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Let G be an Abelian group, let C be the field of complex numbers, and let f,g : G — C. We
consider the generalized Hyers-Ulam stability for a class of trigonometric functional inequalities,

If(x-y)-fx)g)+8x) fWI < w(y), 1g(x-y)-g(x)g(y) - f(x) f(¥)| < ¢(y), whereg : G — R

is an arbitrary nonnegative function.

1. Introduction

The Hyers-Ulam stability problems of functional equations go back to 1940 when S. M. Ulam
proposed a question concerning the approximate homomorphisms from a group to a metric
group (see [1]). A partial answer was given by Hyers et al. [2, 3] under the assumption that
the target space of the involved mappings is a Banach space. After the result of Hyers, Aoki
[4], and Bourgin [5, 6] dealt with this problem, however, there were no other results on this
problem until 1978 when Rassias [7] dealt again with the inequality of Aoki [4]. Following
the Rassias’ result, a great number of papers on the subject have been published concerning
numerous functional equations in various directions [2, 7-21]. The following four functional
equations are called trigonometric functional equations.

flx+y) - f(x)g(y) -gx)f(y) =0 (1.1)
g(x+y)-g(x)g(y) + f(x)f(y) =0 (1.2)
fx-y) - f(x)g(y) +8(x)f(y) =0 (1.3)

g(x-y)-gx)gly) - fx)f(y) =0 (1.4)
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The four functional equations have been investigated separately. The general solutions
and regular solutions of the above equations are introduced [22, 23]. In particular, the
last equation (1.4) is most interesting in the sense that (1.4) alone characterizes the two
trigonometric functions f(x) = cos(ax), g(x) = sin(ax) under some regularities of g, which
none of the remaining equations are able to do.

In [19], Székelyhidi developed his idea of using invariant subspaces of functions
defined on a group or semigroup to obtain the Hyers-Ulam stability of the trigonometric
functional equations (1.1) and (1.2). As results, he obtained the Hyers-Ulam stability when
for each fixed y the difference

Ti(x) = f(x +y) - f(0)g(y) - g(x)f () (1.5)
is a bounded function of x and the Hyers-Ulam stability when for each fixed y the difference
L(x) = g(x +y) -gg(y) + F)f (v) (16)

is a bounded function of x, where f, g are mappings from an Abelian (amenable) group G to
the field C of complex numbers.

In this paper, we complete the parallel Hyers-Ulam stability to that of [19] for the
functional equations (1.3) and (1.4). As results, we obtained the Hyers-Ulam stability when
for each fixed y the difference

Ta(x) = f(x~y) - f(0)g(y) + 8(x)f (v) (1.7)
is a bounded function of x and the Hyers-Ulam stability when for each fixed y the difference
Tu(x) = g(x ~y) - 8(0)g(y) - f(x)f (v) (1.8)

is a bounded function of x.

In fact, the authors [10] obtained weaker versions of the Hyers-Ulam stability for the
functional equations (1.3) and (1.4), that is, we proved the Hyers-Ulam stability of (1.3) when
the difference

T3(x,y) = f(x~y) - f(x)g(y) + 8(x) f(v) (1.9)

is uniformly bounded for all x and y, and we proved the Hyers-Ulam stability of (1.4) when
the difference

Ti(x,y) = g(x~y) - g(x)g(y) - f(x)f(v) (1.10)

is uniformly bounded for all x and y.

So, the results in this paper would be generalizations of those in [10]. We refer the
reader to [9, 15, 16, 20, 21] for some related Hyers-Ulam stability of functional equations of
trigonometric type.
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2. Main Theorems

A function a from a semigroup (S, +) to the field C of complex numbers is said to be an
additive function provided that a(x+y) = a(x)+a(y) andm : S — Cissaid to be an exponential
function provided that m(x + y) = m(x)m(y). Throughout this paper, we denote by G an
Abelian group, C the set of complex numbers, and ¢ : G — R a fixed nonnegative function.
For the proof of stabilities of (1.3) and (1.4), we need the following.

Lemma 2.1 (see [2]). Let S be a semigroup. Assume that f,g : S — C satisfy the inequality; for
each y € S, there exists a positive constant M., such that

|f(x+y) - f(0)g(y)| < My, (2.1)

forall x € S, then either f is a bounded function or g is an exponential function.

