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We study the geometry of lightlike submanifolds (M, g, S(TM), S(TM*')) of a semi-Riemannian
manifold (M, g) of quasiconstant curvature subject to the following conditions: (1) the curvature

vector field ¢ of M is tangent to M, (2) the screen distribution S(T M) of M is totally geodesic in
M, and (3) the coscreen distribution S(TM*) of M is a conformal Killing distribution.

1. Introduction

In the generalization from the theory of submanifolds in Riemannian to the theory of
submanifolds in semi-Riemannian manifolds, the induced metric on submanifolds may
be degenerate (lightlike). Therefore, there is a natural existence of lightlike submanifolds
and for which the local and global geometry is completely different than nondegenerate
case. In lightlike case, the standard text book definitions do not make sense, and one fails
to use the theory of nondegenerate geometry in the usual way. The primary difference
between the lightlike submanifolds and nondegenerate submanifolds is that in the first
case, the normal vector bundle intersects with the tangent bundle. Thus, the study of
lightlike submanifolds becomes more difficult and different from the study of nondegenerate
submanifolds. Moreover, the geometry of lightlike submanifolds is used in mathematical
physics, in particular, in general relativity since lightlike submanifolds produce models of
different types of horizons (event horizons, Cauchy’s horizons, and Kruskal’s horizons).
The universe can be represented as a four-dimensional submanifold embedded in a (4 + n)-
dimensional spacetime manifold. Lightlike hypersurfaces are also studied in the theory of
electromagnetism [1]. Thus, large number of applications but limited information available
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motivated us to do research on this subject matter. Kupeli [2] and Duggal and Bejancu [1]
developed the general theory of degenerate (lightlike) submanifolds. They constructed a
transversal vector bundle of lightlike submanifold and investigated various properties of
these manifolds.

In the study of Riemannian geometry, Chen and Yano [3] introduced the notion of a
Riemannian manifold of a quasiconstant curvature as a Riemannian manifold (M, §) with the
curvature tensor R satisfying the condition

F(RXNZW) = a{3(X, )X, W) - §(X, 2)3(, W)}
+BlE(X, W)O(Y)O(Z) - §(X, Z)O(Y)O(W) (1.1)
+ §(Y, 2)0(X)0(W) — g(y, WHe(X)8(2) }

for any vector fields X, Y, Z, and W on M, where a, f are scalar functions and 6 is a 1-form
defined by

0(X) =8(X,0), (1.2)

where ¢ is a unit vector field on M which called the curvature vector field. It is well known that
if the curvature tensor R is of the form (1.1), then the manifold is conformally flat. If § = 0,
then the manifold reduces to a space of constant curvature.

A nonflat Riemannian manifold of dimension n(> 2) is defined to be a quasi-Einstein
manifold [4] if its Ricci tensor satisfies the condition

Ric(X,Y) = ag(X,Y) + bp(X)p(Y), (1.3)

where a, b are scalar functions such that b#0, and ¢ is a nonvanishing 1-form such that
X, U) = ¢$(X) for any vector field X, where U is a unit vector field. If b = 0, then
the manifold reduces to an Einstein manifold. It can be easily seen that every Riemannian
manifold of quasiconstant curvature is a quasi-Einstein manifold.

The subject of this paper is to study the geometry of lightlike submanifolds of a

semi-Riemannian manifold (M, §) of quasiconstant curvature. We prove two characterization
theorems for such a lightlike submanifold (M, g, S(TM), S(T M%)) as follows.

Theorem 1.1. Let M be an r-lightlike submanifold of a semi-Riemannian manifold (M, §) of quasi-

constant curvature. If the curvature vector field ¢ of M is tangent to M and S(T M) is totally geodesic
in M, then one has the following results:

(1) if S(TM%) is a Killing distribution, then the functions a and B, defined by (1.1), vanish
identically. Furthermore, M, M, and the leaf M* of S(T M) are flat manifolds;

(2) if S(T M*) is a conformal Killing distribution, then the function  vanishes identically. Fur-
thermore, M and M* are space of constant curvatures, and M is an Einstein manifold such
that Ric = (r/(m —r))g, where r is the induced scalar curvature of M.

