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We investigate positive solutions of a prey-predator model with predator saturation and
competition under homogeneous Dirichlet boundary conditions. First, the existence of positive
solutions and some sufficient and necessary conditions is established by using the standard fixed
point index theory in cones. Second, the changes of solution branches, multiplicity, uniqueness,
and stability of positive solutions are obtained by virtue of bifurcation theory, perturbation theory
of eigenvalues, and the fixed point index theory. Finally, the exact number and type of positive
solutions are proved when k or m converges to infinity.

1. Introduction

Considering the destabilizing force of predator saturation and the stabilizing force of
competition for prey, Bazykin [1] proposed the function response f (1, v) = 1/ (1+mu)(1+kv)
in the prey-predator model instead of the classical Holling-type II functional response. For
this functional response, the prey-predator model is taken as the following form:

bv
ut—Au—u<a—u—(1+mu)(1+kv)), xeQ, t>0,
du
—_Ap = - Q
Uy v v<c U+(1+mu)(l+kv)>' xeQ, t>0, (1.1)

u=v=0, x€0Q, t>0,

u(x,0) =up(x) 20, v(x,0)=vp(x) >0, xe€Q.
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In this paper, we are concerned with the positive solution of the boundary value
problem of the following elliptic system corresponding to the system (1.1):

bov
_A”‘”<“"”"(1+mu)(1+kv)>’ x€Q,
ol du (1.2)
Av-v(c v+(1+mu)(1+kv)>' x €Q,

u=v=0, xe€0Q,

where Q is a bounded domain in RY (N > 1) with smooth boundary 0€2; a, b, c are positive
constants; d is constant; m and k are nonnegative constants.

If m = k =0, then (1.2) is reduced to the classical Lotka-Volterra prey-predator model
which has received extensive study in the last decade, see [2-8]. In particular, the existence
of positive solutions for this case was completely understood, see Dancer [8]. It has been
conjectured that there is at most one positive solution, but this was shown only for the case
the space dimension n is one, see [9]. For space dimension greater than one, this is still an
open problem; we also refer to [10, 11] for some partial results on uniqueness. The stability
of positive solutions was studied in [10, 11], but the results are still far from being complete.

The case when m > 0 and k = 0 was first studied by Blat and Brown [12]. In this case,
the term f(u, v) is known as the Holling-Tanner interaction term, and we refer to [5, 12-17]
for more discussion on this model. In [12], Blat and Brown studied the existence of positive
solutions to (1.2) by making use of both local and global bifurcation theories. The case when
m goes to infinity was extensively studied by Du and Lou in [13, 14, 18]. They gave a good
understanding of the existence, stability, and number of positive solutions for large m.

However, the case when m > 0 and k > 0 was first studied by Bazykin in the paper
[1], more detailed background on this case, we can refer to [1]. And more works can refer
to [19], Wang studies the existence, multiplicity, and stability of positive solutions of (1.2).
However, Our work is more specific and meticulous than theirs. In particular. Firstly, the
changes of solution branches, uniqueness, and stability of positive solutions are obtained by
virtue of bifurcation theory, perturbation theory of eigenvalues, and the fixed point index
theory. Secondly, the exact number and type of positive solutions are proved when k or m is
large.

This paper is organized as follows: in Section 2, we give sufficient and necessary
conditions for the existence of coexistence states of (1.2) by using index theory. In Section 3,
by using a as a main bifurcation parameter, the multiplicity of coexistence stats to (1.2) is
investigated in the gap between the sufficient and necessary conditions for the existence of
coexistence states which are found in Section 2. In Section 4, the multiplicity, uniqueness, and
stability of coexistence states of (1.2) are investigated when k or m converges to infinity.

2. Existence and Nonexistence of Coexistence States

In this section, we will obtain existence and nonexistence of coexistence states. Firstly, we
present some basic results which will be used in this paper.
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Let X1(gq) < A2(g) < A3(q) < --- be all eigenvalues of the following problem:
_A¢ + Q(XM’ = )‘4)/ ¢|ag =0, (2.1)

where g(x) € C (Q). It is easy to see that A;(g) is simple and \(g) is strictly increasing in
the sense that g1 < g2 and g1 #q2 imply Mi(g1) < Ai(g2). When g(x) = 0, we denote by
Ai;(0). Moreover, we denote by @, the eigenfunction corresponding to A; with normalization
|1l =1 and positive in €.

Define Cy(Q) = {u € C(Q) | u = 0 ondQ}. It is well known that for any a > 1y, the
problem

~Au=au-1?, uly=0 (2.2)

has a unique positive solution which we denote by 8,. It is well known that the mapping
a — 0, is strictly increasing, continuously differentiable from (11, 00) to C?() N Cy (Q) and
that 6, — 0 uniformly on Qasa — A;. Moreover, we have 0 < 0, < a in Q. It follows that
(1.2) has two semitrivial solutions (8,,0) and (0,6,) if a,c > A;.

Next, we give an a priori estimate based on maximum principle. Its proof will be
omitted.

Lemma 2.1. Any coexistence state (u,v) of (1.2) has an a priori boundary, that is,

ad

. 2.3
1+am 23)

u<a, v<B:=c+

In the following, we set up the fixed point index theory for later use. Let E be a Banach
space. W C E is called a wedge if W is a closed convex set and pW Cc W for all g > 0. For
y €W, wedefineW, = {x € E:3r=r(x) >0,s.t. y+rx e W}, S, = {x € Wy D —X GWy} twe
always assume that E=W - W.LetT : W, — W, be a compact linear operator on E. We say
that T has property « on Wy if there exists t € (0,1) and w € Wy \'S,, such thatw-tTw € S,,.

Forany 6 > 0and y € W, we denote B;(y) = Bs(y) N W. Assume that F : B;(y) — W
is a compact operator and y is an isolated fixed point of F. If F' is Fréchet differentiable at y,
then the derivative F'(y) has the property that F'(y) : Wy — Wy. We denote by indexy (F, i)
the fixed point index of F at y relative to W.

We state a general result of Dancer [20] on the fixed point index with respect to the
positive cone W (see also [6]).

Lemma 2.2. Suppose that I — L is invertible on Wy.

(i) If L has property a on Wy, then indexw (F,y) = 0.

(ii) If L does not have property a on Wy, then indexy (F,y) = (=1)7, where o is the sum of
algebra multiplicities of the eigenvalues of L which are greater than 1.

We introduce some notations as follows:

X = CHQ) @ CL(Q), where C}(Q) = {w € CY(Q) : wlyq =0},



4 Journal of Applied Mathematics

W =K@ K, where K = {(pEC(ﬁ):(p(x) >0},
D={(uv)eX: u<a+1,v<B+1},D:=({ntD)NW.

Define F; : D' — W by

bo
t”(“"”" (1+mu)(1+kv)>+p”

tv(c—v+ du )+Pv ’
(1 +mu)(1 + ko)

Fi(u,v) = (-A+P)™* (2.4)

where t € [0,1] and P > max{a + bB,c + da/(1 + ma)}. It follows from Maximum Principle
that (-A + P)™' is a compact positive operator, F; is complete continuous and Fréchet
differentiable. Denote F; = F, observe that (1.2) has a positive solution in W if and only
if F; = F; has a positive fixed point in D'.

If a > Ay and ¢ > Ay, then (0,0), (84,0), and (0, 6.) are the only nonnegative fixed points
of F. Then indexy (F, (0,0)), indexy (F, (8,,0)), and indexy (F, (0,6.)) are well defined. We
calculate the Fréchet operator of F as follows:

bv bu
(-A +P)! anaus (1+mu)*(1 + ko) P _(1+mu)(1+kv)2 05
dv du :
(1+ mu)’(1 + ko) R

We can obtain the following lemmas by similar methods to those in the proofs of
Lemmas 1 and 2 in [19].

Lemma 2.3. Suppose that a > Ay, one has

(i) degy, (I —= F,D') = 1, where deg,, (I — F,D') is the degree of T — F in D' relative to W

)
(ii) if ¢ # A1, then indexw (F, (0,0)) = 0.
(iii) if ¢ > M1 (-=d6,/ (1 + m6,)), then indexw (F, (6,,0)) = 0.
(iv) if c < M (=dB,/ (1 + mB,)), then indexyw (F, (6,,0)) = 1.

Lemma 2.4. Suppose that ¢ > Ay, one has

(i) if a > A1 (bO./ (1 + k8,)), then indexy (F, (0,6.)) = 0.
(ii) if @ < 1 (b6 / (1 + k6.)), then indexyy (F, (0,6.)) = 1.

Next, we will show some results of existence and nonexistence of positive solutions of
(1.2).

Theorem 2.5. (i) If a < Ay, then (1.2) has no positive solution; if a < Ay and ¢ < Ay, then (1.2) has
no nonnegative nonzero solution.

(ii) If ¢ < Ay and (1.2) has a positive solution, then a > Ay, ¢ + da/(1 + ma) > A;.