Proof. Suppose that g is not exponential, then there are y, z € S such that g(y + z) # g(y)g(2).
Now we have

fx+y+z)-f(x+y)g(z) = (f(x+y+2z) - f(x)g(y +2))

-8@)(f(x+y) - f(0)g(y)) + f(x)(g(y +2) — g(y)g(z()),)
2.2

and hence,

fx)=(g(y+z)-g(v)g()"
x((f(x+y+z)-f(x+y)g(2) - (f(x+y+2z) - f(x)g(y +2))  (23)
+8(2)(f(x+y) - f(0)g(¥)))-

In view of (2.1), the right hand side of (2.3) is bounded as a function of x.
Consequently, f is bounded. O

We discuss the general solutions f,g : G — C of the corresponding trigonometric
functional equations

flx-y) - f(x)g(y) +g(x)f(y) =0, (2.4)
g(x-y)-g(x)g) - fF(x)f(y) = 0. (2.5)

Lemma 2.2 (see [22, 23]). The general solutions (f, g) of the functional equation (2.4) are given by
one of the following:

(i) f = 0and g is arbitrary,

(ii) f(x) = M(m(x)-m(-x)) and g(x) = Ao f (x)+(1/2) (m(x)+m(-x)) for some A1, A, € C,
where m is an exponential function,

(iii) f(x) = a(x)m(x), g(x) = (1 + Xa(x))m(x) for some A € C, where a is an additive
function and m is an exponential function satisfying m* =
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Also, the general solutions (g, f) of the functional equation (2.5) are given by one of the
following:

(i) g(x) =Xand f(x) =V - A? for some A € C,

(ii) g(x) = (1/2)(m(x) + m(—x)) and f(x) = (1/2i)(m(x) — m(-x)), where m is an
exponential function.

Proof. The solutions of the functional equation (2.4) are given in [23, p. 217, Theorem 11].
For the functional equation (2.5), combining the result of L. Vietoris [22, p. 177] and that of
J. A. Baker [23, p. 220], we obtain that every nonconstant function g satisfying (2.5) has the
form

$(x) = 5 (m(x) + m(~x), 26)

for some exponential function m. Thus, using (2.5), we have
1
f(x) = 52 (m(x) = m(=x)). 27)

This completes the proof. O

For the proof of the stability of (1.1), we need the following. Throughout this paper,
we denote by ¢ an arbitrary nonnegative function on G.

Lemma 2.3. Let f,g: G — C satisfy the inequality
|f(x=y) - f()g(y) +sx) f (V)] < ¢ (), (2.8)
forall x,y € G, then either there exist A, A, € C, not both zero, and M > 0 such that
A1 f(x) = dag(x)]| < M, (2.9)
or else
f(x=y) - fx)g(y) + g0 f(y) =0, (2.10)

forallx,y € G.

Proof. Suppose that the inequality (2.9) holds only when A; = A, = 0. Let
k(x,y) = f(x+y) - f(0g(-y) + 80 f(-v), (2.11)
and choose y; satisfying f(—y1) #0. Now it can be easily calculated that

g(x) = Aof(x) + Mif (x + y1) — Mk(x, 1), (2.12)
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where Ay = g(-v1)/ f(=y1) and Ay = =1/ f(-=11). By (2.11), we have
flx+(y+2)) =fx)g(-y-z)-gx)f(-y—z) +k(x,y +z). (2.13)
Also by (2.11) and (2.12), we have

fl(x+y)+2z) = f(x+y)g(-2) —g(x +y) f(-2) +k(x + y, 2)
= (f(x)g(~y) - gx) f(-y) +k(x,y))g(~=2)
- (lof(x+y) +Mf(x+y+y) —Mk(x+y,1))f(-2) +k(x +y,z)
= (f()g(~y) —g(x) f(~y) +k(x,y))g(~=2)
— o (f(x)g(-y) -~ gx)f(-y) +k(x,y)) f(-z)
~M(f(x)g(-y-y) -g@) f(~y —w1) +k(x,y + 1)) f(-2)
+Mk(x+y,1)f(-z) +k(x+y,2).