Theorem 1.2. Let M be an irrotational r-lightlike submanifold of a semi-Riemannian manifold
(M, 3) of quasiconstant curvature. If { is tangent to M, S(IT M) is totally umbilical in M, and
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S(TM*) is a conformal Killing distribution with a nonconstant conformal factor, then the function
P vanishes identically. Moreover, M and M* are space of constant curvatures, and M is a totally
umbilical Einstein manifold such that Ric = (c/(m —r))g, where c is the scalar quantity of M.

2. Lightlike Submanifolds

Let (M, g) be an m-dimensional lightlike submanifold of an (m + n)-dimensional semi-
Riemannian manifold (M, §). We follow Duggal and Bejancu [1] for notations and results
used in this paper. The radical distribution Rad(TM) = TM N TM* is a vector subbundle of
the tangent bundle TM and the normal bundle TM*, of rank r (1 < r < min{m, n}). Then, in
general, there exist two complementary nondegenerate distributions S(TM) and S(T M*) of
Rad(TM) in TM and TM*, respectively, called the screen and coscreen distribution on M, and
we have the following decompositions:

TM = Rad(T M)@orn S(TM); TM* = Rad(TM)eaorths(TMi>, 2.1)

where the symbol @, denotes the orthogonal direct sum. We denote such a lightlike
submanifold by M = (M, g, S(TM), S(TM%)). Let tr(TM) and ltr(TM) be complementary
(but not orthogonal) vector bundles to TM in ™ v and TM* in S(TM ), respectively, and
let {N;} be a lightlike basis of I'(ltr(T M), ) consisting of smooth sections of S(TM )‘lu , Where
U is a coordinate neighborhood of M, such that

S(Ni, &) = 6ij, g(N;,Nj) =0, (2.2)
where {¢1,...,¢.} is a lightlike basis of I'(Rad(TM)). Then,

TM = TM & tr(TM) = {Rad(TM) & tr(TM) }@orn S (T M)

(2.3)
= {Rad(TM) & ltr(T M) }@OrthS(TM)@orths@ML).

We say that a lightlike submanifold (M, g, S(TM), S(TM™)) of M is

(1) r-lightlike submanifold if 1 < r < min{m, n},

(2) coisotropic submanifold if 1 <r =n < m,

(3) isotropic submanifold if 1 <r =m < n,

(4) totally lightlike submanifold if 1 <r =m = n.
The above three classes (2)~(4) are particular cases of the class (1) as follows: S(TM*') =
{0}, S(TM) = {0}, and S(TM) = S(TM*) = {0}, respectively.

Example 2.1. Consider in R) the 1-lightlike submanifold M given by equations

X = %(x1 + x2>, xt = %log<1 + (xl - x2>2>, (2.4)
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then we have TM = span{U;,U,} and TM* = {H;, Hy}, where we set
2 2
u, = \6(1 + <x1 - x2> >8x1 + (1 + <x1 —x2> >6x3 + \fZ(xl —x2>ax4,
2 2
U, = \f2<1 + <x1 - x2> >6x2 + (1 + <x1 - x2> )8x3 + \f2<x1 - x2>8x4,

H; = 0x' + 0x% + V20x3,
H, = 2(1 + (xz - x1>2>6x2 + \f2<x1 - x2>6x3 + <1 + <x1 - x2>2>6x4.

(2.5)

It follows that Rad(T M) is a distribution on M of rank 1 spanned by ¢ = H;. Choose S(T M)
and S(TM*) spanned by U, and H, where are timelike and spacelike, respectively. Finally,
the lightlike transversal vector bundle

_ 21, 1., 1 3}
ltr (T M) —Span{N— 26x + 26x + ﬁax (2.6)
and the transversal vector bundle
tr(T'M) = Span{N, H,} (2.7)

are obtained.

