™ (N - e)us(t - T)
Ni —e+u(t-1)

1 (t) = —auy(t), t>ts,
i3(t) = kua(t) — pus(t), t>ts, (4.25)

1 1
uZ(t) = _millw(x/ t)/ u3(t) = —migv(x, t)/ te [_T/ t3]r t>t,
2 xeQ 2 xeQ

and according to Lemma 4.1

(kpe™™" —ap) (N} - ¢)
ap !

k(kpe™™ —ap) (N} - )
ap? '

tlim uy(t) =
(4.26)

tlim uz(t) =

Hence, for all € > 0 sufficiently small, by comparison there exists a t4 > t3 such thatif t > ¢4

minw (x,t) > N¥ —¢, mino® (x,t) > N7 —¢, (4.27)
xeQ xeQ
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where

_ (kpe — ap)NY _ k(kpe ™ — ap) N

w , NU 428
N7 = ; e (4.28)
Since € > 0 is arbitrary and sufficiently small, we conclude that
w = liminfminw(x, t) > NV,
t—o  yeQ
(4.29)

v =liminfmino(x,t) > N7.
- t—o e

Now we look for the closest upper and lower solutions. Let (ﬁ<2>,w(2),5(2) ) be a solution for
the problem

08D 1 a1y P 2 )

, t>ty, xeQ,
ot a0 + 0 (x, 1) !

ow?  pemu® (x,t - 1)o7 (x,1)

—(2)
= aw"’(x,t), t>t, x€Q,
o T t-1)+w0?(x,t-1)

(35(2)

= = DAT(x, ) + k@ (x,t) - po? (x, 1), t>t, x€Q, (4.30)

ou? ow? o
on - on - on

7?(x,t) = u(x, t), w? (x,t) = w(x,t),

=0, t>ty, x€0Q,

7@ (x,t) = v(x,b), te€[-1,t], x€Q.

For all € > 0 sufficiently small it follows form the first equation of (4.30) and the inequalities
(4.27) and (4.14) that

o o, PR D(NT - €)
<L-du - Q. 4.31
o <L-du“(x,t) Miter M7ve’ t>1ty, x€ (4.31)
Let wiz) (x,t) be the solution for the following problem:
0w o P (x, 1) (N? - €)
=L- - t>t, xXEQ,
T S Ay Vo v e
awf’ (4.32)

=0, t>ty, x€0Q,
on

WP (x,ts) =u(x,ts), x€Q,
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it follows that

L(M} + MY + 2¢)

A(M¥+ M? +2¢) + B(N? —¢)’ (4:33)

Jim ot (x, ) =

By comparison we have that u? < wiz), t > ts, and x € Q. Hence, for all e > 0 sufficiently
small, by comparison, there is a t5 > t4 such that if £ > t5

maxu® (x,t) = MY +e, (4.34)

xeQ

where

u LM} + M)

= . 4.35
27 G0V + MP) + pONT) (439

Since (4.34) is valid for € > 0 arbitrary and sufficiently small, by comparison we conclude that

u = lim sup max u(x, t) < Mj. (4.36)

t—oo  x€Q
Now consider the following problem related with the second and third equations of (4.30):

o' e (MY + €)w? x, t
2 =ﬁ ( 2 ) 3 ( )—awéz)(x,t), t>t5, x€Q,

ot M3 + wf) (x,t—17)
ouws” @ @ @
3
e DAw;” (x,t) + kw, " (x,t) —pw; " (x,t), t>ts5, x€Q, (437)
6w§2> awéz)
= =0, t>t5,xeaQ,
o1 o1
WP (1) =w(x,t), w?(x,t)=0v(x,t), te[-Tt5] Q
2 rt) = v 3 b)) = /L), ,t5], x €82
Let (ux(t), uz(t)) be the positive solution to the following problem:
pe ™™ (M5 + €)uz(t - 7)
1o (t) = - t t>t
iy (t) ME et m(-1) aup(t), t>ts,
(4.38)

113(1') = kuz(t) - pu3(t), t> t5,

up(t) = maxw(x,t), us(t) =maxuv(x,t), te[-1,ts].
x€Q x€Q
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Then by Lemma 4.1 and the previous system we have

(kpe™" — ap) (Mj +€)

limuy(t) = r
) P (4.39)
lim s () = k (kpe a;gMz + e)‘

Hence for all € > 0 sufficiently small, by comparison there is a ts > t5 such that if ¢ > ¢4

maxw(x,t) < M¥ +¢, maxv(x,t) < MJ +e, (4.40)
xeQ xeQ ’

where

k —mT __ Mu

i = G-
K (kpe™) M
ap? ’