(iii) If ¢ > Ay and (1.2) has a positive solution, then a > A1 (b0./(1 + m0,) (1 + k6,)).
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Proof. (i) First assume that (1, v) is a positive solution of (1.2), then (u, v) satisfies

bu
(1 +mu)(1 + kv)

—Auzu(a—u— >, xeQ, u=0, x €0Q, (2.6)

and so a = A (u + bv/(1 + mu)(1 + kv)) by the eigenvalue problem. Due to the comparison
principle for eigenvalues, we have a > 1, a contradiction. Next, assume that (u,v) is a
nonnegative nonzero solution of (1.2). If u#0 and v = 0, then a > \; by the previous proof.
We can also similarly derive ¢ > Ay when u = 0 and v #0, which is a contradiction again.

(ii) Assume that (u,v) is a positive solution of (1.2). Then a > Ay by (i), and so the
positive semitrivial solution 8, exists. Since

bo
(1 +mu)(1 + ko)

—Au=u<a—u— )Su(a—u), xeQ, u=0, x €09, (2.7)

u is a lower solution of (1.2). By the uniqueness of 6,, u < 6,. Furthermore, since v satisfies
the equation

du
(1 +mu)(1 + ko)

—szv<c—v+ ), x€Q, v=0, x €0Q, (2.8)

onehas 0 = Ay (—c+v—-du/(1+mu)(1+kv)) > Ay (-c—da/(1+ma)), which implies the result.

(iii) Let (u,v) be a positive solution of (1.2); then 8, exists with u < 6, as in (ii).
Similarly, the given assumption ¢ > \; implies the existence of positive solution 6. of (1.2)
with 8. < v. Similar to the proof of (i), we have a = A1 (u+bv/(1+mu)(1+kv)) > A1 (b0 /(1 +
m0,) (1 + k6.)). This follows since the function bv /(1 + mu)(1 + kv) has a minimum at u = 6,
and v =0, (foru<6,and v > 6,). O

Theorem 2.6. (i) If ¢ > Ay and a > My (bO./(1 + k6.)). Then (1.2) has at least a positive solution.
(ii) Suppose that ¢ < Ay. Then (1.2) has positive solution if and only if a > Ay and ¢ >
M (=dB,/ (1 +mb,)).

Proof. (i) By Lemmas 2.3 and 2.4, we have
deg,, (I - F, D) —indexw (f, (0,0)) — indexw (f, (64,0)) — indexw (f, (0,6:)) =1.  (2.9)

So (1.2) has at least one positive solution.

(ii) We first prove the sufficiency. Since ¢ < Ay, (1.2) has no solution taking the form
(0,v) withv > 0.If a > Ay and ¢ > A1 (-d6,/(1 + mB,)), note that ¢ < A;; from Lemma 2.4, we
have

deg,, (I - F,D) — indexw (f, (0,0)) — indexw (f, (64,0)) = 1. (2.10)

Hence (1.2) has at least one positive solution.
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Conversely, suppose that (u, v) is a positive solution of (1.2). Then a > Ay, and u < 6,,.
Since (u, v) satisfies

-Av=v(c-v+du/(1+mu)(1+kv)), xe€Q, v=0, x€0Q. (2.11)

It follows that 0 = A\ (-c + v — du/(1 + mu)(1 + kv)) > Ay (-c —da/(1 + ma)). O
Theorem 2.7. If one of the following conditions holds, then (1.2) has no positive solutions:

i) b>(1+ma)(1+kB)and a<c,
(i) b<(1+ma)(1+kB)andc—-a > (1-ba/(1+ma)(1+kB)) B.

Proof. Since the proof of Theorem 2.7 is similar to the proof of Theorem 3 of [19], we omit
it. O

3. Global Bifurcation and Stability of Positive Solution

In this section, we consider a positive solution bifurcates from the semitrivial nonnegative
branch {(0,6.,a)} by taking a as a bifurcation parameter and fixing ¢ > \;. Furthermore,
we show that the existence of global bifurcation of (1.2) with respect to parameter a and
its stability. Moreover, the multiplicity, uniqueness, and stability of positive solutions are
obtained by means of perturbation theory of eigenvalues and the fixed point theory.

Let a be the principal eigenvalue of the following problem:

bo. . :
AP+ g h=ad Blaa=0, (31)

and @ is the corresponding eigenfunction with ||®|| , = 1.
Letw=u,y=v-0;then0<w <0, y>0 and w, y satisfies

_Aw:<a b6 >w+F1(w,X), x€EQ,

1+ k6.
—Ax=(c—26c)x+%w+132(w,x), x €Q, (32)
c
w=yx=0, x€0Q,
where
Fiwy) = 22 bolrl)
X = T3k, (1+mw)(1+k(x+6.)) !
(3.3)
d 0. ;
Fy(w,x) = wlx+8c) dwde _

(T+mw)(1+k(y+6)) 1+ko. X
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Clearly, F = (F;, F») is continuous, F(0,0) = 0, and the Fréchet derivative Dy, ) F |(0,0) =
0. Let K be the inverse of —A with Dirichlet boundary condition. Then, we have

3 w0,
w =aKw bK<1+kGC> +KFi(w,x), x€Q,
= cKy - 2K (x8,) + dK( wOe ) +KFy(w,)), x€Q, (34)
1+ k6,
w=yx=0, x€0Q.
Define the operator T : R* x X — X as follows:
w0,
aKw—bK(1+k6 ) + KFi(w, x)
T(ax;w,x) = ‘ , (3.5)

w0,

CKX - ZK(XGC) + dK(m) + KFZ((U,X)

then T'(a;w, x) is a compact operator on X. Let G(a;w, ) = (w,x)T - T(a;,w, x); then G is
continuous, and G(a;0,0) = 0. G(a; w, y) = 0with 0 < w < 0,, y > 0if and only if (w, xy + 6., a)
is a nonnegative solution of (1.2).

Lemma 3.1. Assume that ¢ > \y. Then (a;u,v) = (a;0, 6.) is a bifurcation point of (3.2), and there
exist positive solutions of (3.2) in the neighborhood of (a;0,0.), where a = X1 (bO./(1 + k6,)).

Remark 3.2. The proof of Lemma 3.1 is similar to the proof of Theorem 9 in [19]. The proof
of Lemma 3.1 shows that there exist &6 > 0 and C!' continuous curve (a(s); ¢(s), ¢(s)) :
(=6,6) — R x Z such that a(0) = a,¢(0) = 0,¢(0) = 0, and (a(s); w(s), x(s)) = (a(s);s(D +
¢ (s)),s(¥ + ¢(s))) satisties G(a(s); w(s), x(s)) = 0, where X = Z @ span{(D, ¥)}. Hence
(a(s);U(s),V(s)) (|s| < &) is a bifurcation solution of (3.2), where U(s) = s(® + ¢(s)), V(s) =
O +s(W+¢(s),T=(-A-c+ 20.)71(db./ (1 + k6.)D).

If we take 0 < s < 6, then the nontrivial nonnegative solutions of (1.2) close to (a;0,0.)
are either on the branch {(a;0,6.) : a € R*} or the branch {(a(s);U(s),V(s)) : 0 <s < 6}.

Let T : X x R — X be a compact continuously differentiable operator such that
T(0,a) = 0. Suppose that we can write T as T(u, a) = K(a)u + R(u, a), where K(a) is a linear
compact operator and the Fréchet derivative R, (0,0) = 0. If xy is an isolated fixed point of T,
then we can define the index if T at xp as index(T, xo) = deg(I—-T,Us(x0),x0), where Us(xo)
is a ball with center at xg such that xo is the only fixed point of T in Us(xp). If I — T'(xp) is
invertible, then xy is an isolated fixed point of T and index(T,xo) = deg(I — T, Us(xp), x0) =
deg(I — T'(x0),Us(x0),0). If xo = 0, then it is well known that the Leray-Schauder degree
deg(I — K(a),Us(x0),0) = (-1)7, where o is equal to the algebraic multiplicities of the
eigenvalue of K which is greater than one.

Next, we will extend the local bifurcation solution {(a(s);U(s),V(s)) : 0 < s < &}
given by Lemma 3.1 to the global bifurcation.

Let P = {u € CJ(Q) : u(x) > 0,x € Q,0u/dn < 0,x € 0Q}, P = {(u,v,a) € X x R* :
u,v € Pr}.
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Theorem 3.3. Suppose that ¢ > \Ay; then the global bifurcation C of bifurcating branch of positive
solutions of (1.2) becomes unbounded by a going to infinity in P.

Proof. Let

T'(a) - (w,X) = D@w,yT(a;0,0) - (w, x)

wb, wb, (3.6)
= <aK(U - bK<TkQC>,CKx - 2K<X66) + de)

Suppose that p > 1 is an eigenvalue of T'(a). Then we have

bo.
—-pAw = <a— l+k9c>w' x €Q,

3 do.
~plAyx = (c—20.)x+ 1+—k6)cw' X €Q,

(3.7)

w=x=0, x€o0Q.

Clearly w#0, otherwise, w = 0, since all eigenvalue of the operator (-pA — ¢ + 26,.) is greater
than 0, so y =0, a contradiction. Therefore, for some i such that a = a;() is the eigenvalue of
the following problem:

6.