Let V be the Levi-Civita connection of M and P the projection morphism of I'(TM) on
I'(S(TM)) with respect to the decomposition (2.1). For an r-lightlike submanifold, the local
Gauss-Weingartan formulas are given by

VxY = VxY + D H (X Y)N; + D (X, Y)W,, (2.8)
i=1 a=r+1

ViNi = —ANX + D 15(X)Nj + > pia(X)Wa, (2.9)
j=1 a=r+1

VxWa = —Aw, X + > ¢ai(X)Ni + D 0ap(X)Wy, (2.10)
i=1 p=r+1

VxPY = ViPY + > h; (X, PY)E;, (2.11)

i=1
Vxéi=-A; X - > mi(X)), (2.12)

j=1

for any X,Y € I'(T M), where V and V* are induced linear connections on TM and S(IT'M),
respectively, the bilinear forms h¢ and hS on M are called the local lightlike second fundamental
form and local screen second fundamental form on T M, respectively, and h} is called the local
radical second fundamental form on S(TM). An,, Agi, and Ay, are linear operators on I'(TM),
and 7ij, pPia, Pai, and O,p are 1-forms on TM.
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Since V is torsion-free, V is also torsion-free and both h¢ and h{, are symmetric. From

the fact that hf(X, Y) = g(% xY, &), we know that hf are independent of the choice of a screen
distribution. Note that hf, 7;j, and pj;, depend on the section ¢ € I'(Rad(T M)|[y). Indeed, take

3,. = Z]r.=1 a;;¢j, then we have d(tr(z;j)) = d(tr(7;j)) [5].
The induced connection V on T M is not metric and satisfies

(Vx8)(¥, 2) = S {h{ (X, V)mi(2) + (X, Z)m(¥) (2.13)

i=1
where 7; is the 1-form such that

n(X) =3(X,N;), VXe[(TM), ie(l,...,r}. (2.14)

But the connection V* on S(T M) is metric. The above three local second fundamental forms
of M and S(T M) are related to their shape operators by

WX Y) = g (A%, Y) - ghim Lm(Y), 215)

h (X, PY) = g(A;_X, py), gr(A;X, N]-> =0, (2.16)
eai5(X,Y) = g(Aw, X, Y) - Zrlwxmim, 217)

exhs (X, PY) = g(Aw, X, PY), F(Aw, X, Ni) = epia(X), (2.18)
h: (X, PY) = g(An,X, PY), i (An.X) + 11 (AN,.X) =0, (2.19)

and €0, = —€,0p,, where X, Y € I['(TM). From (2.19), we know that the operators Ay, are
shape operators related to h} for each i, called the radical shape operators on S(T M). From
(2.16), we know that the operators Agi are I['(S(TM)) valued. Replace Y by ¢; in (2.15), then

we have hf(X, &)+ hf(X, ¢) =0 for all X € I'(TM). It follows that
(X&) =0, hi(&,d4)=0. (2.20)
Also, replace X by ¢; in (2.15) and use (2.20), then we have
RX4) =g(X ALg), A+ ALE=0,  Ajgi=0. (2.21)

*

Thus ¢§; is an eigenvector field of A; corresponding to the eigenvalue 0. For an r-lightlike
submanifold, replace Y by ¢; in (2.17%, then we have

ho (X, &i) = —€adai(X). (2.22)
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From (2.15)~(2.18), we show that the operators AL and Ay, are not self-adjoint on
I'(T M) but self-adjoint on I'(S(T M)).

Theorem 2.2. Let (M, g, S(TM),S(TM?')) be an r-lightlike submanifold of a semi-Riemannian
manifold (M, ), then the following assertions are equivalent:

(i) Aj are self-adjoint on I'(T M) with respect to g, for alli,

(ii) h satzsfy he(X &) =0forall X e T(TM), iand j,

(iii) A7¢j = 0 for all i and j, that is, the image of Rad(T M) with respect to A3 for each iis a
trivial vector bundle,

(iv) hf(X, Y) = g(A;iiX, Y) forall X,Y € I'(TM) and i, that is, A; is a shape operator on
M, related by the second fundamental form h¥.