(4.41)
M7 =
Since € > 0 is arbitrary and sufficiently small, we conclude that

w = limsup maxw(x, t) < MY, v = limsup maxv(x, t) < M7. (4.42)
t—oo  x€Q t—oo  x€EQ

Let (u?,w®,v?) be a solution for the following problem:

ou®
%t = L—du®(x, 1) -

pu® (x, o (x, 1)

, t>ts, x€Q,
u®(x,£) + wO (x, 1) °

ow?  peu? (x,t — 7)o@ (x,t - T)

(2)
= —aw®(x,t) t>ts, x€Q,
ot u@(x,t - 1) +w?(x,t - 7) w™(x 1) 6

oo
_Bt = DAg(z)(x, £) + kz(z) _pg(Z)(x, B t>te, xEQ,

(4.43)

1 1
2(2)(x,t) = Eu(x, t), Q(z) (x,t) = Ew(x, t),

1 —
Q(Z) (x/ t) = Ev(x/ t)/ te [_T/ t6]/ x € Q.

Then (4@, w®,v®) and (@?,w®,5?) are a pair of coupled lower and upper solutions to
system (1.3)—(1.5). Hence we have that for t > t5, x € Q

u@ (e, t) <u(e,t) <u®(x,t),  w?(xt) <wxt) <@ (x, 1),
(4.44)
v@(x,t) <v(x,t) TP (x, 1)
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For all € > 0 sufficiently small, it follow from the first equation of (4.43), and the inequalities

32(2)
ot

pu® (x,t)(M? +€)

> L—du®(x,1) - N'—e+N¥—¢ °
1 1

(4.45)

By comparison we have that u® (x, t) > viz) (x,t), t > tg, and x € Q where viz) is the solution

to problem

w? Lo do® (b po? (x,£) (MY + €)
ot LA Ni-e+NP-¢e’

(4.46)

oo
=0, t>ts, x €0Q,
on
which has satisfies
L(N*—e+ N% —¢
lim 0 (x, £) = (Vi =€) . (4.47)
t—o0 A(N} —e+ NP —¢) + (M7 +¢)

Hence for all € > 0 sufficiently small, by comparison, there is a t; > t¢ such thatif t > t;
min u® (x,t) > N¥ —¢, (4.48)

with

u_ _ LINI+NY)

— . 4.49
2 AN NP) + MY (449

Since this holds true for arbitrary e > 0 sufficiently small, by comparison we conclude that

u = liminf minu(x, t) > N. (4.50)

f=o e
Now consider the following problem:

ovs” e (N5 - )l (x,t - 7)

- avf)(x, t), t>t;, x€Q,

ot Ng—e+v§2)(x,t—7')
doy” @ @ @
—— =DAv;"(x,t) + kv,” —pvy7(x,t), t>t;, x€Q,
ot (4.51)
avéz) 6v§2)
= =0, t>t;, xe€Q,
on  0n

1 1
véz) (x,t) = Ew(x, t), véz)(x,t) = Ev(x,t), te[-1,t7], x € Q.
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Let (ux(t), uz(t)) be the positive solution for the following problem:

pe ™ (NY - e)u(t — 7)
N} —e+uy(t-7)

0y(t) = —auy(t), t>ty,
7')3(1') = k‘()z(t) - p’()g,(t), t>ty, (452)

1 1
vZ(t) = Em%l/ 'U3(t) = Em%lv(x, t)/ te [_T/ t7]
X€e xXe

By Lemma 4.1 it follows

k(N3 —¢€)(kpe™ — ap)
ap?

N¥ — kpBe ™7 —
lim v (t) = (V — €) (kpe ap), limo;(t) =
t— oo ap t— oo

(4.53)

4

hence, for all € > 0 sufficiently small, by comparison there exists a tg > t; such that if t > t5,

minw® (x,t) > NY -, minv® (x,t) > NY - ¢, (4.54)
xeQ x€Q

where

NSk —ap) KN (kpe™ - ap)

w 4.55
N3 a ; e (4.55)
Since € > 0 is arbitrary and sufficiently small, we conclude that
w = liminfminw(x, t) > NY, v = liminfminv(x, t) > N7, (4.56)

=0 xe =0 xe

continuing this process, we derive six sequences Mk, MY, M?, N, NY, and N? (n =
1, 2,...) such that, forn > 2,

g LM M)
" A(My - ML) + PN

_ (kpe™ —ap) M,

M ,
ap

M = k(kpe™™ _ aP)Mﬁ,
ap

Nu — L(NZ—l + N:lu—l)
" d(N',+N¥))+pMy’
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_ (kpe™ —ap)N,i

Ny ,
n ap
k(kpe™* —ap) N}
NY = (kp : PN
ap
(4.57)
It is readily seen that
Ny<u<su<M;,  Nysw<w<M;, Ny<v<v<M,. (4.58)

The sequences M¥, M’, and MY, are nonincreasing and the sequences N/, N, and N are
nondecreasing. O

To prove the monotonicity of N;; and M;;, we follow the ideas of Uh Zapata et al. [6];
consider Ry = fke™7 /ap and the following expressions for N*, N*, N?, M*, M*, and M?