1+ k6,

-puAw + w=aw, w|yg=0. (3.8)

It is well known that a;(y) is increasing with respect to p on [1, +o0) and can be ordered as
0<a1([/£)<a2(‘u)§a3(#)§~~—>oo, al(l):?i. (3.9)

On the other hand, if g > 1, then all eigenvalues of (-puA — ¢ + 26,) are greater than 0;
furthermore, y = (-uA —c + 20.)7'(d6./ (1 + k6.)w). Thus, u > 1is the eigenvalue of T'(a) if
and only if there exists some i, such that a = a;(u).

Suppose that a < a. Then for any ¢ > 1,i > 1,a < a1(1) < a;(u). Hence, T'(a) has no
eigenvalue greater than 1, and index(T'(a;-),0) =las a < a.

Suppose that @ < a < ax(1). Then for any y > 1,i > 2, a < a;(u). Since a1(1) = 4,
lim,, . a1 (u) = +oo, and a;(p) is increasing with respect to u. Hence, there exists a unique
1 > 1,such thata = a1 (p1). So N(u1I-T'(a)) = span{(w, y)}, dim N(u11-T'(a)) = 1, where
w > 0 is the principal eigenvalue of the following problem:

HiAw + (a -7 fekce )w =0, Wl =0, (3.10)
c

where Y = (-p1A —c+ 20.)71(d6./ (1 + k6,)w).
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In the following, we will prove that R(y1I — T'(a)) N N (41l — T'(a)) = 0. In fact, if the

assertion is false, we may assume that (w, ) € R(u1I — T'(a)). Then there exists (w, y) € X,
such that (11 - T'(a))(w, x) = (w,Y), that s,

HAw + <a - %)w =Aw, w|yo=0. (3.11)

Multiplying the equation by w, integrating over Q, and using Green’s formula, we obtain

. bwO, \_ _ _  bwb. 3
IQwAw—fQ<y1Aw+aw—1+k96>w—J‘Q<y1Aw+aw 1+k9c>w_0' (3.12)

which leads to fQ(l /H1)(a—-b0./(1+ k@c))w2 =0, a contradiction. This proves the assertion,
so it is verified that the multiplicity of p; is one and index(T(a;:),0) = -1 for a < a <
ay(1). According to global bifurcation theory [12], there exists a continuum Cy of zeros of
G(a;w, y) = 0in R* x X bifurcating from (a;0,0), and all zeros of G(a; w, ) close to (a;0,0)
lie on the curve whose existence was proved by Lemma 3.1. Let C; be the maximal continuum
defined by C; = Co — {(a(s); s(D + ¢(s)),s(¥ + ¢(s))) : =6 < s < 0}. Then, C; consists of the
curve {(a(s);s(®@ + ¢(s)),s(¥ + ¢(s))) : -6 < s < 0} in the neighborhood of the bifurcation
point (3;0,0). Let C = {(a;u,v) : U = w,V = 0.+ ), (w, x) € C1}. Then C is the solution
branch of (1.2) which bifurcates from (a;0, 8.) and remains positive in a small neighborhood
of (a;0,0.) and C C P. Thus the continuum C - {(a;0, 6.)} must satisfy one of the following
three alternatives.

(i) C contains in its closure points (a;0,6;) and (a;0,6.), where I — T'(a) is not
invertible, and a # a.

(ii) Cisjoining up from (a;0,6.) to oo in R x X.
(iii) Cis containing points of the form (a; u, 6.+v) and (a; —u, 0.—v), where (1, v) # (0, 0).
Next, we prove that C — {(@;0,6,)} C P. Assume that C — {(a;0,6.)}ZP. Then there
exists (a;1,0) € (C—{(a;0,60,)}) NOP and sequence {(ay,; u,,v,)} C CNP,u, >0,v, >0 such
that (a,; un, v,) — (4;1,0) when n — oo. It is easy to get that 71 € OP; or © € OP;. Suppose

i € 0Py, then i > 0,x € Q. Hence, we find either x, € Q such that U(xp) = 0 or xg € 0Q such
that ou/on|,, = 0. Since u satisfies

bo
(1 + mii) (1 + ko)

~Ali = (a - )a, iy = 0. (3.13)

It follows from the maximum principle that # = 0. Similarly, we can show that o = 0 for
v E 6P1
Thus we only need the following three cases:

(1) (w,0) = (0,0),  (ii)(w,0)=(0,6,), (i) (&,0) = (0,0). (3.14)
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Suppose that (i1,9) = (0;,0). Then (an; u,, v,) — (a;050) whenn — oo. Let V,, =
U/ ||0nllo; then V,, satisfies

duy,
V,, Vil =0.
T T muy) 1+ kvn)> log

-AV, = <c -y, (3.15)

Thanks to L' estimates and Sobolev embedding theorem, there exists a convergent

subsequence of V,,, which we still denote by V,,, such that V,, — V in C(l) (ﬁ) asn — oo,
and V >0, #0,x € Q because of ||V|| = 1. So taking the limit in (3.15) as n — oo, we get

ae;
-AV = <C + m)‘/, VlE)Q =0. (316)

It follows from the maximum principle that V > 0,x € Q, which implies ¢ = A1(-d60;/(1 +
m03)). This contradicts ¢ > Aq.

Suppose that (i1,0) = (0,6.). Then (a,; u,,v,) — (a;0,6.) asn — oo. Let U, =
U,/ ||un||e; then U, satisfies

bv,
1+ mu,)(1 + kv,)

_Aun = <an — Uy — )un, un|ag = 0 (317)

Similarly, By L estimates and and Sobolev embedding theorem, there exists a convergent
subsequence of U, which we still denote by U, such that U,, — U in C(l) (ﬁ) asn — oo, and
U >0, #0,x € Q because of ||V] = 1. So taking limit in (3.17) as n — oo, we obtain

_bo.
1+ k6,

~AU = <a >u, Ulyq = 0. (3.18)

It follows from the maximum principle that U > 0,x € Q. Hence a = A1(b0./(1 + kB.)). A
contradiction with a # a.

Suppose that (i,7) = (0,0). Similar to the previously mentioned, we can get
contradiction.

Thus C - {(a;0,6.)} ¢ P. By Lemma 2.1, wehave 0 < U < a,0. <V < c+da/(1+ aa).
Thanks to L” estimates and and Sobolev embedding theorem, then there exists a constant
M > 0 such that ||U]|c1,||V]||cr £ M. Hence the global bifurcation C of positive solutions of
(1.2) bifurcating at (g; 0, 8.) contains points with a is arbitrarily large in P. O

In the following, we will study the stability of the bifurcation solution. Let X; =
[C2%(Q) x C**(Q) N X], Y = [C¥(Q) x C*(Q)], where 0 < @ < 1.7 : X; — Y is the inclusion
mapping. Since L, is the linearized operator at (a;0, 0.) for (1.2). By the proof of Lemma 3.1,
we have N(L;) = span{(®,¥)}, CodimR(L;) = 1, and R(Ly) = {(u,v) € X : fg u®ddx = 0}.
Since i(®, ¥) € R(L;), so it follows from [21] that 0 is an i-simple eigenvalue of L;.

Lemma 3.4. 0 is the eigenvalue of Ly with the largest real part, and all the other eigenvalue of L lie
in the left half complex plane.
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Proof. We assume that py is the eigenvalue of L; with the largest real part Re yo > 0, and
(&, 1) is the corresponding eigenfunction; then L1 (¢, 17) = po(¢, 77), equivalently,

B A
ap+ (a- g )it xeQ,

0. ,
Trka.° ~Hol *¥€Q

(3.19)

An+ (c—-20.)n+
n=¢=0, x€o0Q.

Suppose that ¢ = 0. Then pj is an eigenvalue of the operator (A + (¢ —26,)I), and then
Ho € Rand py < 0, a contradiction. Thus @ = 0. It follows that g is an eigenvalue of the
operator (A + (a—-b0./(1+k0B.))I). Since a = A1 (b0, /(1 +k6,)), 0is the principal eigenvalue
of the operator (A+(a-b0./(1+k6.))I); furthermore, yy < 0. This contradicts the assumption,
so assumption does not hold. Which proves our conclusion. O

We will use the linearized stability theory from [22]. Let L(u(s),v(s), a(s)), and
L(a; 0, 0.) be the linearized operators of (1.2) at (u(s), v(s), a(s)), and (a; 0, 8.), respectively. It
follows that from Lemma 7, Corollary 1.13, and Theorem 1.16 [22, 23] that Lemma 3.5 holds.

Lemma 3.5. There exists C'-function: a — (M(a),y(a)),and s — (N(s), 7 (s)), defined from the
neighborhood of @ and 0 into X1 xR, respectively, such that y(a) = or(0) =0, M(a) = N(0) = (D, ¥)
and

L(a;0,0,))M(a) =y(a)M(a), for|la-a| <1,
3.20
L(u(s),v(s),a(s))N(s) =x(s)N(s), forl|s|<1, (320

where M(a) = (¢1(a), ¢2(a)), N(s) = (p1(a)p2(a)). Moreover y' (@) #0, whence s (s) #0, i (s)
and —sa'(s)y' (@) have the same sign for |s| < 1. Where y' (@) is the derivative of y(a) with respect to
aat a = a, and a'(s) is the derivative of a(s) with respect to s.