Proof. From (2.15) and the fact that h¢ are symmetric, we have

r

g(41%,Y) - g(X, A7) = S RX, @me0) - KY, 2me () ). (2.23)
<

()e(i). If hg(X ¢) = 0 for all X € I'(TM), i and j, then we have g(A*X Y) =
g(A* Y, X) for all X,Y € I'(TM), that is, A* are self-adjoint on I'(T M) with respect to g
Conversely, if A} are self-adjoint on I'(T M) w1th respect to g, then we have

he (X, &)me(Y) = hE(Y, &) mie(X), (2.24)

forall X,Y € T(TM). Replace Y by ¢; in this equation and use the second equation of (2.20),
then we have hf(X, &) =0forall X e '(T'M), iand j.

(ii)&(iii). Since S(T M) is nondegenerate, from the first equation of (2.21), we have
h{(X,¢) =0& A =0, foralliand j.

(ii)e(iv). From (2.16), we have hf(X, Y) = g(A;X,Y) & hf(X, &) =0forany X,Y €
I'(TM) and for all i and j. O

Corollary 2.3. Let (M, g, S(TM),S(TM%)) be a 1-lightlike submanifold of a semi-Riemannian
manifold (M, g), then the operators A7 are self-adjoint on I'(T M) with respect to g.

Definition 2.4. An r-lightlike submanifold (M, g, S(TM),S(TM*)) of a semi-Riemannian
manifold (M, g) is said to be irrotational if Vx¢; € I'(TM) for any X € I'(TM) and i.

For an r-lightlike submanifold M of M, the above definition is equivalent to hf (X,¢) =
0and h} (X, ¢;) = 0forany X € I'(TM). In this case, A; are self-adjoint on I'(T M) with respect
to g, forall i.
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We need the following Gauss-Codazzi equations (for a full set of these equations see
[1, chapter 5]) for M and S(T M). Denote by R, R, and R* the curvature tensors of the Levi-
Civita connection V of M, the induced connection V of M, and the induced connection V*
on S(T'M), respectively:

§(ﬁ(X, Y)Z, PW) = g(R(X,Y)Z, PW)

+ Z{ W (X, Z)h: (Y, PW) — h(Y, Z)h: (X, pW)}

— (2.25)

o ST eal B (X, Z)RS (Y, PW) — B(Y, Z)h3(X, PW)),

a=r+1

&3 (RO Z, W) = (Vxh3)(Y, Z) - (Vyh3) (X, 2)
S W (Y, Z)pia(X) = W (X, Z)pia(Y
+ 2{H(12)pu(0 - K (X, Z)pa(V) 226

+ 3 {5, 2)85a(X) - B(X, 2)8a(Y) |,
p=r+1

2(RX,1)Z,Ni) = 3(R(X, Y)Z,Ny)

+ ;{hf (X, Z)ni(An,Y) = KX, Z)my (AN].X>} 227

n

+ D el B(X, Z2)pia(Y) = B(Y, Z)pia(X) },

a=r+1
F(RX, V)& N;) = Z(R(X, V)&, N))

+Z{ (X, 8 (AnY) = REQY, 80m (AN X) |

n

Z ]a(X)d)rxi(Y) _pju(Y)d)ui(X)}

g(A X, An,Y) - g(A}Y, An,X) - 2d7;i(X, Y) (2.28)

Z{ (X, &)1 (AN Y) = HEQY, 20m; (AN X) |

+ {T]k(X)Tki(Y) - T (V) 70 (X) }
P

+ 3 {pia(X)Pai(Y) = pja(Y)Pai (X))},
a=r+1
§(R(X, Y)PZ,PW) = g(R*(X, Y)PZ, PW)

