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We introduce and study a class of a system of random set-valued variational inclusion problems.
Some conditions for the existence of solutions of such problems are provided, when the operators
are contained in the classes of generalized monotone operators, so-called (A, m, 77)-monotone op-
erator. Further, the stability of the iterative algorithm for finding a solution of the considered prob-
lem is also discussed.

1. Introduction

It is well known that the ideas and techniques of the variational inequalities are being applied
in a variety of diverse fields of pure and applied sciences and proven to be productive and
innovative. It has been shown that this theory provides the most natural, direct, simple,
unified, and efficient framework for a general treatment of a wide class of linear and nonlin-
ear problems. The development of variational inequality theory can be viewed as the
simultaneous pursuit of two different lines of research. On the one hand, it reveals the
fundamental facts on the qualitative aspects of the solutions to important classes of problems.
On the other hand, it also enables us to develop highly efficient and powerful new numerical
methods for solving, for example, obstacle, unilateral, free, moving, and complex equilibrium
problems. Of course, the concept of variational inequality has been extended and generalized
in several directions, and it is worth to noticed that, an important and useful generalization
of variational inequality problem is the concept of variational inclusion. Many efficient ways
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have been studied to find solutions for variational inclusions and a related technique, as
resolvent operator technique, was of great concern.

In 2006, Jin [1] investigated the approximation solvability of a type of set-valued
variational inclusions based on the convergence of (H,#)-resolvent operator technique,
while the convergence analysis for approximate solutions much depends on the existence
of Cauchy sequences generated by a proposed iterative algorithm. In the same year, Lan [2]
first introduced a concept of (A, 77)-monotone operators, which contains the class of (H, 7)-
monotonicity, A-monotonicity (see [3-5]), and other existing monotone operators as special
cases. In such paper, he studied some properties of (A, 77)-monotone operators and defined
resolvent operators associated with (A, 77)-monotone operators. Then, by using this new
resolvent operator, he constructed some iterative algorithms to approximate the solutions of a
new class of nonlinear (A, 77)-monotone operator inclusion problems with relaxed cocoercive
mappings in Hilbert spaces. After that, Verma [5] explored sensitivity analysis for strongly
monotone variational inclusions using (A, 77)-resolvent operator technique in a Hilbert space
setting. For more examples, ones may consult [6-11].

Meanwhile, in 2001, Verma [12] introduced and studied some systems of variational
inequalities and developed some iterative algorithms for approximating the solutions of
such those problems. Furthermore, in 2004, Fang and Huang [13] introduced and studied
some new systems of variational inclusions involving H-monotone operators. By Using the
resolvent operator associated with H-monotone operators, they proved the existence and
uniqueness of solutions for the such considered problem, and also some new algorithms for
approximating the solutions are provided. Consequently, in 2007, Lan et al. [14] introduced
and studied another system of nonlinear A-monotone multivalued variational inclusions
in Hilbert spaces. Recently, based on the generalized (A,#)-resolvent operator method,
Argarwal and Verma [15] considered the existence and approximation of solutions for a
general system of nonlinear set-valued variational inclusions involving relaxed cocoercive
mappings in Hilbert spaces. Notice that, the concept of a system of variational inequality is
very interesting since it is well-known that a variety of equilibrium models, for example, the
traffic equilibrium problem, the spatial equilibrium problem, the Nash equilibrium problem,
and the general equilibrium programming problem, can be uniformly modelled as a system
of variational inequalities. Additional researches on the approximate solvability of a system
of nonlinear variational inequalities are problems; ones may see Cho et al. [16], Cho and
Petrot [17], Noor [18], Petrot [19], Suantai and Petrot [20], and others.

On the other hand, the systematic study of random equations employing the
techniques of functional analysis was first introduced by Spac¢ek [21] and Hans [22], and it
has received considerable attention from numerous authors. It is well known that the theory
of randomness leads to several new questions like measurability of solutions, probabilistic
and statistical aspects of random solutions estimate for the difference between the mean
value of the solutions of the random equations and deterministic solutions of the averaged
equations. The main question concerning random operator equations is essentially the same
as those of deterministic operator equations, that is, a question of existence, uniqueness,
characterization, contraction, and approximation of solutions. Of course, random variational
inequality theory is an important part of random function analysis. This topic has attracted
many scholars and experts due to the extensive applications of the random problems. For the
examples of research works in these fascinating areas, ones may see Ahmad and Bazan [23],
Huang [24], Huang et al. [25], Khan et al. [26], Lan [27], and Noor and Elsanousi [28].

In this paper, inspired by the works going on these fields, we introduce a system of
set-valued random variational inclusion problems and provide the sufficient conditions for
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the existence of solutions and the algorithm for finding a solution of proposed problems,
involving a class of generalized monotone operators by using the resolvent operator
technique. Furthermore, the stability of the constructed iterative algorithm is also discussed.

2. Preliminaries

Let J be a real Hilbert space equipped with norm || - || and inner product (-, -), and let 2%
and CB(<) denote for the family of all the nonempty subsets of # and the family of all the
nonempty closed bounded subsets of #, respectively. As usual, we will define D : CB() x
CB(#) — [0, o0), the Hausdorff metric on CB(#), by

D(A,B) = max{ sup inf||x — y||,sup inf||x —y|| }, VA, B e CB(H). (2.1)
xeA YEB yeB xX€EA

Let (Q, %, i) be a complete o-finite measure space and B(<#) the class of Borel o-fields
in H. A mapping x : Q — H is said to be measurable if {t € Q : x(t) € B} € X, for all
B € B(H). We will denote by M a set of all measurable mappings on <, thatis, My = {x:
Q — H|x is a measurable mapping}.