Lemma 3.6. The derivative of y(s) with respect to a at a is positive.

Proof. 1t follows from L(a;0,0,)M(a) = y(a)M(a), for, |a—a| « 1, that s,

bO.
A+ (“ - W)‘i’l =y(@¢, x€Q,
Ay + (¢ —20:)pr + %(pl =y(a)p, x€Q, (3.21)

(i)1=(i)2=0, x € 0Q.

Since |a — a| < 1, so |y(a)| « 1. Clearly, ¢; #0, otherwise, ¢; =0, then ¢, = 0, a contradiction.
Hence y(a) is an eigenvalue of the operator (A + (a — b0,/ (1 + k6.))I). We consider ® > 0,
then ¢ = ¢1(a) > 0, as |[a — a] < 1. So y(a) is the principal eigenvalue of the operator
(A+ (a-b0./(1+k6.))I), and y(a) is increasing with respect to a as |a — d| < 1. Moreover,
y'(a) #0. Hence y'(a) > 0. O
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Lemma 3.7. The derivative of a(s) with respect to s at s = 0 satisfies

bm6, b¥
a)| @*dx= f <1 - < >(D3dx +f — _@®%dx. 3.22
( )Lz o 1+ k6, o (1+Kk6.)? (3.22)

Proof. By substituting (u(s),v(s),a(s)) into (1.2), differentiating with respect to s, and then
setting s = 0, we find that

;AN ,
—AP(0) = <a— 1+k66>¢(0)+ [a(O)—(D—b

¥ — mo.d(1 +k96)]® (323)

(1+k6,)?

where ¢'(0) is the derivative of ¢ with respect to s at s = 0.
Taking the inner product with ®, using Green’s formula, and noting the definition of
®, we have

bmo b¥
a) | @*dx= j <1 - < )q)%zx +f —————@%dx. 3.24
( )Lz Q 1+ k6, o (1+k6,)? (3.24)

O
It follows from Lemmas 3.4-3.7 that we obtain the following Theorem.

Theorem 3.8. Let 0 = [(1 - bm0./(1 + k6.))®*dx + [,(b¥/ (1 + k6.)*)D*dx. If & > 0, then
bifurcation solution (u(s),v(s)) is stable; If o < O, then bifurcation solution (u(s),v(s)) is unstable.

In Section 2, from Theorems 2.5-2.6, we can obtain the sufficient condition and
necessary condition on the existence of positive solution and find that there exists a gap
between a > A (b6./(1+k6.)) and a > A1 (b6./(1 +m0B,)(1+k6O.)) when ¢ > A;. Next, we will
consider the multiplicity, stability, and uniqueness of positive solutions in the gap.

Theorem 3.9. Assume ¢ > Ay and jQ(l - bm0./ (1 +k6,))®3dx < 0. Then there exist € > 0 such
that bifurcation positive solution (u(s),v(s)) is nondegenerate and unstable for a € (a — €, a) and
d < 1. Moreover, Problem (1.2) has at least two positive solutions.

Proof. We first prove that bifurcation positive solution (u(s),v(s)) is nondegenerate and
unstable. To this end, it suffices to show that there exists a sufficiently small £ > 0 such that for
a € (a - ¢,a), any positive solution (u(s),v(s)) of (1.2) is nondegenerate and the linearized
eigenvalue problem:

Car B B bu(s) bu(s) _
a¢ [a(s) u(s) (1+mu(s))>(1+ kv(s))] ’ (1+mu(s))(1 + kv(s))2n Hor X EQ
N du(s) B dv(s) _
A [C 20(s) + (1 +mu(s))(1 + kv(s))z] (1 +mu(s))*(1 + ko(s)) wl X €L,
E=n=0, x€0Q,
(3.25)

has a unique eigenvalue y, and Re(p,) < 0 with algebra multiplicity one.
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Let {¢; > 0} and {d; > 0} be sequences which approach 0 as i — oo. Due to a =
a+a'(0)s + O(s?), we can set sequences {&; > 0} and {a;} such that a; € (a—¢;,a) and s; — 0

asi — oo. It follows that (u;,v;) is a solution of (1.2). Then the corresponding linearized
problem (3.25) can become the following form:

MU ME
L&) -m(%). Li=< ’ ) (3.26)
I i M2 M2

where (¢, 7;) #(0,0) and

]\/Il-11 =-A—-|a;-2u; - b;]l , M112 = bui 5/
(1 +mu;)“ (1 + kv;) (1 + mu;)(1 + kv;)
(3.27)
dui

(1+mu)(1+ ko) |

M = - d;)i , M2 =-A-|c-2v; +
1+ mu;)* (1 + kv;)

Observe thatasi — oo, Lz<%‘,> converges to

Lo<§> = <_A§ N (a— 1 1:9159)5 0 > (3.28)

n 0 -An—(c-20,)n

It is easy to get that 0 is a simple eigenvalue of the operator Ly, with corresponding
eigenfunction (§,11)T = (@,0)". Moreover, all the other eigenvalues of L, are positive and
stand apart from 0. Therefore, using perturbation theory [24], we get that for large i, L;
has a unique eigenvalue y; which is close to zero. In addition, all the other eigenvalues of
L; have positive real parts and stand apart from 0. Note that y; is simple real eigenvalue
which converges to zero, and we can take the corresponding eigenfunction (&;, ;)" such that
(&, 1) — (D,0) asi — oo. If we show that Re y; < 0 for large i, then the result follows. By
multiplying @ to the first equation of L;(&;, 7:)" = pi(&,1:)" and integrating over Q, we obtain

bUi buiCin
- i i —2u; - D = i DG
J;;DA@ Lz<a 2u (1 + mu;)*(1 + kvi)> i+ IQ (1 +mu;)(1+ k’oi)2 Lz” ¢
(3.29)

Multiplying the first equation of (1.2) with (a, u, v) = (a;, u;, v;) by ¢ and integrating, we have

B J‘Q bt = Lz (ai T mul:;)(il + kvy) >”i§i- (3.30)

Due to u; = 5;® + O(s?), the previous equation becomes

_ JQ DA¢; - fQ §iCD<ai R mulj;)(il s > + O(sl?) (3.31)




14 Journal of Applied Mathematics

Using (3.29) and (3.31), we have

' D1
f 1- iz 0D + ik 2=f w®g. (3.32)
Q (1 + mu;)*(1 + kv;) o (1 4+ mu;)(1 + kv;) Q

Recall that (u;, v;) = (s;D + O(s?), 0. +siWg + O(siz)), here ¥, is ¥ defined in Remark 3.2, and
so dividing the previous equation by s; and taking the limit, we have

; 1-bmb,/(1 +k6,))D?
tim £ _ Jo(1=bmBe/ (1 + K6))O", (3.33)
i— o Sj ,[Q(I)2<O

which implies that Re p; < 0 for large i. This proved our claim.

Next, we apply the method in [25] to show the remaining part of Theorem 3.9. A
contradiction argument will be used; we assume that (1.2) has a unique positive solution
(11, D), then this solution must be bifurcated from (0, 6.). Since there exists a positive solution
near a by the local bifurcation theory. So (i,?) is nondegenerate, and the corresponding
linearized eigenvalue problem has a unique eigenvalue j with algebra multiplicity one such
that Re ji < 0. Due to these facts, it is easy to show that I — F'(ii, 0) is invertible and does not
have property a on W 5); it follows that index(F, (&, %)) = (-1)! = -1 by Lemma 2.2 (ii).
Finally, Using Lemmas 2.3-2.4 and the additivity property of the index, we obtain

1 = indexyy (F, D) = indexy (F, (0,0)) + indexy (F, (6,,0))
(3.34)
+ indexw (F, (0, 60.)) + indexw (F, (1,0)) =0+0+1-1=0,

which derives a contradiction. Hence the Proof is complete. O

Remark 3.10. In Theorem 3.9, the multiplicity can be shown easily when m > 0. Note that
a'(0) < 0 for a sufficiently small d, since fQ(l—meC/(1+k96))(D3 <0,andsoa = a(s) € (A1, a).
Since there is no positive solution of (1.2) if a < A1 (bO./(1 + m0,)(1 + k6.)) by Theorem 2.5
(i) when m > 0 and ¢ > ;. Therefore we easily see that there must be at least two positive
solutions for a € (a*, @) and some a* € (A1 (b6./ (1 + mB,) (1 + k6.)), A1 (b6./(1 + k6,.))).

4. Multiplicity, Uniqueness and Stability as k or m Is Large

In this section, taking k or m as a parameter, we investigate the multiplicity, stability, and
uniqueness of positive solutions of (1.2) as k or m is large. In the following, we will always
assume that ¢ > 14, and let b, ¢, d be fixed, unless otherwise specified.