+ i{h}k(X, PZ)h{(Y,PW) - ki (Y, PZ)h! (X, PW)}, (2.29)
i=1
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g(R(X,Y)PZ,N;) = (Vxh) (Y, PZ) - (Vyh!) (X, PZ)

Sy . 2.30
+ Z{h]. (X, PZ)75(Y) - (Y, PZ)73;(X) } (2.:30)
=1
The Ricci tensor of M is given by
Ric(X,Y) = trace{z — ﬁ(z,X)Y}, VX, Y € F(TJT/I), (2.31)
forany X,Y € [(TM). Let dim M = m + n. Locally, Ric is given by
. m+n -
Ric(X,Y) = Y, eig(R(E, X)V,Er), (2.32)
i=1
where {Ej, ..., E;p} is an orthonormal frame field of TM. If dim(M ) >2and
Ric = Kg, K is a constant, (2.33)

then M is an Einstein manifold. If dim(M) = 2, any M is Einstein, but % in (2.33) is
not necessarily constant. The scalar curvature 7 is defined by

m+n .
7= > eRic(E;, E;). (2.34)
i=1

Putting (2.33) in (2.34) implies that M is Einstein if and only if

Ric= — 3. (2.35)

3. The Tangential Curvature Vector Field
Let R©? denote the induced Ricci tensor of type (0,2) on M, given by

ROD(X,Y) = trace{Z — R(Z,X)Y}, VX, Y€ r(TM). (3.1)
Consider an induced quasiorthonormal frame field

{gll- "/ér;Nll"'/Nr;Xr+1/'- /Xm/ Wr+1/- . -/Wn}/ (32)
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where {N;, W,} is a basis of I'(tr(T M)|yx) on a coordinate neighborhood % of M such that
N; € T(Itr(TM)|y) and W, € T(S(TM?*)|y). By using (2.29) and (3.1), we obtain the following
local expression for the Ricci tensor:

n

Ric(X,Y) = 3} ead(RWa, X)Y, W,) + ﬂg(R(gi,xnc N)

a=r+1 i

(3.3)

+ i Ebg(ﬁ(Xb,X)Y,Xb> 4 g(ﬁ(Ni,X)Y,gi>,

b=r+1 i=1

RO2(X,Y) = i €ag(R(Xa, X)Y, X,) + Z Z(R(&, X)Y, N;). (3.4)

a=r+1 i=1

Substituting (2.25) and (2.27) in (3.3) and using (2.15)~(2.18) and (3.4), we obtain

r n
ROY(X,Y) =Ric(X,Y) + D H (X, Y)tr An, + D, H(X,Y) tr Ay,

i=1 a=r+1

n

— ;g(AI\LX, AE’Y> - :Z‘—leag(AWuX’ AWaY)

, - (3.5)
- th(éi, Y)ﬂi(AN/.X> + Z Pia(X)Pai(Y)
ij=1 i=1 a=r+1

- 3 ek, 0w, - XE(Re, XN,

a=r+1 i=1

forany X, Y € I'(TM). This shows that R®? is not symmetric. A tensor field R*? of M, given
by (3.1), is called its induced Ricci tensor if it is symmetric. From now and in the sequel, a
symmetric R0? tensor will be denoted by Ric.

Using (2.28), (3.5), and the first Bianchi identity, we obtain

r

RO (X,Y) - RO (Y, X) = Z{g(A;X, ANiY> - g(A;.Y, AN,-X> }5
i1

e 3R (AnY) - R (AxY) )
i, j=1
(3.6)

+3 0 {Pa(X)ai(Y) — pia (V)i (X))

i=1 a=r+1
- SRR N,
i=1

From this equation and (2.28), we have

RO (X,Y) - ROP(Y, X) = 2d (tr(7;)) ) (X, Y). (3.7)
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Theorem 3.1 (see[5]). Let M be a lightlike submanifold of a semi-Riemannian manifold (1\71, 2),
then the tensor field R°2) is a symmetric Ricci tensor Ric if and only if each 1-form tr(z;;) is closed,
that is, d(tr(t;;)) = 0, on any U C M.