Let #1 and H; be two real Hilbert spaces. Let F : Qx H xH, — Hjand G : Qx Hq x
Hy, — H; be single-valued mappings. Let U : Q x H1 — CB(H1),V : Q x Hy — CB(H»),
and M; : Q x #; — 2% be set-valued mappings, for i = 1,2. In this paper, we will consider
the following problem: find measurable mappings a,u : Q — #;and b,v : Q — H, such
that u(t) e U(t, a(t)),v(t) € V(t,b(t)) and

0 € F(t,a(t),v(t)) + Mi(t,a(t)),

(2.2)
0€ G(t, u(t),b(t)) + Ma(t,b(t)), VteQ.

The problem of type (2.2) is called the system of random set-valued variational inclusion
problem. If a,u: Q — Hq1and b,v : Q — H; are solutions of problem (2.2), we will denote
by (a,u,b,v) € SRSVIp, m,) (F, G, U, V).

Notice that, if U : Q x H; — Hiand V : Q x Hy — H, are two single-valued
mappings, then the problem (2.2) reduces to the following problem: find a : Q — &#; and
b:Q — H; such that

0€ F(t,a(t),V(tb(t))) + Mi(t a(t)),

(2.3)
0€G(t,U(t at),b(t)) + Ma(t,b(t)), VteQ.

In this case, we will denote by (a,b) € SRSIim, m,) (F, G, U, V). Other special cases of the
problem (2.2) are presented the following.

(I) If My(t, a(t)) = Op(t,a(t)) and Mx(t,b(t)) = 0¢(t,b(t)), where ¢p : Q x H; — RU
{+o0} and ¢ : QxH, — RU{+oo} are two proper convex and lower semicontinuous
functions and 0p and 0¢ denoted for the subdifferential operators of ¢ and ¢,
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respectively, then (2.2) reduces to the following problem: find a,u : Q — #; and
b,v:Q — H;such thatu(t) e U(t, a(t)),v(t) € V(t, b(t)) and

(E(t,a(t),v(t)),x(t) — a(t)) + p(x(t)) - ¢(a(t)) 20, Vx e My,

(2.4)
(G(t,u(t),b(t), y(t) = b(t)) + p(y(t)) = p(b(t)) 20, Yy € My,

for all t € Q. The problem (2.4) is called a system of random set-valued mixed
variational inequalities. A special of problem (2.4) was studied in by Agarwal and
Verma [15].

(II) Let K1 € H#1,K, C H, be two nonempty closed and convex subsets and g, the
indicator functions of K; for i = 1,2. If My (¢, x(t)) = 06k, (x(t)) and Ma(t, y(t)) =
00k, (y(t)) for all x € Mg, and y € Mk,. Then the problem (2.2) reduces to the
following problem: find a,u : Q — H; and b,v : Q — H, such that u(t) €
U(t,a(t)),v(t) € V(L b(t)) and

(F(t,a(t),v(t),x(t) —a(t)) 20, Vxe My,

(2.5)
(G(t,u(t),b(t),y(t) —b(t)) 20, Vy € My,

forallt € Q.

(III) If H1 = Hp = H and M (t,a(t)) = Ma(t,b(t)) = Op(t,a(t)), where p : Qx H —
R U {+0o0} is proper convex and lower semicontinuous function and d¢ is denoted
for the subdifferential operators of ¢. Let g : £ — £ be a nonlinear mapping and
p, 1> 0.If weset F(t,a(t),v(t)) = po(t) +a(t) — g(b(t)), and G(t, u(t),b(t)) = nu(t) +
b(t)—g(a(t)) where u(t) € U(t, a(t)),v(t) € V(t,b(t)), then problem (2.2) reduces to
the following system of variational inequalities: find a, b : Q — H,u(t) € U(t, a(t))
and v(t) € V(t,b(t)) such that

(po(t) +a(t) - g(b(h), g(x(1)) — a(t)) + p(g(x(t))) - p(a(t)) 20, 2.6)
(nu(t) + b(t) - g(a(t)), g(x(t)) = b(t)) + p(g(x(t))) —p(b(t)) 20, '

forallt € Qand g(x(t)) € M. A special of problem (2.6) was studied by Argarwal
etal. [29].

(IV) Let T : K — ¥ be a nonlinear mapping and p, 7 > 0 two fixed constants. If #;
Hy=H, K1 = Ky = K, F(t,a(t),v(t) = pT'(v(t)) + a(t) —ov(t), and G(t, u(t), b(t))
T (u(t)) + b(t) — u(t). Then (2.5) reduces to the following system of variational
inequalities: find a,u,b,v : Q — H such that u(t) € U(t,a(t)), v(t) € V(t,b(t)) and

(pT(v(t)) +a(t) —o(t), x(t) - a(t)) 20,

(AT (ut)) + b(t) — u(t), y() — b(t)) > 0, @7

forall x,y € My and t € Q. Notice that, if U = V = I, then (2.5), (2.7) are studied
by Kim and Kim [30].

We now recall important basic concepts and definitions, which will be used in this work.
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Definition 2.1. A mapping f : Q x #H — H is called a random single-valued mapping if for
any x € #, the mapping f (-, x) : Q — H is measurable.

Definition 2.2. A set-valued mapping G : Q — 2% is said to be measurable if G'}(B) = {t €
Q:G({t)NB#0} € 5, for all B € B(H).

Definition 2.3. A set-valued mapping F : Qx# — 2% is called a random set-valued mapping
if for any x € H#, the set-valued mapping F(-,x) : Q — 2% is measurable.

Definition 2.4. A single-valued mapping 77 : Qx H x H — H is said to be random 7-Lipschitz
continuous if there exists a measurable function 7 : Q — (0, o) such that

It x®, yO) || < 7@l xt) =y D, (2.8)

forallx,y € My, t € Q.

Definition 2.5. A set-valued mapping U : QxH — CB(H) is said to be random ¢-D-Lipschitz
continuous if there exists a measurable function ¢ : Q — (0, o) such that

DU(t,x(1),U(t,y(®))) < p®)||lx(®) - y(®)|], (2.9)

forall x,y € My and t € Q, where D(:, -) is the Hausdorff metric on CB(#).