Firstly, we consider the case that k is large and a is bounded away from ;. Hence the
upper solution 8, for u and the lower solution 8. for v do not depend on k when a > 1; and
c> )Ll.

Lemma 4.1. For any small € > 0O, there exists K(g) such that for k > K(e), (1.2) has at least one
positive solution (u,v) which satisfies

e(a—g) Su<0, 0. <v< 6(c+£)- (4.1)
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Proof. Since the proof of Lemma 4.1 is similar to the proof of Lemma 3 in [19], we omit it. [

Lemma 4.2. (i) If k — oo, then any positive solution of (1.2) approaches (6,,6.).
(ii) There exists a large K (€) such that any positive solution of (1.2) is nondegenerate and
linearly stable when k > K (¢).

Proof. (i) Letk — oo, we show that the compact operator F(u, v) converges to F (1, v), where
R ) u(a—u) + Pu
F(u,v) =(-A+P) v(c-v)+Pv ) (4.2)

It follows that any positive solution of (1.2) converges to the fixed point of F(u, v) in this case.
It is easy to see that (6,, 0.) is a unique fixed point of F(u,v), so the positive solutions of (1.2)
could not converge to semitrivial solutions when k — oo. Thus the conclusion is complete.

(ii) We use a contradiction method. Assume that there exists k; — oo, y; with Re y; <0
and (&, 1) # (0,0) with [|&[17. + [l7:172 = 1 such that

A& - |a-2u; - bfi i+ bu S1i = Hidi, X €8,
(1 + mu,-) (1 + k,‘Ul‘) (1 + mui)(l + kivi)
. . 4.3
-An;— |c—-2v; + i 2 |~ dzvl Gi = pilli, X €L, )
(1 + mui)(l + k,-vi) (1 + mu,-) (1 + kiUl‘)

éiZﬂiZO, X € 09,

where (u;, v;) is a positive solution of (1.2) with k = k;. By computing, we have

= 2 _ Y bo; i) buin;g;
”’_J‘gwg’l f9<a 2 (1+mui)2(1+kivi)>|§1| +Lz (1 + mu;) (1 + kiv;)? s

2 dvigi; du; 2
+| |Vl - p -] (e-2vi+ 5 )il
Q Q (1 + mui) (1 + kﬂ]i) Q (1 + mui)(l + ki’(ii)

where gi,ﬁi are the complex conjugates of ¢;, #7;. From Lemma 2.1, we know that 0 < u, < 6,
and 6, < v; < c+da/(1+ma). It follows that Im y; is bounded and Re y; is bounded from the
following. Thus y; is bounded as we assume Re y; < 0. Hence we can suppose that y; — u
and Re p < 0. Thanks to L” estimate, we obtain [|¢|;y22 and [|7i];,.. are bounded. Hence we
may assume that § — ¢ and 7; — 7 in H; strongly, here (¢,7) #(0,0). Setting i — oo in
(3.1) and (3.2), we know that ¢, 77 satisfy the following two single equations weakly (then
strongly):

-A¢—(a—-20,)¢=pus, x€Q,
-AG—(c=20)n=un, x€Q, (4.5)
E=n=0, x€o0Q.
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Clearly u € R. If {#0, then p = A\i(—a +20,) > Ai(-a + 0,) = 0. However, Repu < 0. Hence
¢ = 0. Similarly, we have 1 = 0, a contradiction; hence the proof is complete. O

Theorem 4.3. (i) Assume that Ay < a < A(b0./(1 + kB.)). Then (1.2) has no positive solution
when k is sufficiently large.

(ii) Assume that a > X (bO./(1 + kO.)) and k is sufficiently large. Then (1.2) has a unique
positive solution, and it is asymptotically stable.

Proof. (i) Assume that there exists a positive solution (u,,v.) of (1.2) for sufficiently large
k. It is easy to show that indexw (F, (1., v.)) = 1 by Lemma 4.2. By Lemmas 2.3-2.4 and the
additivity property of the index, we obtain

1 = indexy (F, D") = indexy (F, (0,0)) + indexy (F, (64,0))
(4.6)
+indexy (F, (0,6,)) +indexy (F, (s, v4)) =0+0+1+1 =2,

which gives a contradiction.

(ii) From Theorem 2.6, the existence is trivial. Since a > A1(b6./(1 + k6.)) and ¢ > A4,
for k sufficiently large, the nondegenerate positive solutions may not converge to semitrivial
solutions by the proof of Lemma 4.2 (i). We need only to show the uniqueness. It follows
from compactness and nondegeneracy that F has at most finitely many positive fixed points
in the region D'. We denote them by (u;, v;) fori=1,2,...,1. From the proof of (i), we obtain
indexw (F, (u;, v;)) = 1. Applying Lemmas 2.3-2.4 and the additivity property of the index
again, we have

1 = indexy (F, D") = indexy (F, (0,0)) + indexy (F, (6,,0))

1 (4.7)
+indexw (F, (0,6.)) + Z indexw (F, (u;,v;)) =0+0+0+1=1.
i=1

Hence the uniqueness is obtained. The stability has been given in Lemma 4.2. O

In the following, we investigate the case when m is large. This part is motivated by the
work of Du and Lou in [13, 14, 18], and many of our methods used nextly come from their
work.

Theorem 4.4. For any € > 0 to be small, there that exists M = M(¢) is large such that for m > M,

(i) ifae [M +€, M (bO./(1+KkB.))), then (1.2) has at least two positive solutions;

(ii) if a > M1 (b0, / (1 + kO.)), then (1.2) has a unique positive solution and it is asymptotically
stable.

Theorem 4.4 is the main result we will prove that when m is large. The cases a €
[M+e, M(bO:/(1+KkB.))) and a > A1 (bO./ (1 + kO.)) will be treated separately. First, we deal
with the multiplicity in Theorem 4.4. Similar to the method of [19],if a € [\ + €, o0), and m
is sufficiently large, then we can get the following result on (1.2).
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Lemma 4.5. For any given small €, there exists that M = M(e) such that if a > Ay + € and m > M,
(1.2) has a positive solution (1, ©), which satisfy

e(afe/Z) < u < ea/ Gc < (4 < 9(c+€/2)' (48)

Lemma 4.6. For any € > 0 to be small and any A > )y, there exists that M = M(e, A) > 0 is

large such that if a € (M + €, A] and m > M, then any positive solution which satisfies (4.8) is
nondegenerate and linearly stable.

Proof. Assume that a € (A, +¢, A] and m is large, then we can easily get that (1.2) is a regular
perturbation of

“Au—-(a-uw)u=0, xeQ,
-Av—-(c-v)v=0, x€Q, (4.9)
u=v=0, x€0oQ.
It is well know that (4.9) has a unique positive solution (6,,0.) which is linearly stable. So

the positive solutions cannot bifurcate from semitrivial ones. Hence, Lemma 4.6 is proved by
a standard regular perturbation argument. We omit the details. O

Proof of (i) of Theorem 4.4. For any € > 0 to be small, let

M=max{M(e),M(e,M(lftglzgc))}, (4.10)

where M(e) and M(e, A1 (b0./(1 + kB.))) are defined in Lemmas 4.5 and 4.6, respectively.
Assume that for some m > M and some a € [A + €, A1(bO./(1 + k6,))), Thus the unique
positive solution (i, 7) must be the one found in Lemma 4.5. It follows from Lemma 4.5
that I — F'(i,9) is invertible in X and F'(#, ©) has no eigenvalue greater than one. Hence
indexy (F, (iL,3)) = (-1)° = 1. Applying Lemmas 2.3-2.4 and the additivity property of the
index, we obtain

1 = indexy (F, D') = indexy (F, (0,0)) + indexw (F, (6,,0))
4.11)
+ indexy (F, (0,6.)) + indexy (F, (#,0)) =0+0+1+1=2,

a contradiction. Hence the proof if complete. O

Part (i) in Theorem 4.4 implies that when a € [A;+¢, A1(b0./(1+k6,))) and m is large,
(1.2) has at least two positive solutions. In the following, we will show that (1.2) has only two
types of positive solutions in this case, one of which is close to (6,,0.) and asymptotically
stable and the other is close to (0, 6.) which is not stable.

Theorem 4.7. For any €,6 > 0 to be small, there exists that M = M(e, 6) > 0 is large such that if
m> Mand a € [A +¢€,11(bO./(1+k6,))), one obtains either (i) ||u— 04|l + ||v = Ocllcr < 6 or
(@) ||ullcr +|lv = Bc|lcr < 6, where (u, v) is any positive solution of (1.2). In particular, if (ii) occurs,
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by choosing M (e, 6) suitably larger, one gets ||mu — w||c < 6, where w is a positive solution of the
following equation:

bo. 3 _
-Aw - <a - m)ﬂ) = 0, '(,U|aQ =0. (412)

Proof. Suppose that the conclusion does not hold. Then there exist m; — oo a; € [A +
€, (b0./(1 + k6,))) and a positive solution (u;, v;) of (1.2) with (a,m) = (a;, m;) such that
(ui,v;) is bounded away from (6,,6.) and (0,6.). We may assume that a; — a € [\ +

€, M (b8:/(1+k6.))] and (1/(1 + mu;) (1 + kv;)) LR hwith 0 < h < 1. Since 0, < v; < Ocrd/my),
we have v; <, 0. asi — oo. Thanks to L? estimate and Sobolev embedding theorems, we

c! -
may assume that u; — u and u satisfies

Au+(a-u-b0:h)u=0, u>0, ulyg =0. (4.13)

If u = 0, then (u;,v;) <, (u,0.) = (0,0.), which contradicts our assumption that (u;, v;) is
bounded away from (0,0.). If u > 0, #0, from maximum principle, we have u > 0 in Q.
Hence h = 0 and u = 0,, which also contradicts our assumption. Thus, the first part of the
proof is complete.