(2.14)
From (2.13) and (2.14), we have
(8(-y)8(-2) g (-y) f(-2) ~ Mg (-y — 1) f(-2) - 8(-y — 2)) f (x)
+(-g(-y)g(-2) + Lo f(-y)g(=2) + Mf(~y —y1) f(=2) + f(-~y - 2) ) g (%) (2.15)

= —k(x,y)8(=2) + lok(x, y) f(-2) + Mk (x,y + y1) f (-2)
—Mk(x+y,1)f(-2z) —k(x+vy,z) +k(x,y +z).

Since k(x,vy) is bounded by ¢(-y), if we fix y, z, the right hand side of (2.15) is
bounded by a constant M, where

M =¢(-y)[g-2)| + ¢ (~y) Ao f (=2)| + ¢ (=y — y1) |\ f (-2)]

2.16
+g(~y) | Mf(=2)| +¢(-2) +¢(-y - 2). (210

So by our assumption, the left hand side of (2.15) vanishes, so does the right hand side.
Thus, we have

(“Aok(x,y) = Mk (x,y + 1) + Mk (x +y, 1)) f(=2) + k(x, y)8(-2)
(2.17)
=k(x,y+z)-k(x+y,z).

Now by the definition of k, we have

k(x+y,z)-k(x,y+z) =f(x+y+z) - f(x+y)g(-2) + g(x +y) f(-2)
—flx+y+z)+f(x)g(-y-2) -g(x)f(-y-z)
=f(y-z-x) - f(-y-z)g(x) + g(-y - z) f(x) (2.18)
—f(-z-x-y) + f(-2)g(x+y) - g(-2) f(x +y)
=k(-y-z,-x) - k(-z,-x-y).
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Hence, the right hand side of (2.17) is bounded by ¢(x) + ¢ (x + ). So if we fix x, y in (2.17),
the left hand side of (2.17) is a bounded function of z. Thus, by our assumption, we conclude
that k(x, ) = 0. This completes the proof. O

In the following theorem, we assume that

@ (x) = iz-h,;(—zkx) < o, (2.19)
k=0
or
@, (x) := iZktp<—2_kx> < oo. (2.20)
k=1

For the proof, we discuss the following property.

Lemma 2.4. Let m : G — C be a bounded exponential function satisfying m(x) #m(-x) for some
x € G, then there exists y € G such that

|m(y) —m(-y)| > 3. (2.21)

Furthermore, the constant /3 is the best one.

Proof. Since m is a bounded exponential, there exists C > 0 such that [m(x)|* = |m(kx)| < C
for all k € Z and x € G, which implies |[m(x)| = 1 for all x € G. Assume that m(xg) # m(—xy),
then we have m(x,) # +1, and we may assume that m(xo) = e, 0< 0 <. 1f0 € [xr/3,27/3],
we have |m(xp) — m(-xp)| = e — e7®| > v/3.1f 0 € [0,r/3], there exists a positive integer
k such that k@ € [ /3,27 /3], and we have |m(kxy) — m(~kxo)| = [e® — &7 > /3. 1f 0 €
[20r/3,57r /6], then 20 € [4r/3,5x /3], and we have |[m(2xg) — m(-2x,)| = |e?® — e729| > /3.
Finally, if 6 € [5ar/6, o], there exists a positive integer k such that 2k6 € [-ar/3, -2 /3], and
we have [m(2kx) —m(-2kxo)| = |9 —e~2k?| > /3. Now define m : Z — C by m(k) = e'*7/3,
Then we have |m(3k + 1) - m(-3k — 1)| = +/3 for all k € Z. Thus, v/3 is the biggest one. This
completes the proof. O

Theorem 2.5. Let f,g: G — C satisfy the inequality
|f(x=v) = f0g () + () fF (W) < ¢ (v), (2.22)

forall x,y € G, then (f, g) satisfies one of the following:
(i) f =0, g is arbitrary,
(ii) f and g are bounded functions,

(iil) f(x) = Mi(m(x)—m(=x)) and g(x) = Ao f (x)+(1/2)(m(x)+m(=x)) for some A1, A> € C,
where m is an exponential function,