Note 1. Suppose that the tensor R?) is symmetric Ricci tensor Ric, then the 1-form tr(z;;)
is closed by Theorem 3.1. Thus, there exist a smooth function f on % such that tr(7;) = df.
Consequently, we get tr(7;;) (X) = X(f). If we take (E, = Z]’-ﬂ a;jéj, it follows that tr(z;)(X) =
tr(7i;)(X) + X(In A). Setting A = exp(f) in this equation, we get tr(7;;)(X) = 0 for any X €
[(TMjy). We call the pair {¢;, N;}; on U such that the corresponding 1-form tr(z;;) vanishes
the canonical null pair of M.

For the rest of this paper, let M be a lightlike submanifold of a semi-Riemannian
manifold M of quasiconstant curvature. We may assume that the curvature vector field ¢
of M is a unit spacelike tangent vector field of M and dim M > 4,

Ric(X,Y) = {(n+m—1)a+p}g(X,Y) + (n+m—2)po(X)0(Y), (3.8)
F(REG )X, N;) = ag(X,Y) + pOCX)O(Y), (3.9)
exg(RWa, V)X, W,) = ag(X,Y) + BO(X)0(Y), (3.10)

for all X, Y € I'(T M). Substituting (3.8)~(3.10) into (3.5), we have

ROD(X,Y) = {(m-1)a+plg(X,Y) + (m—2)pO(X)0(Y)

+ D RXY)trAn, + D H(X,Y) tr Ay,

i=1 a=r+1
DA ALY) - Y eng(An. X, AnY) G40
i=1 a=r+1

i=1 a=r+1

- th(gi,y)m<ANjX> + > D Pia(X)Pai(Y).
ij=1

Definition 3.2. We say that the screen distribution S(T M) of M is totally umbilical [1] in M if,
on any coordinate neighborhood % C M, there is a smooth function y; such that Ax, X = y; PX
for any X € I'(T M), or equivalently,

h/(X,PY) =1g(X,Y), VX YecI(TM). (3.12)
In case y; = 0 on U, we say that S(T'M) is totally geodesic in M.
A vector field X on M is said to be a conformal Killing vector field [6] if Lxg =-26g for

any smooth function 6, where ,EX denotes the Lie derivative with respect to X, that is,

(2x3)(v,2) = X(3(Y,2)) - (X, Y], 2) -3V, [X,Z]), VX, Y,ZeT(TM). (313)
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In particular, if 6 = 0, then X is called a Killing vector field [7]. A distribution G on M is called
a conformal Killing (resp., Killing) distribution on M if each vector field belonging to G is a
conformal Killing (resp., Killing) vector field on M. If the coscreen distribution S(TM%Y) is a
Killing distribution, using (2.10) and (2.17), we have

F(VxWe, Y) = -g(An, X, Y) + S Pai(X)(Y) =~k (X,Y). (3.14)
i=1

Therefore, since hj, are symmetric, we obtain

(2w,8) (Y, Z) = 2ech5(X, Y). (3.15)

Theorem 3.3. Let M be an r-lightlike submanifold of a semi-Riemannian manifold (M, §), then the
coscreen distribution S(TM™*) is a conformal Killing (resp., Killing) distribution if and only if there
exists a smooth function 6, such that

B(X,Y) = €6,8(X,Y), {resp. K5(X,Y)=0,} VX, Y eT(TM). (3.16)

Theorem 3.4. Let M be an irrotational r-lightlike submanifold of a semi-Riemannian manifold
(M, 3) of quasiconstant curvature. If the curvature vector field { of M is tangent to M, S(T M)
is totally umbilical in M, and S(T M%) is a conformal Killing distribution, then the tensor field R©?
is an induced symmetric Ricci tensor of M.