To complete the proof, it suffices to prove that if m; — oo, a; € [M +¢€,11(b0./(1 +
k6.))) and ||ui||c1 + ||vi = Ocllcx — O, then m;u; approaches some positive solution of (4.12)
with @ = g; in the C! norm. It is easy to see that (4.12) has a positive solution when a €
[A1 + € 11 (bO:/ (1 + kB,.))). First we claim that m;||u;||,, is uniformly bounded. If this is not
true, we may assume that m;||u;||, — oo. Let ti; = u;/||ui|| .. Then we have

- bo; - - ~
Al + (ai - u; - i+ miui)zl - )ui =0, |till, =1, #ilyqg =0. (4.14)

Thanks to standard elliptic regularity theory, we may assume that #; S, (1 + ma) (1 +

kvi))) = hand a; — a €[\ +¢€, A (bO:/(1+kB.))]. By taking the limit in (4.12), we know
that 7 satisfies the following equation weakly:

Afi + (a—bOR)ii =0, |[fill,, =1, filog = 0. (4.15)

By Harnack’s inequality, we have % > 0 in Q. Since m;||u;||,, — oo and #t; — i, then 1/(1 +
miu;) (1 + kvi) = 1/(1 + mllui||,%;) (1 + kv;) — 0 in any compact subset of Q. Hence h = 0
and a = 1y, which contradicts the assumption that a > A; + €. Therefore m;||u;|| ., is uniformly
bounded.

Let w; = m;u;. Then w; satisfies

bvi
(1 +w) (1 + koy) >w1 =0 wilg =0.

A’(,Ui + <ai —U; — (416)
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Since ||wi|l,, = milluill,, is bounded, due to standard elliptic regularity theory and Sobolev

embedding theorems, we may assume that w; < w. By letting i — oo in (4.16), we know
that w is a nonnegative solution of (4.12). There are two possibilities as follows.

(i) a = L(bO./(1 + k6,)). For this case, mju; = w; — w = 0. Since any positive
solution of (4.12) with a = a; approaches zero when a; — a, m;u; is certainly close
to positive solutions of (4.12) with a = a;.

(ii) M+e < a < A (b0:/(1 + k6,)). In this case, we will prove that w is a positive solution
of (4.12). If not, by Harnack’s inequality, we have w = 0. Let w; = w;/||wil|,. Then
we have

bU,’
(1 + wl)(l + k’l)i)

Aw; + <ﬂi - Ui - )ﬁ)i =0, Wilyg=0. (4.17)

Hence we may assume that w; S w. By taking the limit in (4.17), we find

bo,
1+ k6,

AD + (a - >u~; =0, @y =0. (4.18)

Since a < A1 (bO./(1+k6..)), we must have % = 0, which contradicts ||0||, = lim;_, o, ||70;]|, = 1.
The proof is complete. O

The proof of (ii) in Theorem 4.4 is more difficult. To this end, we need several lemmas.
First we show that there is no positive solution of (1.2) with small u component if a >
A (bO./ (1 +k6.)) and m is large.

Lemma 4.8. There exists a large M such that if m > M, then for all a > A1 (bO./(1 + kB.)), any
positive solution (u,v) of (1.2) satisfies u > 05, where A = (A1 + A1 (b0./ (1 + k6,)))/2.

Proof. Suppose that our conclusion is not true, then there exist m; — oo, a; > A1(b0./(1 +
k6.)), and a positive solution sequence {(u;,v;)} of (1.2) with (a,m) = (a;, m;) such that
u; > 67 does not hold.

First, leta; — a € (A1(b0./(1+k6.)), o0]. Since 6, < v; < O(c+d/m,), for large i, we obtain

b
Au s ( a+M®0./(1+k6)) (c+6) >ui, (4.19)

2 wi— 1+ ke(c+6)

where 6 > 0 is small such that Ay (bOc15)/ (1 + kO(c+5))) < (a+ A1 (bO:/(1 + kB.)))/2, which is
possible when a > 11 (b0./(1 + k6.)). Due to the super- and subsolution method, we obtain
u; > W, where % is a unique positive solution of

~ [a+A(bO./(1+Kk6.)) bO(c+5) ~> Y
AW = < 7 T+ KOrs) W)W, Wan =0. (4.20)
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Hence for large i, we get

bQC b 9(c+d/m,~) ~
— - > —_ PR _— - > — 1Y - .
Au; > <)tl ( 17 k0, > U; isup = U; <.)L ul> U; (4.21)

Applying the super- and subsolution method again, we obtain u; > 07, which contradicts the
assumption.

Secondly, we consider the case that a; — a = 11(b0./(1 + kB.)). Thanks to standard
elliptic regularity theory, we may assume that u; — u,v; — vin C'and 1/(1+mu;)(1+kv;)
weakly converge to h in L? with 0 < h < 1. Hence u satisfies the following equation weakly:

b6, _
-Au = <)‘1<1+k96> —bvh—u)u, Ulyq = 0. (4.22)

1
If u > 0, #0, by Harnack’s inequality, we have # > 0in Q. Thus h = 0 and u; o (b6, / (14K6,)) -
Since 0y, v, /(1+k6,)) > 65, we have u; > 05 for large i. This contradicts our assumption at the
beginning of the proof. If u = 0, by letting #; = u;/||ui||c, then we know that #; satisfies

bvi
(1 + miui)(l + k’Ui

Au; + <ai — Ui — )>ﬁi =0, 1ilsg=0. (4.23)

1
Thanks to standard elliptic regularity theory, we may assume that #; <, @ with lli]l, =1 and

1 > 0in Q. Since u; < u =0, we have v; <, 0. By taking the weak limit in (4.23), we have

Aﬁ+<M<T?%;>—b&h>ﬁ:Q i, = 0. (4.24)

Let @ > 0 be the positive solution to

bo,

_A®
NPT

3 bo, a B
®- Al(m)@, lyg = 0, D], = 1. (4.25)

Multiplying (4.24) by @ and integrating, we obtain

N 1

Since0 < h <1/(1+ kB.), we must have h =1/(1 + k6.) and u = ®. Investigate the following
equation for u;:

bvi
(1 + miui)(l + kU,’

Aui + <(1i —U; — )>ul~ =0, ui|aQ =0. (427)
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Multiplying (4.27) by @ and using (4.25), we obtain

bGC _ 2 buivi(I) bGCui(I)
<“l - “(1 n k&)) Lf‘lq’ - Lz ui® Lz A+ ma) (L + koy) fg T+ko. 42

After some rearrangements, we obtain

o bo. T 2 u;(v; — 0,) D
(“l “(1 n kec>> L”“D - fg “"M’Lz L+ mo) (L + ko) (1 + k6,

(4.29)
) O u?®
o IQ (1 +mu;)(1+k6,)"
Set w; = (v; — 0;)/||ui]|- By the definition of v; and 6., we have
—Aw; + (= +200)w; = (0, — vi)w; + dviti (4.30)
! e/ e R (1 + miui)(l + kvi) ’ '
Multiplying (4.30) by w; and integrating, we obtain
Ai(=c +26.) f w? < f <|V’wi|2 + (—c+ 29[61)w1-2>
¢ ¢ (4.31)

2 o~
< Jlo, —9c||oof w +d||ui||w||vi||oof w;
Q Q

Since ||v; — O¢||lc — O, ||ii]l,, and ||vi||,, are bounded, we know that [|w;||, is bounded by
Holder inequality. Therefore from L estimate and Sobolev embedding theorem, it is easy to
see that ||w;|| is bounded. Dividing (4.29) by ||ui||io, we show that

ai— M (b8:/(1+k6,)) J‘ _ J' 5 ujw;®
u;d = u;d+b
lluill oo Q o ! o T+ mu)(1+ ko)) (1 + k6,.)

, 072D
- om fQ 1+ mu)(1+ k6,)°

(4.32)

Since u; <, ® >0, 1/(1 +mu)(1 + ko)) — 1/(1 + kB,) weakly in L? and w; are uniformly
bounded, we obtain

ai — M (b6 /(1 + kO.))

l[u4ill o

— —o0 (4.33)
asi — oo. Hence a; < 11 (b0./(1+k6,)) if i is large enough, which contradicts our assumption
that a; > 11 (b0./ (1 + kB.)) for all i. Thus, the proof is complete. O

By Lemma 4.8 and a simple variant of the proof of Lemma 4.6, we immediately get the
following result.
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Lemma 4.9. For any given A > A1(b0./(1 + kB.)), there exists that M = M(A) > 0 is large such
that if a € [A1(bO./ (1 + k6,)), Al and m > M; then any positive solution of (1.2) is nondegenerate
and linearly stable.