(iv) there exist A € C and a bounded exponential function m such that

g(x) = Af(x) + m(x), (2.23)



Journal of Applied Mathematics 7

forall x € G, and f satisfies the condition; there exists d > 0 satisfying
|f(x)] < i( (—x) +d) (2.24)
=3 ¢ ’ .

forall x € G,

(v) there exist A € C and a bounded exponential function m satisfying m* = 1 such that
g(x) = Af (x) + m(x), (2.25)

forall x € G, and f satisfies one of the following conditions; there exists an additive function
ay : G — C such that

|f () = (a1(x) + £(0))m(x)| < @1 (x), (2.26)
forall x € G, or there exists an additive function a, : G — C such that
| f(x) = (a1(x) + £(0))m(x)| < Da(x), (2.27)

forall x € G, where @ and @, are the functions given in (2.19) and (2.20).

Proof. In view of Lemma 2.3, we first consider the case when f, g satisfy (2.9).If f =0, g is
arbitrary which is the case (i). If f is a nontrivial bounded function, in view of (2.22), g is also
bounded which gives the case (ii). If f is unbounded, it follows from (2.9) that A, #0 and

g(x) = Af (x) + m(x), (2.28)

for some A € C and a bounded function m. Putting (2.28) in (2.22), we have
|f(x=y) = FIm(y) + mx)f ()| < ¢ (), (2.29)
for all x, y € G. Replacing y by —y and using the triangle inequality, we have, for some C > 0,
|f(x+y) = fOm(=y)| < Clf (=v)| +¢ (=), (2.30)

for all x, ¥ € G. By Lemma 2.1, m is an exponential function. If m = 0, putting y = 0 in (2.29),
we have

|f ()| < (0). (2.31)

Thus, we have m #0 since f is unbounded. Since m is a nonzero bounded exponential
function, it follows from the equalities

m(x)=m(x-y)m(y), x,yeG (2.32)
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that m(0) = 1 and m(x)#0, for all x € G. Putting x = 0 in (2.29) and replacing y by -y
multiplying |[m(x)| in the result, we have

[m(x)f (=y) + m() f (y) = fOm)m(-y)| < ¢ (-y), (2:33)
for all y € G. Replacing y by —y in (2.29) and using (2.33), we have
|[f(x+y) = fem(=y) -mx)f(y) + FOmx)m(-y)| <24 (-y). (2.34)

First we consider the case m(x) # m(—x) for some x € G. Replacing x by y and y by x
in (2.34), we have

|f(y+x) = f(y)m(-x) =m(y) f(x) + fO)ym(y)m(-x)| < 2¢(-x), (2.35)

for all x, y € G. From (2.34) and (2.35), using the triangle inequality, putting v = yo such that
lm(yo) — m(=yo)| > v/3 and dividing |m(yo) — m(-vy)|, we have

|f(0)] < %(w(—x) +d), (2.36)

for all x € G, where d = ¢(-yo) + |f (v0)| + | f(0)], which gives (iv). Now we consider the case
m(x) = m(—x), for all x € G. Dividing both the sides of (2.34) by m(x)m(y), we have

|F(x+y) - F(x) - F(y)| <2¢(-y), (2.37)

for all x, y € G, where F(x) = f(x)/m(x) - f(0). By the well-known results in [4], there exists
a unique additive function a; (x) given by

ay(x) = Ji_r)r;OZ‘"f(Z"x) (2.38)
such that
[F(x) = ay(x)| < Dq(x) (2.39)

if @ (x) := 32,2 g (~2Fx) < o0, and there exists a unique additive function a,(x) given b
k=0- ¥ q & y
a(x) = lim 2" f(27"x) (2.40)

such that

[F(x) — az(x)| < Dp(x) (2.41)
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if @y (x) := 372, 2K (-27%x) < co. Multiplying |m(x)| in both sides of (2.39) and (2.41), we get
(v). Now we consider the case when f, g satisfy (2.10). In view of Lemma 2.2, the solutions
of (2.10) are given by (i), (iii), or contained in the case (v). This completes the proof. O

Let X be a real normed space, and let ¢ : X — R be given by ¢(x) = €||x||?, p >
0, p#1, then ¢ satisfies the conditions assumed in Theorem 2.5. In view of (2.19) and (2.20),
we have