L(M,  + M)

k
MY = n , MY = (Ry-1)M3, M? = —(Ry - 1) MY,
"7 AL, + M) + PN (fo=1 p oD
(4.59)
L(N’ﬂ1 + Nuil) k
N, = I L , NY =(Ry-1)Ny, Ny =—(Ro-1)N,.
A(N,_; + N;2y) + My p
We prove the result by induction so we first show that Mg - M? <0,
Le™ ™ MY L L L
u_ e = 1 D e 4.60
M; 1 deM{ +a(Ry-1)N} d~d d 0 ( )
and N} - N} >0,
N _ N* LR()N1 N u LRO - dRoNil - (ﬁh/p)(Ro - 1)M§
— = — 1=
> 1 dRyNY + (Bh/p)(Ro — 1) MY ! dRoN" + (Bh/p)(Ro — 1) M¥

N g >
B LRo - LR RoM? — —(Ry — 1) MH*
dRoNY + (ﬁh/p)(Ro—l)Mg< 0= LRy + fROM = =2 (Ro ~ )M
N{l (ﬂh . hp u)
B P2 Ro(Ro - 1)M* = =2 (Ry = 1)M
dRyN! + (Bh/p)(Ry — )M \ p 0(Ro - 1)M; P( 0 — 1) M

_ ph(Ry - 1)N* (R
p(dRoNy + (Ph/p) (Ro — 1) M)

§ h(Ry - 1)N*
p(dRoNy + (Ph/p) (Ro - 1) My

oMy - My)

) (RyM" — M%) > 0.
(4.61)
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For the next step consider the function f(x) = ax/(bx + c¢), with a, b, and c positive, which is

monotone increasing. The induction hypothesis is My < M} , and N > N |,

. _ LRMY LRyM® i
™17 ARyME + BN~ dRoMY + (h/p)(Ro — 1)NE (162
The last function is increasing and by the induction hypothesis we have
LRyMY LRyM*
Mi, < L e =M, (463)

<
dRyM"_, + (Bh/p)(Ry— 1)N¥ = dRoM"_, + (Bh/p)(Ro - 1)N¥

therefore the sequence M is nonincreasing. For the sequence N}: we use similar ideas and
the behaviour of the sequence M, just proved. One has

w LRyN} B LRyN} 164
™1 LRoN + M2, LRoNY + (Bh/p)(Ro - HMmy (4.64)
The last function is increasing and by the induction hypothesis we have
LRoN,,- LRyN,-
A TN ho n-1 - > 04Nn-1 . - =N, (4.65)
0{Np-1 + (ﬂ /p) (Ro 1)Mn+1 LRoNn,l + (ﬂh/p) (RO 1)Mn

therefore the sequence N is nondecreasing. The behaviour for the sequences N¥, N?, MY,
and MY follows from the nonincreasing sequence M and the nondecreasing sequence N%.
Hence, the limit of each sequence in N}, N¥, N7, M¥, M¥, and M}, exists. Denote

x = lim My, x = lim N,
n—oo n—oo
7- Jim My, y- limNy, (69
- . v L v
2 Me 2= g N

We therefore obtain from (4.57) and (4.66) that

(% - x) [dki ;_m _ kp(kp Z_;T) —op ] - 0. (4.67)
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Noting that (H1) holds and R, > 1, it follows that

dkpe™™" g kp(kpe™ — ap) (4.68)
ap apr '

which together with the previous equation yields x = x. We therefore derive from (4.57) y
(4.66) that v = y, z = z. Noting that if Ry > 1, by Theorem 3.1, the virus-infected equilibrium
E; is locally asSImptotically stable, and if in addition (H1) holds, we conclude that E; is
globally asymptotically stable.

Now we prove the global stability for the disease-free equilibrium

Theorem 4.3. If Ry < 1 the disease-free equilibrium E1(L/d,0,0) of (1.3) is globally asymptotically
stable.