Definition 2.6. A set-valued mapping F : Q x # — CB(H) is said to be D-continuous if, for
any t € Q, the mapping F(t,-) : # — CB(H) is continuous in D(:,-), where D(:,-) is the
Hausdorff metric on CB(#).

Definition 2.7. Let A: Qx H — Handn: QxH xH — H be two random single-valued
mappings. Then A is said to be

(i) random p-Lipschitz continuous if there exists a measurable function f: Q — (0, o)
such that

At x(t) = A(ty 1) || < BO || x®) - y(B) ]|, (2.10)

forall x,y € My, t € Q;

(ii) random #-monotone if

(At x(t) - Aty (), n(t,x(t),y(t))) >0, (2.11)

forallx,y € My, t €Q;
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(iii) random strictly #7-monotone if, A is a random #-monotone and
(Alt,x(1) - AL y(®),n(t,x(O, (1)) =0 iff x() = y(®), (2.12)

forallx,y € My, t € Q;

(iv) random (r, 77)-strongly monotone if there exists a measurable function r : Q —
(0, o0) such that

(At x(t) — Aty (), n(t, x(), y(£)) > r(t)||x () - y(@®) ||, (2.13)

forall x,y € My, t € Q.

Definition 2.8. Let A : Q x H — H be a random single-valued mapping. A single-valued
mapping F : Q x H x H — H is said to be

(i) random (c, pr)-relaxed cocoercive with respect to A in the second argument if there
exist measurable functions ¢,y : Q — (0, 00) such that

(F(t,,x(t)) = F(t,-, y(t), At, x(t)) = A(t, y(1)))

(2.14)
> —c(t)||F(t, - x() = F(t,- y)||* + p®) | x(t) - y 0 ||,

forall x,y € My andt e Q;

(ii) random a-Lipschitz continuous in the second argument if there exists a measurable
function a : Q — (0, 00) such that

|F - x(t) = F(t,-y®)| <a®)||xt) -y@®)|, (2.15)

forall x,y € My, t € Q.

Notice that, in a similar way, we can define the concepts of relaxed cocoercive and Lipschitz
continuous in the third argument.

Definition 2.9. Let: Qx H x H — Hand A: QxH — H be two random single-valued
mappings. Then a set-valued mapping M : Q x £ — 2% is said to be

i) random (m, 17)-relaxed monotone if there exists a measurable function m : Q —
n
(0, o0) such that

(u(t) = o), n(t,x(®),y(£)) = -m®)|x () -y O, (2.16)

forall x,y € My, u(t) € M(t,x(t)),v(t) € M(t, y(t)),t € Q;
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(ii) random (A, m, 17)-monotone if M is a random (m, 17)-relaxed monotone and (A; +
p(t)M;)(H) = H for all measurable function p : Q — (0,00) and ¢t € Q, where
Ap(x) = A(t, x(t)), Mi(x) = M(t, x(t)).

Definition 2.10. Let A : QxH# — K be a random single-valued mapping and M : QxH — 2%
a random (A, m, 17)-monotone mapping. For each measurable function p : Q — (0, ), the

corresponding random (A, m, 17)-resolvent operator ]2,’24 1 QxH — His defined by

]l’jggfﬁ;[ (x) = (A +p(OM)) ' (x), Vxe My, teQ, (2.17)

where A;(x) = A(t, x(t)), Mi(x) = M(t, x(t)), and ]Z;;ff;l (x) = I3t x(2)).

The following lemma, which related to ];’24 operator, is very useful in order to prove
our results.

Lemma 2.11. Let 7 : Q x H x K — H be a random single-valued mapping, A : Qx H — Ha
random (r,n)-strongly monotone mapping, and M : Q x K — 2% a random (A, m, n)-monotone
mapping. If p : Q — (0, 00) is a measurable function with p(t) € (0,r(t)/m(t)) for all t € Q, then
the following are true.

(i) The corresponding random (A, m,n)-resolvent operator ]‘Z,’ZI is a random single-valued
mapping.

(i) Ifn : Qx H x H — Hisarandom T-Lipschitz continuous mapping, then the
corresponding random (A, m, n)-resolvent operator ];Z,’j;4 is a random T / (r — pm)-Lipschitz
continuous.

Proof. The proof is similar to Proposition 3.9 in [2]. O
In order to prove our main results, we also need the following well known facts.

Lemma 2.12 (see [31]). Let K be a separable real Hilbert space and U : Q x H — CB(H) be
a D-continuous random set-valued mapping. Then for any measurable mapping w : Q — K, the
set-valued mapping U (-, w(-)) : Q — CB(H) is measurable.

Lemma 2.13 (see [31]). Let H be a separable real Hilbert space and U,V : Q — CB(H) two
measurable set-valued mappings; € > 0 be a constant and u : Q — H a measurable selection of U.
Then there exists a measurable selection v : Q — H of V such that

[u(t) —o(®)|| < (1+e)DU®), V() VieQ. (2.18)

Lemma 2.14 (see [32]). Let {y,} be a nonnegative real sequence, and let {1,} be a real sequence in
[0,1] such that =32 (A, = co. If there exists a positive integer ny such that

Yot £ (L= A)yn + An0p, VR 2my, (2.19)

where 6, > 0 foralln > 0and 0, — 0asn — oo, then lim, _, »y,, = 0.
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3. Existence Theorems

In this section, we will provide sufficient conditions for the existence solutions of the problem
(2.2). To do this, we will begin with a useful lemma.