Proof. From (2.17)~(2.20), (2.22), (3.16), and (3.11), we have

h;(X/ Y) = €u6txg(X1 Y), ¢ai(X) =0, AWaX = 6aPX + Zeapia(x)éi/ (317)
i=1

ROP(X,Y) = {(m Darfrimor-1 3 @it > Sl }8 XY
a=r+1 a=r+1 i=1

+(m—2)p 0(X)0(Y) (3.18)

+(m-r1- 1)2)/ig(A;X, Y), VX,Y € [(TM).
i=1

Using (3.17), we show that R? is symmetric. O

4, Proof of Theorem 1.1

As h? =0, we get g(R(X,Y)PZ, N;) = 0 by (2.30). From (2.27) and (3.16), we have

F(RXPZ N = 3 6.{3(X, PZ)pia(Y) - (Y, PZ)pia(X) }. (4.1)

a=r+1
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By Theorems 3.1 and 3.4, we get dT = 0 on TM. Thus, we have g(ﬁ(X, Y)¢;, N;) = 0 due to
(2.28). From the above results, we deduce the following equation:

g(ﬁ(x, Y)Z, Ni> = Y 6.{g(X, PZ)pia(Y) - (Y, PZ)pia(X)}. (4.2)

a=r+1

Taking X = ¢; and Z = X to (4.2) and then comparing with (3.9), we have

pO(X)O(Y) = —{a+ )y 6apm<§i>}g<x, Y), VXY eI(TM). (4.3)

a=r+1
Casel. If S(TML) is a Killing distribution, that is, 6, = 0, then we have

pOX)O(Y) =-ag(X,Y), VX, Y eTl(TM). (4.4)

Substituting (4.3) into (1.1) and using (2.25) and the facts g(ﬁ(X,Y)Z,gi) = 0 and
Z(R(X,Y)Z,N;) =0 due to (1.1), we have

R(X,Y)Z =-a{g(Y,2)X -g(X,Z)Y}, VX, Y,Z e (TM). (4.5)

Thus, M is a space of constant curvature —a. Taking X = Y = § to (4.3), we have = —a.
Substituting (4.3) into (3.18) with 6, = y; = 0, we have

Ric(X,Y) =0, VX Y el(TM). (4.6)
On the other hand, substituting (4.5) and g(R(é;, Y)X, N;) = 0 into (3.4), we have

Ric(X,Y) =- (m-1ag(X,Y), VX, Y eT(TM). (4.7)

From the last two equations, we get « = 0 as m > 1. Thus, p = 0, and M and M are flat
manifolds by (1.1) and (4.5). From this result and (2.29), we show that M* is also flat.

Case 2. If S(TM?) is a conformal Killing distribution, assume that f#0. Taking X = Y = ¢ to
(4.3), wehave f = —{a+ > _ ., 6apia(é)}. From this and (4.3), we show that

g(X,Y) =0(X)0(Y), VX, YeT(TM). (4.8)

Substituting (4.8) into (1.1) and using (2.25) with h} = 0 and (3.16), we have

n

SRX,Y)Z W) = <1x +2p+ Z €a6§> gV, 2)g(X, W) - g(X,Z)g(Y, W)}, (4.9)

a=r+1
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forall X,Y, Z, W € I'(T M). Substituting (4.8) into (3.18) with y; = 0, we have

Ric(X,Y) = (m-r—-1) {zx +B+ D €aby } 2(X,Y), VX YeT(TM), (4.10)

a=r+1

by the fact that 3);_,,; 6apia(éi) = —(a+ ). On the other hand, from (2.27), (3.9), and (4.3), we
have g(R(¢&;, Y)X, N;) = 0. Substituting this result and (4.9) into (3.4), we have

Riec(X,Y)=(m-r-1) {a +2p+ i e,,ﬁi}g(X, Y), VX Yel(TM). (4.11)

a=r+1

The last two equations imply f = 0 as m —r > 1. It is a contradiction. Thus, § = 0 and
M is a space of constant curvature a. From (2.29) and (4.9), we show that M* is a space of
constant curvature (a + Yi_ ., €,62). But M is not a space of constant curvature by (3.17)3.