Next we investigate the case that a is large.

Lemma 4.10. For any € > 0, there exists that A = A(e) > 0is large such that if m > e,c < 1/e and
a > A, then any positive solution of (1.2) is nondegenerate and linearly stable.

Proof. Suppose the conclusion is not true. Then there exist some ¢y > 0, m; > €y, ¢; <
1/e9, ai — oo, Ren; <0, and (¢, ¢;) # (0,0) with ||¢l||§ + ||(pi||§ = 1 such that

b‘()i bui
A i + ai—Zu,-— i — i + 1 iZO, 4.34
¢ < (1 + m,-ui)z(l + kvi) >¢ (1 + miu,-)(l + kvi)z(p 1 ¢ ( )

du; ., dv;
A+ mu) A+ ko2 ) (1 + mu)2(1 + kop)

(,bi + nip; = 0, (435)

A(pi + <Ci -2v; +

where (u;,v;) is a positive solution of (1.2) with (a,c, m) = (a;, c;, m;). Since ¢; > Ay —d/m;,
we may assume that c; — c € [Ay —d/ep, (1/€p)], mi — m € [€g,0]. Let 6 = b(1 +d)/ (o +
k(1+4d)). From v; < 0(¢,+d/m;) < (1 +d)/€o, we have

b'Ui
—Au: > oy — > (-6 —u). .
Au; > (al U; i kvi>ul > (a;—6—-u) (4.36)

Hence u; > 0(4-5). Due to Kato’s inequality, we have

Alel < —rel b
Algil < R<|¢i|A¢i>

i b i|Pi
Y bo ]+ i i i Reqlp|  (437)
(1 + miui) (1 + k‘()i) (1 + miui)(l + k’Ui)
blgi|
< (ai —2u;) | gi| + p—

Multiplying (4.37) by |¢;| and integrating by parts, we obtain

A1 (=ai +20(4,-5)) f |i]” < i (~ay +2u;) f |¢i|°
Q @ (4.38)

< [ (7817 + Cas2lo ) < 2 [ ol <c
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By the method of Lemma 2.2 in [18], there exists ko € (1,22/3) such that

A (—ai + 29(11[—6)) = —a;+\ (29(,1‘,_5)) > —a; + ko(a; - 0)
(4.39)

(ko - 1)111' - k06 —> +00.

It follows from (4.38) and (4.39) that ||¢;|, — 0. Multiplying (4.34) by ai and integrating, we
have

2 _ A bv; a ul(Pl
J‘legbl| _Ig[al 2 (1 + mu;)* (1 + ko) ]|¢| Lz (1+mu,)(1+kvl ﬂzf |¢l
(4.40)

Multiplying (4.35) by ¢, and integrating, we have

f |V(Pi|2:f Ci—27]1‘+ dui : |(pi|2+dj 1)14)1‘)01 72 J‘ |(P1
Q Q 1+ mu;) (1 + kv;) o (1+ miu,) (1+ kv;)
(4.41)

Adding the previous two identities, we have

) e L bv; 12 uiq’@i
—IQ|V¢1| J’Q[a, . (1+111iui)2(1+kvi):||¢l| +b4[9 (1 +mju) (1 + koy)?

+J‘ |V(Pi|2_j Ci—Z’Ui+ dui 5 |(Pi|2_df vi(i);lpi ]
Q Q 1+ mu;) (1 + kvy) o (1+mu;)*(1+ kv;)
(4.42)

It is easy to show that the imaginary part of the right-hand side of the previous identity is
bounded. On the other hand, due to (4.38), (4.39) and the fact that [, [(V|$i])|* < [, [V$il*, we
have Re 7; is bounded nextly. Hence #; is bounded as we assume that Re 7; < 0. Thus we may
assume that 7; — 7 with Re# < 0. Thanks to (4.35) and standard elliptic regularity theory,
ll¢ill,y22 is bounded. Therefore we may assume that ¢; — ¢ in Hé. Since a; — 0, 0(5-5) <
u; < 0,y and O,y /a; — 1, wehave u; — oo and v; — Ocra/my in cl. By letting i — oo in
(4.35), we know that ¢ satisfies the following equation weakly:

Ay + <c + % - 29(c+d/m)>(p +1p =0 (4.43)

with Re 77 < 0. The self-disjointness of the previous problem implies 7 € R. Since A1 (0 (c+d/m) —
(c+d/m)) =0, wehave

d d
n=M (26(c+d/m) - <C + E>> >\ <9(c+d/m) - <C + E)) =0. (4.44)
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Hence 1 = 0, which implies ¢ + d/m = A1, O+a/m) = 0 and ¢ = pd;/||D1]|,, |f| = 1. Using
Kato’s inequality again, we have

¢A
o < -re( 0
|pi| Adpi
(4.45)
du; dvi| i
< |ci—2v; + “ 5 lopi| + v|2gb| + Re 1] i
(1 + miu,-)(l + k’()i) (1 + miui) (1 + k’Ui)
It follows that v; satisfies
dui
Av; + <c,~ —-v; + @+ miu) (1 + koy) >Ul =0, ilgo=0. (4.46)
Multiplying (4.45) by v;, integrating by parts, and using (4.46), we obtain
v} |¢i]
’U-2 i SdJ‘ i + Re i_[ Vi |pi Sdf ’U-2 il- (447)
fg 1|(,0| Q(1+m,~ui)2(1+kvi) L Q |(,0| Q 1|¢|
Set v; = v;/||vil|- Then v; satisfies
du;
Ai P — U; ! Ai = 0. 4.4
Av+<c v+(l+miui)(1+kvi)>v 0 (4.48)

Thanks to standard elliptic regularity theory, we may assume that o; £, 5. Then  satisfies
. d .
A+ (c+ E - 9(c+d/m) v=0. (4.49)

Since ¢ + d/m = A1, we have v = @;. Dividing both sides of (4.47) by ||vi||,, we know that

Lz <||:,~—|i|m>2|<pi| sdfg (HJJi—liloo)zI(Pil- (4.50)

Since [|¢;]|, — 0, the right-hand side of (4.50) converges to 0 by Holder inequality. However,
the previous discussion implies that [, (v;/ illeo) il — [o(@}/||@1]]2) (i — o0). The
contradiction completes the proof. O
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Proof of (ii) of Theorem 4.4. It suffices to prove the uniqueness. Investigate the following
system with f € [0,1]:

tbv
Au+u<a_u_(1+mu)(l+kv)>_O' x €8,
tdu 3 (4.51)
Av+v<c v+(1+mu)(1+kv)>_0' x €Q,
u=v=0 xeoQ.
Set S = {(u,v) e X| 91/2<u<a,6c/2<v<c+ad}andBtzg—>Wby
tbu
u<a+P—u— >
1 1
Bi(1,0) = (~A + P)"! (1+mu)(1 +ko) (4.52)

v<c+P—v+ tetu ) ,
(1 +mu)(1 + kv)

where P = max{ad, b(c+ad)}. Thanks to standard regularity results, we can prove that B; is
a completely continuous operator. Clearly, (1, v) is a positive solution of (4.51) if and only if
it is a positive fixed point of By in S. For m > M and a > 1;(b0./ (1 + kO.)), we first show that
B; has no fixed point on 0S.

We claim that any positive solution (u,v) of (4.51) satisfies u > 65, where 1= (M +
M (bB:/(1 + kB.)))/2. Suppose that this claim is not true. Then there exist m; — oo, a; >
M (bO:/(1+KkB.)), t;i € [0,1], and a positive solution (u;, v;) of (4.51) with(a, m, t) = (a;, m;, t;)
such that u; > 0 fails. Since the case that t; — to =1 is considered in Lemma 4.8, it remains
to discuss the case that t; — ty € [0,1). Since v; < O(c+d/m;), we have

bo, tibe(ﬁd/mi) Zb@c tobO,
—Auy: > — —u Ny > — — . .
Au; 2 <“<1 + k@c) 1+ k6, ”l>”l 2\ M T5xe, ) “Toke, W ))w (459)

for large i, where t € (to,1). Therefore u; is a supersolution to

B thO, tobO, B
—Aw = <A1<1+k66> T+ ke, w>w, W|ao =0. (4.54)

Due to the choice of ¢, (4.54) has a unique positive solution w. Thus we have u; > w for all
large i. Hence,

bec b 9(c+d/m,-) ~
— - > —_— _— — . - > — . .. .
Au; > <)tl < 17 k0, > isup Ui Ju; <)L u,)u, (4.55)

By the super- and subsolution method again, we have u; > 0; for large i. This is a
contradiction.
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Our claim implies that By has no fixed point on 0S. Hence indexy (B, S) = constant. In
particular,

indexy (By, S) = indexy (By, S). (4.56)

Since By has a unique fixed point (8,,0.) in S and indexy (By, (84,0:)) = 1, we have
indexw (By,S) = 1. From Lemmas 4.8-4.10, we see that for m > M, all fixed points of By
fall into S, and they are nondegenerate and linearly stable. Then by compactness, there are at
most finitely many fixed points of B, which we denote by { (1, v;)}\_,. As shown in the proof
of part (i), we have indexy (B, (u;, v;)) = 1. Using the additivity property of the index, we
know that

1
1 = indexy (By, S) = > indexy (By, (u;, v;)) = L. (4.57)
i=1

Hence for m > M and a > A;(b0./(1 + k6.)), (1.2) has a unique positive solution, and it is
stable. 0

Our final task is to establish the exact multiplicity and stability results for large m and
a close to Ay + € or A1(bO./(1 + kO.)). Firstly we consider the elliptic equation (4.12), which
acts as a limiting problem of (1.2) when m — co. Applying the similar method to Lemma 2.7
in paper [18], we have the following conclusion.