Lemma 3.1. Let H and H, be two real Hilbert spaces. Let F : QxH1xHy — Hiand G : QxHqx
Hy — Hy be single-valued mappings. Let U : Q x #H1 — CB(H1),V : Q x Hy — CB(H>), and
M;: Qx H; — 2% be a set-valued mappings for i = 1,2. Assume that M; are random (A;, m;, 1;)-
monotone mappings and A; : QxH#H; — H; random (r;, 1;)-strongly monotone mappings, fori = 1,2.
Then we have the following statements:

(i) if (a,u,b,v) € SRSVI(m,,m,) (F, G, U, V), then for any measurable functions py,p, : Q —
(0, 00) we have

a(h) = J0s [Ar(t a() - pBF(Ea(), o(1)],

b(t) = J¥a [Aa(tb(t) - pa ()G (t,u(t), b(®)], VEEQ;

(3.1)

(ii) if there exist two measurable functions py, py : Q — (0, c0) such that

a(t) = Il a [Au(t,a®) - pr(OF(E a), o),

b(t) = ¥ at [As(t,b(6) - pa(HG(Lu(t), b(®))],

(3.2)

forallt € Q, then (a,u,b,v) € SRSVIipm, m,) (F, G U, V).

Proof. (i) Let p1,p2 @ & — (0,00) be any measurable functions. Since (a,u,b,v) €
SRSVI(m, M) (F,G, U, V), we have

0 € F(t,a(t),v(t)) + My(t, a(t)),

0 € G(t,u(t),b(t)) + Ma(t,b(t)), VteQ. (3.3)
Let t € Qbe fixed. By 0 € F(t, a(t),v(t)) + My (t, a(t)), we obtain
Ai(t,a(t)) - pr(DF(t at), v(t) € Ai(t, a(t)) + p1(H) M (¢t a(t)). (3.4)
This means
Ai(t, a(t)) — pr(H)E(t a(t), v(t)) € (Aq, + pr(t)My,) (a(t)). (3.5)
Thus
a(t) = ]Zj;;i\,ﬁﬁ, [A1(t, a(t) = p1(DF (L, a(t), v(t))], (3.6)
m,, M,

where (Ay, +p1())My,) " = [T
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Similarly, if 0 € G(tu(t),b(t)) + My(t,b(t)), we can show that b(t)
My, - M, N
Tty a [A2(t,b(8) = pa()G(t, u(®), b(1)], where (A, +pa()M2)™" = J 70" . Hence (i) is
proved.
(ii) Assume that there exist two measurable functions p1, p> : Q — (0, o) such that

a(t) = Il a [Au(t,a®) - pr(DF(E ab), o),

b(t) = ¥ at [As(t,b(0) - pa(HG(Lu(t), b(®))],

(3.7)

forallt € Q. Let t € Q be fixed. Since a(t) = ]g;ét;\/i’l [Ai(t, a(t)) — p1(t)F(t, a(t),v(t))], then by

the definition of ] "} , we see that
a(t) = (A, +p1(HMy,) 7 [As(t a(t) - pi(DF(E, a(t), v(t)]. (3.8)
This implies that
—F(t,a(t),v(t)) € Mi(t, a(t)). (3.9)
That is,
0 € F(t,a(t),v(t)) + My (t, a(t)). (3.10)

Similarly, if b(t) = ]gjéti\/j‘z [Ax(t,b(t)) — p2(t)G(t, u(t),b(t))] we can show that 0 €

G(t,u(t),b(t)) + My(t, b(t)). This completes the proof. O

Due to Lemma 3.1, in order to prove our main theorems, the following assumptions
should be needed.

Assumption H#

H#(a) #1 and H, are separable real Hilbert spaces.

HAb) i QxHixH; — H;are random 7;-Lipschitz continuous single-valued mappings,
fori=1,2.

HA(c) Ai: Qx H; — H; are random (r;, 77;)-strongly monotone and random p;-Lipschitz
continuous single-valued mappings, fori = 1, 2.

Ad) M; : Q x #H; — 2% are random (A;, m;, 7;)-monotone set-valued mappings, for
i=1,2.

HAe) U : QxH; — CB(H;) is a random ¢-D-Lipschitz continuous set-valued mapping
and V : Q x Hy — CB(H,) is a random ¢p,-D-Lipschitz continuous set-valued
mapping.

HA(f) F: QxH1xHy — H1is arandom single-valued mapping, which has the following
conditions:
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(i) F is a random (cy, p#1)-relaxed cocoercive with respect to A; in the third
argument and a random a;-Lipschitz continuous in the third argument,

(ii) F is a random ¢;-Lipschitz continuous in the second argument.

A(g) G : QxHxHy — H; is arandom single-valued mapping, which has the following
conditions:

(i) G is a random (cy, pp)-relaxed cocoercive with respect to A, in the second
argument and a random a»-Lipschitz continuous in the second argument;

(ii) G is a random (p-Lipschitz continuous in the third argument.

Now, we are in position to present our main results.

Theorem 3.2. Assume that Assumption (4) holds and there exist two measurable functions p1, ps :
Q — (0,00) such that p;i(t) € (0,ri(t)/m;(t)), for eachi=1,2 and

T VO =201 0 (0 + 21k 0)ck 6+ pHEH ) <1 - 2o i‘ﬁ}fgﬁi"jﬁ?,
() — - L TBpBL B a(t)
O p2<t>mz<t>Wz<” 2p2(Bp2(8) + 202Dz (1) + PROBO <1 = < EEE T,
(3.11)

forall t € Q. Then the problem (2.2) has a solution.