@) (x) = zﬂﬂf (242)
if0<p<1,
D, (x) = Zzi,llf”; (2.43)
if p > 1. Thus, as a direct consequence of Theorem 2.5, we have the following.
Corollary 2.6. Let f, g : X — C satisfy the inequality
|f(x=y) - f)g(y) +8@) f(W)| <ellyll’, p#1 p20, (2.44)

forall x,y € X, then (f, g) satisfies one of the following:

(i) f =0, g is arbitrary,
(ii) f and g are bounded functions,

(iii) f(x) = Mi(m(x)-m(—x))and g(x) = Ao f (x)+(1/2) (m(x)+m(-x)) for some A1, X» € C,
where m is an exponential function,

(iv) there exist A € C and a bounded exponential function m such that
g(x) = Af(x) + m(x), (2.45)

forall x € X, and f satisfies the condition; there exists d > 0 satisfying
f@)] < == () + ) (2.46)
<5 @ , .

forallx € X,

(v) there exist A € C and a bounded exponential function m satisfying m* = 1 such that

g(x) = Af(x) + m(x), (2.47)
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forall x € X, and f satisfies one of the following conditions; there exists an additive function
a:X — Csuch that

2el|x]||P
1760 - (ala) + F@)mo)| < L, (2.49)
forall x € X.
Now we prove the stability of (1.2). For the proof, we need the following.
Lemma 2.7. Let f, g : G — C satisfy the inequality
|g(x-vy) —8(®)g(y) - F)f (W) < (y), (2:49)
forall x,y € G, then either there exist A1, Ao € C, not both zero, and M > 0 such that
|41 f (x) = dag(x)| < M, (2.50)
or else
g(x-y)-gx)g(y) - f(x)f(y) =0, (2.51)
forall x,y € G.
Proof. Suppose that \; f (x) — 1,4(x) is bounded only when A; = A, =0, and let
I(x,y) =g(x+y) -gx)g(-y) - fF() f(-y)- (2.52)

Since we may assume that f is nonconstant, we can choose 1, satisfying f(-y1) #0. Now it
can be easily get that

f(x) =Aog(x) + lig(x+y1) — Ml(x, 1), (2.53)

where Ay = —g(-y1)/ f(-y1) and Ay =1/ f(—y1). From the definition of [ and the use of (2.53),
we have the following two equations:

g((x+y)+z)=g(x+y)g(-2) + f(x +y)f(-z) +(x + y, 2)
= (g0)g(-y) + f)f(-y) +1(x,y))g(-2)
+(Mog(x+y) +hglx+y+y) - Ml(x+y, 1)) f(-2) +l(x +y, 2)
= (g()g(-y) + f() f () +1(x,y))g(~2) (2.54)
+do(g()g(-y) + f(x)f(-y) +1(x,y)) f(-2)
+ 0 (8()g(-y —y1) + f)f(-y —w1) +1(x, y + 1)) f(-2)
—Ml(x+y,y1)f(-2) +1(x +y,2),

glx+(y+2))=gx)g(-y-z)+ f(x)f(~y —z) +1(x,y + z). (2.55)
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Equating (2.54) and (2.55), we have

8(0)(g(-y)g(-2) + Log (=y) f(=2) + hig(-y - 1) f(-2) = g(-y - 2))
+ ) (f(-)g(=2) + Mo f (-y) f(-2) + M f (~y —y1) f(-2) - f(-y - 2))
=-1(x,¥)g(-2) = Lol (x, y) f(=2) = Ll(x, y + y1) f(-2)
+Ml(x+y, 1) f(=2z) - 1(x+y,z) +1(x,y + 2).

(2.56)

In (2.56), when y, z are fixed, the right hand side is bounded, so by our assumption, we have

I(x,y)g(=2) + (Aol (x, ) + Ml(x,y + 1) —Ml(x +y, 1)) f(=2) = 1(x, y + 2) - [(x + ¥, 2).
(2.57)

Also we can write

I,y +z)-1(x+y,z)=g(x+y+z)-g(x)g(y +z) - f(x)f (v +2)
—g(x+y+z)+g(x+y)g=) + f(x+y)f(2)
=ly+zx)-1(z,x+y)
Sg=x)+¢(-x-y).