Lemma 4.11. The problem (4.12) has a positive solution if and only if \1 < a < A1(b0./ (1 + k6,)).
Moreover, all positive solutions of (4.12) are unstable. Furthermore, there exists some €1 > 0 such that
ifa € (A, 2] U [A(BO./ (1 + k6O.)) — €1, M1 (bO:/ (1 + k6,))), then (4.12) has at most one positive
solution and it is nondegenerate (if it exists).

Define eg = min{y, 14 (b0./ (1 + k6.)) — €1} — M1, where €7 is defined by Lemma 4.11.

Theorem 4.12. For any € € (0,€p), one can find that M = M(e) is large such that if a € (A; +
€, a+e] UMb/ (1+KkO:))—e1, 11(bO./(1+kB.))), and m > M(e), then (1.2) has exactly two
positive solutions, one asymptotically stable and the other unstable.

To verify Theorem 4.12, we need some intermediate results. Theorem 4.7 has shown
that (1.2) has only two types of positive solutions for when m large and a € [A;(bO./(1 +
kb)) — €1, 11(b0:/(1 + k6,))). In the following lemma, we will prove another result.

Lemma 4.13. There exist that e¢; > 0 is small and My > 0 is large; both depend only on b, c,d, and
k, such thatif a € [A1(bO./(1+k6.)) — €2, A1 (b0 /(1 +kB.))), and m > M;, then (1.2) has exactly
two positive solutions, one asymptotically stable and the other unstable.

Proof. First we prove that for large m, (1.2) has a unique asymptotically stable positive
solution of type (i) in Theorem 4.7. In fact, if we choose 6 small enough in Theorem 4.7,
then any positive solution of (1.2) of type (i) satisfies (4.8). Hence by Lemma 4.6, they are
nondegenerate and linearly stable. Now by a simple variant of the proof of part (ii) of
Theorem 4.4, we find that there is only one positive solution of (1.2) satisfying type (i), and it
is asymptotically stable.
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Next we show that (1.2) has a unique unstable positive solution of type (ii). If we can
prove this, then by Theorem 4.7, our proof of Lemma 4.13 is complete. Due to Theorem 4.7
and Lemmas 4.11, if any solution (u; v) of (1.1) is close to (0,0.), then mu must be close to
w, where w is the unique positive solution of (4.12). Hence to prove uniqueness, it suffices to
show that for a € [A1(b0./ (1 + k6.)) — €2, 01(bO0./(1 + kB.))), and m > M;, there is a unique
pair (mu,v), (u;v) being a positive solution of (1.2), close to (w, 6,) for certain €; and Mj. Set
U =mu, p =1/m, and discuss

bo
-au=u(a- ol o) TR
poeofcepr—PIU (4.58)
Av-v(c v+(1+ll)(l+kv))’ x €Q,

U=v=0, x€oQ.

Clearly (u,v) solves (1.2) if and only if (mu,v) solves (4.58) with p = 1/m. Thus it suffices
to prove uniqueness for (4.58). For fixed p > 0, regarding a as a parameter, we know that
(A1(b0:/(1+KkB.)),0,6,) is a simple bifurcation point of (4.58). Due to a variant of Theorem 1
in [21], there exist 6; > 0 and C! curves

T, ={(a(p,s),U(p,s),v(p,s)):0<s<b61}, 0<p<éy, (4.59)

such that, if 0 < p < 64, then all positive solutions of (4.58) are close to

(A(%),O,QC) = (a(0,0), U(0,0), (0,0)) €T, (4.60)

Hence we need only to prove that these curves uniformly cover a— Range[\; (b0, /(1+k6.)) -
€2, 11 (b0 /(1 + k6.))), for suitably chosen e, and for fixed €, and p, I', cover the range only
once. It is easy to obtain (see Theorem 3.9)

%(OIO) <0, 0<p<é, 0<s<on (4.61)
Hence
A b6 —a(0,61) =a(0,0) —a(0,61) >0 (4.62)
1 1+kec a s U1 =a 7 a s U1 . .

By the continuity of a(p, s), there exist 6 € (0,61] such that

. bO.
ez_(g}alsr}s[)‘l<1+kf)c> —a(p,6:1)| >0. (4.63)

Therefore, if a > A1 (b0./ (1 + kB.)) — €, then for any p € (0, 6], a(p,61) < a. This implies that
for p € (0,06], I, covers the a—range[A; (bO./ (1+k0O.))— €2, A1 (b6./ (1+k0.))). Moreover, since
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0a/0s#0 for 0 < p, s < 61, each curve covers the range only once. By choosing M; =1/6, we
get that for m > My and a € ([A1(b0./ (1 +k6.)) — €2, M1 (bO./ (1 + kB.))), (1.2) has exactly one
positive solution of type (ii) in Theorem 4.7.

It remains to show that the positive solution of (1.2) close to (0, 6.) is unstable. In fact,
when m is sufficiently large, applying the method of the proof in Theorem 3.9, we can show
that the positive solution of (1.2) close to (0, 8.) is unstable. we omit the proof procedure. O

Proof of Theorem 4.12. By Lemma 4.13, it suffices to establish the exact multiplicity and
stability whena € I = [A1 + €, A1 + €] U [M1(bO./ (1 +k6.)) — €1, 11 (bO./ (1 +kB.)) — €2) for any
given € € (0,¢e9), where e, is defined in Lemma 4.13

From Theorem 4.7 we know that the solutions of (1.2) for a € [A;+¢€, A1 (b6./(1+k6.)))
and m large are of two types, that is, types (i) or (ii). As in the proof of Lemma 4.13, we can
prove that there is a unique asymptotically stable positive solution of type (i). Thus to end
the proof, we need only to show that there is a unique unstable positive solution of (1.2)
close to (0,6,) if a € I and m is large. Again by Lemma 4.11, it suffices to prove that there
is a unique unstable positive solution (u,v) of (1.2) such that (mu,v) is close to (wq,0.),
where w, is the unique positive solution of (4.12) as shown in Lemma 4.11. In this connection,
we investigate (4.58) with a € I and p small. Let a* € I. Since the unique solution w,- of
(4.12) with a = a* is nondegenerate, then (w,-, 6;) is a nondegenerate solution of (4.58) with
(a,p) = (a%,0). Clearly, (4.58) with p > 0 small is a regular perturbation of (4.58) with p =0,
and the perturbation is uniform for a in the compact set I. Thus it follows from the implicit
function theorem that there exist 6, € > 0 small such that for any a € I,0 < p < €, (4.58)
possesses a unique positive solution (u,, v,) which satisfies

[t — wall + |0 — 66| < 6. (4.64)

Set M = max{1/e, M(e, )}, where M(g, 6) is defined in Lemma 4.11. It is easy to see that for
any € € (0, €p), there exists M = M(e) such that if m > M and a € I, then (1.2) has a unique
positive solution of type (ii).

It remains to prove the instability for the unique positive solution of (1.2) of type (ii).
Define T and T : C*(Q) x C;*(Q) — C*(Q) x C*(Q) by

bu bu
T(g) ~ Aot <a_2”_ (1 +mu)(1 +kv)>§_ (1 + mu)(1+ ko)

A1’l+<()—27)+ du >11+ 4o ¢ ,
(1 + mu)(1 + kv)? (1 +mu)*(1 + ko)

(4.65)

b0,
T <§) _ Aot <a_ (1+wa)2(1 +k9c)>§
i L A+ (c-260.)n + 0 ¢
(1 +wa)*(1 +k6,)
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It is easy to show that, as m — oo, T — Tj in the operator norm uniformly for (u,v)
approaches (0, 6.) with mu close to w, and a € [ +¢, A1 +¢p]. Since 0 belongs to the resolvent
set of Ty and

Ho = M| —a+ bfc <0 (466)
1+wa) (1 +k6,)

is an eigenvalue of Ty. Due to standard perturbation theory, it is easy to get that 0 also belongs
to the resolvent set of T and that T has an eigenvalue p close to po. In particular, Re y < 0.
This shows that for all large m, the positive solution of (1.2) close to (0, 6.) is nondegenerate
and unstable. Thus, the proof of Theorem 4.12 is complete. O
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