Proof. Let {e,} be a null sequence of positive real numbers. Starting with measurable
mappings ap : Q — Hi and by : Q — H,. By Lemma 2.12, we know that the set-
valued mappings U (-, ap(:)) : Q — CB(H1) and V (-, by(-)) : & — CB(H;) are measurable
mappings. Consequently, by Himmelberg [33], there exist measurable selections 1y : Q —
Hy of U(-,a0(-)) and vy : Q — H» of V (-, by(-)). We define now the measurable mappings
a1:§2 — ele1a1’1db1IQ — szy

ar(t) = J1 0 [Art ao() - prBF( ao(t), vo(1))],

1, Mo (3.12)
bi(t) = T [Aat,bo(h)) = pa(G(E o (8), bo()],

where ]Zzg\i‘i (x) = (A, +p,»(t)Ml~t)_1(x), forall x € My, t € Q, and i = 1,2. Further,

by Lemma 2.12, the set-valued mappings U(:,ai(-)) : & — CB(H1),V(,bi(-) : Q —
CB(#;) are measurable. Again, by Himmelberg [33] and Lemma 2.13, there exist measurable
selections uy : Q — Hq1of U(-,a1()) and v; : Q — H; of V(+,b1(+)) such that

l[uo(t) —ur ()] < (1 + e) DU(E, ao(t)), U(E, a1(t))),

(3.13)
loo(t) —o1 ()| < (1 +e)D(V(E bo(t), V(t, bi(t))),
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for all t € Q. Define measurable mappings a; : Q — H#; and b, : Q — H; as follows:

ax(t) = J1 0 [Art @i (D) - puBF (L ar (), 01()],

i (3.14)
ba(t) = T, 0,40, [Aa(t, by (1) = p2()G(t, ur (), ba(1))],

for all t € Q. Continuing this process, inductively, we obtain the sequences {a,}, {b,}, {un},
and {v,} of measurable mappings satisfy the following:

ana(t) = U0 [A1(E an(t)) = pr(DF(E an (D), 0a(1)],
buaa(t) = ] 5 [As(t,ba() = p2(DG(E (), ba ()], (3.15)

[t (£) = upa (D] < (1 + £000) DU, an(£)), U (L, anii (),
||Un(t) ~ Un+l (t)” < (1 + 5n+1)D(V(tl bn(t))/ V(t/ bn+1 (t)))/

where u,(t) € U(t, a,(t)),v,(t) € V(t,b,(t)) and forallt € Q,n=0,1,2,....
Now, since | Tllﬁd is a random 7y /(r1 — pym1)-Lipschitz continuous mapping, we have
1 Mlt
e () = an ()]l = |72 [Ar(t an(®) = pr () F(t an(), oa())]
1My,
e (A1t @ (B) - prOF(t ana (5,001 ()]

7y (t) Aq(t, a,(t)) — A1(t, a1 ()

1 (DIt an(t), 0a(8) = F(t, an1 (5, 001 (0)]|

71 (t) ||A1(t, a,(t)) — Ai(t,a,1(t))

T ri(t) = pr(t)ymy(t)

~p1®IF(t,an(8), 00(1) = F(t, ana (t), 0a(0)] |
p1(t)T1(t)
ri(t) = p1(H)ma(t)

”F(tr an-1 (t)/vn(t)) - F(t/ an—l(t)/vn—l (t))”/
(3.16)

for all t € Q. On the other hand, by Assumptions «#(c) and «#(f), we see that

[ A1(t, @n(£) = ALt an1 (8) = pr () [F (2, an(t), 0n(D) = F(t, an1 (8), va (D]
= |AL(t, an(t)) — Ar(t, a1 (1)
= 2p1((F(t, an(), va(t)) = F(t, an1(8), 0a(t)), Ar(t, a(t)) = A1 (t, an1 (1))

+ P2MIF(t, an(t), va(t)) = F(t, an-a (t), va ()]
< B Bllan(t) — ana (B +2p1(E)c1 (DIIF(E an(t), va(t)) = F(t, an-1(F), va()) |

- 2,01 (t)//ll (t)”an(t) — ap-1 (t)”2 + P%(t)”P(tz Qap (t)rvn(t)) - F(tr an-1 (t), On (t))||2
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= [B:® = 2010 O] llan®) - an s OIF + [201 (Ber (1) + (1)
X |F(t, an(t), vu(t)) = F(t, @ (t), va(£)
< [B®O =20 Om®)]llan(®) = ans OIP + [201(Be1 (¢) + P10 | (1) an(8) = ana (B

< [B) - 201 () + 2011 (OB ) + POL O] Nlan(t) = anr (B)IF,

(3.17)

for all t € Q. This gives

[|A1(t, an(t)) = Ar(t, an-1(t)) = pr(8) [F(t, an(t), va(t)) = F(t, an1(t), v ()]

(3.18)
< Vﬁf(f) =2p1 () (t) + 2p1(Her (Dai (t) + p7 (t)ai ()| an(t) — ana (D)),

forallt € Q.
Meanwhile, since F is a random ¢;-Lipschitz continuous mapping in the second
argument, we get

IE(t, an-1(t), vn(t)) = F(t, an-1(t), vna (D)) < G (B)[[0n(t) = vna (D], (3.19)

for all t € Q. From (3.16), (3.18), and (3.19), we obtain that

n()l|an(t) — a1 (#)|l
ri(t) = pr(t)yma(t)
T1(£)p1(£)Gi(F)
14} (t) —P1 (t)m1 (t)

= A1 (t)||an(t) = an-1 (t)]) +

l[@ne1(t) = an(®)| <

VB®) = 201 (D (1) + 201 (s (D (1) + P (1)

[0n(£) = vu-1 ()|

71 () p1(£) 1 (t)
ri(t) — pr(t)yma(t)

[0 (t) = vp-1 (D],
(3.20)

where

71 (t)
r1(t) — p1(t)ym (t)

Ai(t) = VB - 201D () + 201 (D (D@2 () + P2 (02D (321)

forallt € Q.
Similarly, by using Assumptions «#(c) and <#(g), we know that

T2 (t)p2(t) 62 (t) lu
ra(t) — pa(H)yma(t) "

b1 (£) = bu ()| < A2 (D) |br(£) — bua (H)]| + (B) —una®l,  (822)
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where

7> (t)
ra(t) — pa(t)yma(t)

As(t) = VE® ~20:0pia(t) + 202 (D2 (D (t) + 2O (323)

forallt € Q.
Next, since U is a random ¢;-D-Lipschitz continuous mapping and V is a random
¢»-D-Lipschitz continuous mapping, by the choices of {u,} and {v, }, we have