(2.58)

Thus, if we fix x, y in (2.57), the right hand side of (2.57) is bounded. By our assumption, we
have I(x, y) = 0. This completes the proof. O

Theorem 2.8. Let f,g: G — C satisfy the inequality

|g(x~y) - g(x)g() - fF() fF ()| < ¥ (y), (2.59)

forall x,y € G, then (f, g) satisfies one of the following:

(i) f and g are bounded functions,

(ii) g(x) = (1/2)(m(x) + m(=x)) and f(x) = (1/2)(m(x) — m(-x)), where m is an
exponential function,

(iii) f = +i(g — m) for a bounded exponential function m, and g satisfies
1 1
8 = 5 (Om(=x) + m(x))| < 59:(x), (2.60)

forall x € G. In particular if ¢(0) = 0, one has g(0) =1, f(0) = 0.

Proof. In view of Lemma 2.7, we first consider the case when f, g satisfy (2.51). If f is
bounded, then in view of the inequality (2.59), for each y, g(x + v) - g(x)g(~vy), is also
bounded. It follows from Lemma 2.1 that g is bounded or a nonzero exponential function.
If ¢ is bounded, the case (i) follows. If g is a nonzero exponential function, from (2.59), using
the triangle inequality, we have for some d > 0,

lg(x)(g(-y) g <o (y) +4, (2.61)
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for all x, y € G. Thus, it follows that

s(y) =g(-v), (2.62)

forall y € G, or else g is bounded, and equality (2.62) implies g? = 1, which gives the case (i).
If f is unbounded, then in view of (2.59), g is also unbounded, and hence, A1, #0 and

f(x) =Ag(x) +r(x), (2.63)

for some A #0 and a bounded function r. Putting (2.63) in (2.59), replacing y by —y, and using
the triangle inequality, we have

|g(x+y) g0 (12 +1)g(-w) + Ar(=y)) | < | (Ag(-y) +r(=¥))r ()| + ¢ (-y).  (2.64)
From Lemma 2.1, we have

()Lz + 1>g(y) +Ar(y) =m(y), (2.65)

for some exponential function m. If > # — 1, we have

Am(x) + r(x)
A2+1 7

m(x) — Ar(x)

fx) = g(x) = T (2.66)

Putting (2.66) in (2.59), multiplying [A? + 1| in the result, and using the triangle inequality, we
have for some d >0,

|m(x) (m(=y) = m(y))] < |V +1]g(y) +d, (2.67)
for all x, y € G. Since m is unbounded, we have
m(y) =m(-y), (2.68)

for all y € G, which implies m? = 1, contradicting to the fact that m is unbounded. Thus, it
follows that A2 = -1, and we have

f=<i(g-m), (2.69)
where m is a bounded exponential function. Putting (2.69) in (2.59), we have

|g(x~y) - g(x)ym(y) - g(y)m(x) + m(x)m(y)| < ¢(y), (2.70)
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for all x, y € G. Replacing y by x in (2.70) and dividing the result by 2m(x), we have
1 1
8(0) = 5 (8O)m(=x) + m(0)| < 59:x), @71)

for all x € G. From (2.69), (2.71), we get (iii). Now we consider the case when f, g satisfy
(2.51). In view of Lemma 2.2, the solutions of (2.51) are contained in (i) or given by (ii).
Furthermore, if ¢r(0) = 0, then putting x = y = 0 in (2.70), we have g(0) = 1, and from (2.69),
we also have f(0) = 0. This completes the proof. O

In particular, if f, g : R* — Cis a continuous function and ¢(x) = €|x[", p >0, p#1,
then Theorem 2.8 is reduced as follows.

Corollary 2.9. Let f, g : R" — C be a continuous function satisfying (2.59) for ¢(x) = €|x|F, then
(f, g) satisfies one of the following:

(i) f and g are bounded functions,
(ii) g(x) = cos(c - x) and f(x) = sin(c - x) for some c € C",

(iii) there exists a € R" such that

() =sin(a-x)| < |/,
2 2.72)
|g(x) —cos(a-x)| < §|x|p,

forall x € R™.
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