Proof. Let (u(x,t),w(x,t),v(x,t)) be a solution to problem with ¢;(x,0) #0, (i = 1,2,3). We
have u(x,t) > 0, w(x,t) >0, and v(x, t) > 0 for all x € Q. Let (u® (x,t), w D (x,t), vV (x, 1)) be
a solution to the following problem:

ou®
% = L—du®(x, ),
1 - 1) _ 1) _
dw® _ pe ™ ut (x,t —T)o" (x,t - T) —awV(x,0), (4.69)
ot uD(x,t - 1) +wO (x,t —T)
oo

= DAvW (x,t) + kw® (x,t) - pv(l) (x,t).

ot

Therefore for t > 0, x € Q we have

0<u(xt) <ul(xt), 0<w(xt) <wV(xt), 0<o(xt) <oW(x). (4.70)

We derive from the first equation that

limu® (x, t) = 5, (4.71)
t— o0 d
so we can conclude
. L
lim sup max u(x, t) < 5 (4.72)

t— oo
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Approximation for u Approximation for w

400

Approximation for v
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Figure 1: Simulations with parameters L = 211 4 =3.782,a=338d, p=067p= 1457°, k=518%, m=0.2,
and D = 0.5. Ry = 0.039426.

Hence, for € > 0 sufficiently small, there exists a t; such that uM(x,t) < L/d+eforall x € Q
and t > t;. Hence, (w(x, t), v(x,t)) is a lower solution to the following problem:

awél) ) pemm(L/d + €)o® (x,t - T)
ot L/d+e+w (x,t-1)

- awél) (x/ t)/

o 1) ) )
=DAw;’ + kw,;’ (x,t) —pw,’ (x,1),
Bt 3 2 (6 ) = puy (6, 6) 4.73)

6w§1> awél)

611 811 =0, t>t1;x66£2,

wél) (x,t) =w(x,t), wél) (x,t) =v(x,t), te[-1,h], xeQ.
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Approximation for u
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Figure 2: Simulations with parameters L = 21 4 =3782,a=3.384d, p=067p= 1454, k = 5.18 x 103,
m=0.2,and D = 0.1. Ry = 3.9426.

Consider (uy(t), us(t)) as the solution for

. pe™(L+e)us(t—T)
W= avermi-n el

i3 = kuy (t) — pus(t), (4.74)

up(t) = maxw(x,t), wuz(t) =maxo(x,t), te[-1,hH].
xeQ xeQ
Then with Ry < 1 according to Lemma 4.1 we have that
limuy(t) =0, limus(t) = 0. (4.75)
By comparison, it follows that

tlim w(t) =0, tlim v(t) =0 (4.76)
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Figure 3: In this case the parameters are L = 211 4 =3.782,a=2338d, p=067p= 145, k = 5.18% and
m=0.2.

uniformly for x € Q. Hence, for e > 0 sufficiently small, by comparison there is a t, > t; such
thatif t > t,, w(x,t) <€, v(x,t) <eforallx € Qand t > t;.
As in the proof of Theorem 4.2 u(x, t) is an upper solution for the following problem:

6w§1) =L- dwgl) - ﬂwil)e,

'V _ 1 - (4.77)
a;; =0, t2h x€Q,  w'(xh)=zulxh), xeQ
from the above equation we have that
oWy = L
tlirgwl (x,t) = I+ fe (4.78)
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Figure 4: In this case the parameter are L = 27, d = 3.7872, a = 3.384, p = 0.67, p = 1.457, k = 5.18% and
m =0.2.

uniformly for x € Q. Since this holds for arbitrary e > 0 sufficiently small, by comparison we
conclude that

L
litm inf minu(x,t) > ¥l (4.79)
which together with (4.72) gives
li ) = L (4.80)
Lim u(x,t) = 3 .

uniformly for x € Q. We already have by Theorem 3.1 that the disease-free equilibrium E; is
locally asymptotically stable. And now we have proved that it is also globally asymptotically
stable. O
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5. Numerical Simulations

In this section we illustrate some numerical solutions for systems (1.3). In the numerical
simulation display in Figure 1 we illustrate the stability for the disease-free equilibrium
according to Theorem 3.1. In this case the basic reproductive number is Ry = 0.039426. In
the graphics we see how the level of uninfected cells increases from the initial condition and
the number of infected cells and virus in the body goes to zero.

In Figure 2 consider the case Ry > 1 in this case we consider a bigger rate of infection
for the cells in the graphics we see how the number of infected cells and viruses increases
when the time passes, and when the number of susceptible cells decreases the number of
virus also decreases to the value v*.

Now in Figure 3 we just show the level of virus in different for different values of the
diffusion constant D and the delay 7. We see that a bigger delay increases the time needed
for the virus to reach the value v*, meanwhile a mayor value for the constant D just affects
the levels of the virus according to the space and does not affect significantly the time needed
for the virus to reach v*. In Figure 4 we consider a lower value for A, which is the uninfected
cell production rate. In this case we see how the time to reach the value v* of the endemic
equilibrium is lower and again the diffusion rate has no significant effect on the time; its
effect is on the level of virus in the system. The delay is what really affect the time to reach
the value v*.
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