[ou(6) = 2aa (D] < (1 + ) DIVt bu(8)), V (1, bua (1))
< (1+&n)Pa(B)|Ibu(t) = bua (D), (3.24)
<(
<

llun () — una (DI < (1 + £,) DU(E, an(t)), U(E, an-1(t)))

(1 +en)P1(t)llan(t) — an-a(B)|l,
for all t € Q. Now, by (3.20), (3.22), and (3.24), we obtain that

B(Op2(D () ()
e las®) = a0
T1(5)p1(8) G () Pa(t) >
ri(t) = pr(t)ma(t)

llans1(t) = an(®)|| + [|brsa () = bu(B)] < (Al(t) +(1+6n)

+ <A2(t) +(1+¢,)

x ||bu(t) = bua ()],
(3.25)

for all t € Q. This implies that
[ans1(8) = an(®)]| + 1brs1 (8) = bu(B)]] < On () (| @n(t) = @1 ()] + [[ba(t) = baa (B]),  (3.26)

where

T2 () p2(t) G2 (t) 1 (t)
r2(t) — p2(t)yma(t)

AAa(t) + (1+€n)

6. (1) = max{Al(t) +(1+en) (P (D6 (O () }

ri(t) — p1(t)ymy(t)
(3.27)

forall t € Q.
Next, let us define a norm || - ||* on H#; x H; by

) =lxll+ lyll,  Y(xy) € H1 x Ho. (3.28)
It is well known that (#1 x H», || - ||*) is a Hilbert space. Moreover, for each n € N, we have
|(@ns1(t), bpsr (t)) — (an(t), bn(t))”+ < O0u(t)[(an(t), by(t)) — (@n-1(t), by (t))||+, (3.29)

forallt € Q.
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Let

71()p1(H) &1 () P (t)
ri(t) — p1(t)ymy(t)

n(pOEOHO |\

o(t) = max{A1(t) + ra(t) — pa(may(t) "2

}, for each t € Q.
(3.30)

We see that 0,,(t) | 8(t) as n — oo. Moreover, condition (3.11) yields that 0 < 8(t) < 1 for all
t € Q. This allows us to choose 3 € (6(t),1) and a natural number N such that 6,,(t) < 3 for
all n > N. Using this one together with (3.30), we get

(@1 (1), buaa (1) = (@n(t), bu ()" < BlI(@n(t), bu(t)) = (@n-1(t), baa (I, (3.31)
forallt € Qand n > N. Thus, for each n > N, we obtain
[(@ns1 (8), bt (B) = (@n(t), ba ()" < " N|[(ans1 (), b (B) = (an (8), N ), (3.32)
forall t € Q. So, for any m > n > N, we have

1@ (£), b (1)) = (@n(t), ba(O)II" < Z2 M (@i (1), bia () = (@i(8), bi ()|
<IN (ana ), bra®) = (an @, NI (5 3

< g1 g (@ O, bxa®) - (an(®, by O,

for all t € Q. Since & € (0, 1), it follows that {8}, x;,; converges to 0, as n — oo. This means
that {(a,(t),bn(t))} is a Cauchy sequence, for each t € Q. Thus, there are a(t) € H#; and
b(t) € H; such that a,(t) — a(t) and b, (t) — b(t) asn — oo, for each t € Q.

Next, we will show that {u,(t)} and {v,(t)} converge to an element of U (¢, a(t)) and
V(t,b(t)), for all t € Q. Indeed, for m > n > N, we have from (3.24) and (3.33) that

[t (), O (£)) = (U (E), Da(O) | = [t (£) = (D] + [0 () = 0a (D)
< S i (8) = wi (0] + Z [via () - vi(1)|
<SP+ ) a(B)llaia (8) - ai(b)]
+ 311 + £11) (D) [braa (1) - bi (1) | (3.34)

n

<20 EM (i (1), bist () = (ai(t), bi(t)|[*

= 02 N (0, b1 () - o (0, b,
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where ¢(t) = max{pi(t), 2(t)}, for each t € Q. This implies that {(u,(t), v,(t))} is a Cauchy
sequence in (#q x Hy, || -||*), for all t € Q. Therefore, there exist u(t) € #; and v(t) € H, such
that u,(t) — u(t) and v,(t) — ov(t) asn — oo, for each t € Q. Furthermore,

inf{ [lu(t) =o' (O - 1/ (t) e Ut a(t)} < [lut) —ua®) + inf lun(t) —u(@®)]|

u(t)eg}t,a(t))
< [u(t) = un ()| + DU, an(t)), Ut a(t))) (335
< lu(®) —un @Ol + g1 (B)llan(t) - a@®)]-

Since u,(t) — u(t) and a,(t) — a(t) asn — oo, we have from the closedness property of
U(t,a(t)) and (3.35) that u(t) € U(t,a(t)), for all t € Q. Similarly, we can show that v(t) €
V(t,b(t)), forall t € Q.

Finally, in view of (3.15) and applying the continuity of A;, F, G and ];lii,’g/il", fori=1,2,
we see that

a(t) = Il [Au(t,a®) - pr(HF(E, ab), o()],

b(t) = ]V a [Aa(t b(t)) - pa(G(t,u(t), b(D))],

(3.36)

for all t € Q. Thus Lemma 3.1(ii) implies that (a, b, u, v) is a solution to problem (2.2). This
completes the proof. O

In particular, we have the following result.

Theorem 3.3. Let U : Qx Hy — Hiyand V : Q x Hy — Hy be two random single-valued
mappings. Assume that Assumption # holds and there exist measurable functions p, p, satisfing
(3.11). Then problem (2.3) has a unique solution.

Proof. From Theorem 3.2, we know that the problem (2.3) has a solution. So it remains to
prove that, in fact, it has the unique solution. Assume thata, a* : Q — H#jandb,b*: Q — H;
such that (a,b), (a*, b*) are solutions of the problem (2.3). Using the same lines as obtaining
(3.20) and (3.22), by replacing a, with a and a,.; with a*, we have

71 () p1 (561 (£) P (F)

la®) - a" (@) < A @l - @ Ol + - TR

Ib() —=b* (1), VteQ, (3.37)

and, by replacing b, with b and b, with b*, we obtain that

T2 (£)p2(H) G2 (£) P1 (£)

[b(t) = b*(1)I| < Ax(t)[Ib(t) = b (B)| + r2(t) = pa(yma (F)

la(t) —a*®)|, YteQ, (3.38)
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where A1 (t) and A,(t) are defined as in (3.21) and (3.23), respectively. From (3.37) and (3.38),
we get

_ * * + TZ(t)PZ(t)QZ(t)(pl(t) s
ll(a(t),b(t)) — (a*(t),b"(H)|" < |Ax(t) + () = pa (O (D) ]||a(t) a*(t)||
71 () p1(£) 61 (E) P2 (t) e (3.39)
oo oy | PO O

<OMl(a(t), b(t) - (a* (1), " W)II",  VteQ,

where 0(t) is defined as in (3.30). Since 0 < 6(t) < 1, it follows that (a(t), b(t)) = (a*(t),b*(t)),
for all t € Q. This completes the proof. O

4. Stability Analysis

In the proof of Theorem 3.3, in fact, we have constructed a sequence of measurable
mappings {(a,,b,)} and show that its limit point is nothing but the unique element of
SRSI(m,, M) (F,G,U, V). In this section, we will consider the stability of such a constructed
sequence.

We start with a definition for stability analysis.

Definition 4.1. Let Hi,H> be real Hilbert spaces. Let Q : Q x H; x Hy — Hy x
Ho, (ap(t),bo(t)) € H1 x Hy, and let (a,1(t), bui1(t)) = h(Q, a,(t), b, (t)) define an iterative
procedure which yields a sequence of points {(a,(t), b,(t))} in H1xH>, where h is an iterative
procedure involving the mapping Q. Let F(Q) = {(a,b) € My x My : Q(t, a(t), b(t)) =
(a(t),b(t)), for all t € Q} #0 and that {(a,, b,)} converges to a random fixed point (a,b) of
Q. Let {(xy, y»)} be an arbitrary sequence in My x My, and let 6, (t) = || (xy+1(E), Yns1(£)) —
h(Q,x,(t), yu(t))|l, for each n > 0 and t € Q. For each t € Q, if lim,,6,(t) = 0
implies that lim,_, o (x,(t), ya(t)) — (a(t),b(t)), then the iteration procedure defined by
(ans1(t), bus1(t)) = K(Q, an(t), by(t)) is said to be Q-stable or stable with respect to Q.

Let F,G, M;, 3, A;, and p;, for i = 1,2, be random mappings defined as in Theorem 3.2.

Now, for each t € Q, if {(x,(t), ya(t))} is any sequence in H; x H,. We will consider the
sequence {(S,(t),T,(t))}, which is defined by

Sult) = I [A1(t xu(6) = pr(OF (£, xa(8), V ( yu(D))],

o0 Mo (4.1)
Tn(t) = ]pzzt),Atzt [AZ (tr yn(t)) - pZ(t)G(tr U(t, xn(t))/ yn(t))]/

where U : Qx H#Hy — Hyand V : Q x Hy — H; and t € Q. Consequently, we put

6n(t) = ” (xn+1 (t)r Yn+1 (t)) - (Sn(t)/ Tn (t)) ” +' (42)
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Meanwhile, let Q : Q x Hq x Hy — H1 x H, be defined by

Q(t,at),b(t)) = (T [Ai(t a() - pr(1F(E, a(t), b(1))],

(4.3)
T [A2(tb(1) = p2(DG(t, a(t), b(V)])

for all a € My,b € My, t € Q. In view of Lemma 3.1, we see that (a,b) €
SRSI\m, ) (F, G, U, V) if and only if (a,b) € F(Q).

Now, we prove the stability of the sequence {(a,, b,)} with respect to mapping Q,
defined by (4.3).

Theorem 4.2. Assume that Assumption 4 holds and there exist p1, po satisfing (3.11). Then for each
t € Q, we have limy, _, .6, (t) = 0 if and only if lim, _, o, (x, (), yn(t)) = (a(t), b(t)), where 6,(t) are
defined by (4.2) and (a(t), b(t)) € F(Q).

Proof. According to Theorem 3.3, the solution set SRSIa1,,m,) (F, G, U, V') of problem (2.3) is a
singleton set, that is, SRSI(ar,,m,) (F, G, U, V) = {(a,b)}. For each t € Q, let {(x,(t), ya(t))} be
any sequence in ##; x 5. By (4.1) and (4.2), we have

” (xn+1 (t)r Yn+l (t)) - (a(t)r b(t)) ||+
(X1 (B), Yne1 (B) = (Su(®), Tu®) || + 11(Su (1), Ta(t)) = (a(t), b(®))|[*
= 1(Sn(8), Tu(£)) = (a(t), )" + Eu(t) (4.4

= [T LA ®) = PO F (50, V (6 y(8))] - a0
JEn [Aa(byn(®)) = p2 (G (LU X (8)), yn ()] b(t)|| + 64 (t).

‘|

Since ]le,/z/lh is a random T /(r; — pimy)-Lipschitz continuous mapping, by Assumptions
H#(c),#(f) and Lemma 3.1(i), we get

72 [As(t xa(®) = o F (xa (1), V (L ya(1)))] - at)|

= [ TALE 2 (8) = pr(OF (£ (1), V (8 30(1))]

S [Ast a(h) - puOF (L a(t), V(b)) |

T1(t)
= ri(t) — pr(t)ymy(t)
x | A1 (t, xa(t)) — Ar(t, a(t)) — pr () [F(t, xa(t), V (£, yu(t)) = F(t,a(t), V (£, b(E)] ||
T1(t)
~ri(t) - pr(H)ma(t)
x || A1 (t, xa (1)) = A1(t, a(t)) = p1(t) [F(t, xu(t), V (t, yu(t))) = F(t,a(t), V (t, ya ()] ||

prOT()
0 = pOm@ IEEaOVEy®)) = Pt at), Vb))

(4.5)
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On the other hand, by Assumptions <#(c) and <#(f), we see that

|41 (¢, 2 (8)) = At a(t)) = pr () [F (&, 2n (), V(, yn(8))) = F(t,a(t), V (£ yu ()] ||

= [ A1 (t, 2n(8) = At a(®)) I
= 2p1())(F(t, xn(t), V(£ yn(t))) = F(t, a(t), V(£ yn(t))), A1(t, xu(t)) — A1 (t, a(t)))
+ PLONIF( xa(8), V(E yn() = F(t a(t), V (E yn () ||

< B lxu(t) - a®* + 201 (e ()| F(t 2 (1), V (E (D)) = F(t, a(t), V (E, ya ()]
= 2p1(8)pr (1) [|2a () = a(D)|]®
+ pLO||F(t,2u(8), V(Y () = F(t,a(®), V(E yu () |1°

= [B1®O =201 O ®)] lxa(8) - a®) I + 201 (Ber(9) + 3]
x || F(t 20n(8), V(t, ya (1)) = F(t,a(®), V(t, yu(t))]|?

< [B®) - 20101 ()] I1xa(t) - a®)I + [201(Der (1) + p2O) ]| @2 B2 (8) - at)

< [B®) 20101 (5 + 2p1 (Der (D (1) + pF (O (1) I (B) - a(®) .

(4.6)
This gives

| A1(t, xu () = A1(t, a(t)) — pr () [F(t xn(8), V (E, yn(t))) = E(t,a(t), V (E ya ()] ]|

(4.7)
< \/ﬂ%(t) —2p1 (D (£) + 2p1 (B)cr () ag (1) + pr(8)as (B) | () — a (D).

Meanwhile, since F is a random ¢;-Lipschitz continuous mapping in the second
argument, we get

|E(t at), V(tya(1)) - F(t,at), V(E b)) < Gi(d2(6)|[yn(t) - b(H)||- (4.8)
From (4.5)—(4.8), we obtain that

[T [As(t xu(8) = pr (Ot xa(8), V (7 ()] - at)

< T1(t)\/ﬂ%(t) =2p1(Opa(t) +2p1(H)cr (a2 (t) + p2(t)ad (t)
_ ri(t) = pr(t)ma(t)
p1(H)T (D)1 () a(t) i
’ ri(t) — p1(t)ymi(t) ”yn(t) b(t)”,

lln (8) = a ()|l (4.9)
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where

1 (i’)
ri() - pr ()i ()

At = VBW® 2010 (1) + 201 (D (D2 (D) + 2D, (4.10)

Similarly, since ]g;f’ﬁfz is a random 7,/ (1, — pomy)-Lipschitz continuous mapping, by
Assumption #4(c), #(g), and Lemma 3.1, we obtain that

JEn [Aa (b yn(®)) = p2(BG (LU (1), yn(1)] = b(D) |
T2 ()p2 (£) G2 () 1 (1) (4.11)

< 8a0) () - b | + 2D ) - a),
where
8201 = e e RO =22 00) + 2220200 + AN, (412
Thus
Gt (0, a6 = a0, D <[220+ ZEPEOEOB Dz 1) aio)
o Sy

<O (xn (), yn (1) = (alt), b®)||" + 6u(t)
= (1= (1 =00 (xa(t), yu(t)) = (a(t), b®)]|" + 6 (H),

(4.13)
where  O(t) = max{A1(t) + mHp2()(B)P1(t)/(ra(t) — pa(t)yma(t)), Aa(t) +
T1(H)p1 ()G () Pa(t) / (r1(£) — p1()ma (1))}, for all £ € Q.
So
” (xn+1 (t)r Yn+1 (t)) - (a(t)/ b(t)) ||+
. 8 (t) (4.14)
< (1= (1= 0N | (), () = (@@, L) + (1 -0 - 5.

In view of (4.14), if lim, _, -0, (t) = 0, we see that Lemma 2.14 implies

Tim (xu (1), ya(£)) = (a(t), b(t)). (4.15)

On the other hand, by using (4.5) and (4.11), we see that

on(t) < ||(xn+1(t)/ Ynr1(1) = (Su(t), Tu(t)) ”+
< et (8), Ys1 (D) = (a(®), bE) ||+ [[(a(t), b(£)) = (Su(t), Tu ()" (4.16)
< ||(xn+1 (t)/ Yn+1 (t)) - (a(t), b(t))lr + G(t) ” (xn(t)r yn(t)) - (a(t)rb(t))||+
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for all t € Q. Consequently, if for each t € Q we assume lim,,_, o (x,(t), yn(t)) = (a(t),b(t)),
we will have lim,, , .6, (t) = 0. This completes the proof. O

Remark 4.3. Theorem 4.2 shows that the iterative sequence {(a,, b,)}, which has constructed
in Theorem 3.3, is Q-stable.

5. Conclusion

We have introduced a new system of set-valued random variational inclusions involving
(A, m,n)-monotone operator and random relaxed cocoercive operators in Hilbert space. By
using the resolvent operator technique, we have constructed an iterative algorithm and
then the approximation solvability of a aforesaid problem is examined. Moreover, we have
considered the stability of such iterative algorithm. It is worth noting that for a suitable
and appropriate choice of the operators, as F,G, M, 7, A, one can obtain a large number of
various classes of variational inequalities; this means that problem (2.2) is quite general and
unifying. Consequently, the results presented in this paper are very interesting and improve
some known corresponding results in the literature.
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