Letk = (m-r—-1)(a+ X ., €62%), then the last two equations reduce to

RO2(X,Y) =Ric(X,Y) =xg(X,Y), VX, Y e (TM). (4.12)

Thus M is an Einstein manifold. The scalar quantity r of M [8], obtained from R®? by the
method of (2.34), is given by

r=> RO, &) + D eaRO? (X, Xa). (4.13)
i=1

a=r+1

Since M is an Einstein manifold satisfying (4.12), we obtain

r= Kzg(éi/ i) +x Z eag(Xa/Xa) =x(m-r). (4.14)
i1

a=r+1
Thus, we have

Ric(X,Y) = ﬁg(X,Y), (4.15)

which provides a geometric interpretation of half lightlike Einstein submanifold (the same as
in Riemannian case) as we have shown that the constant x = r/(m —r).
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5. Proof of Theorem 1.2

Assume that ¢ is tangent to M, S(T M) is totally umbilical, and S(T M™) is a conformal Killing
vector field. Using (1.1), (2.26) reduces to

<

(VxI)(Y,2) = (Vyh) (X, 2) = Y { W (X, Z)piaY) = BE(Y, Z)pia(X) }

i=1

n (5.1)
+ DB 2)05 (V) ~ B3 (Y, 2)04a(X) ],
p=r+1
forall X, Y, Z € I'(TM). Replacing W by N to (1.1), we have
F(RXNZ NG = {an(X) + eio(X) | 8(Y, 2) 52

—{ani(Y) +eipo(Y) }g(X, Z) + p{O(Y)n:(X) - 0(X)m:(Y) }6(Z),

for all X,Y,Z € I'(TM) and where e; = 0(N;). Applying Vx to (3.12) and using (2.13), we
have

(Vxhi) (Y, PZ) = (X[i])g(Y, PZ) +y: > hi (X, PZ)n;(Y), (5.3)
j=1

for all X,Y, Z € I'(T M). Substituting this equation into (2.30), we obtain

2(R(X,Y)PZ,N;) = {X [ri] = D2yim(X) }g(Y, PZ) - {Y[Yi] - DT (Y) }g(X, PZ)
j=1 j=1
SR X, P2 () — i SR, PZ)yy(X), VXY, Z € T(TM).
j=1 j=1
(5.4)

Substituting this equation and (5.2) into (2.27) and using 0(¢;) = 0, we obtain

j=1 a=r+1

{X [ri] = 2077 (X) — ami(X) = eipf(X) = ] bupia(X) }g(Y, Z)
j=1 a=r+1

- {Y[Yi] - DT (Y) —ami(Y) = eifo(Y) = D’ Sapia(Y) }g(X, Z) 55)

= yi{Zh;’ (Y, PZ)n;(X) - D B (X, szf(Y)}
j=1 j=1

+ O m(X) -0X)m:(Y)}6(Z), VX, Y, ZeT(TM).
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Replacing Y by ¢; to this and using (2.20); and the fact 6(¢;) = 0, we have

Yhi(X,Y) = {éi [vi] = Dlyimij@) —a— D Sapialdi) }8(X/ Y) - po(x)e(y), (5.6)
j=1

a=r+1

for all X,Y € I'(TM). Differentiating (3.16) and using (5.1), we have

Z {611711' (X) - eaPia(X) }hf(Y, Z) - Z{6aﬂ1(y) — €aPia (Y) }hle (X/ Z)
i=1 i=1
= { X[6a] +€a D, €5646pa(X) }g(Y, Z) (5.7)
p=r+1

- {Y[(Su] t+ € Z €ﬁ5ﬂ6ﬁa(y)}g(xz Z).

p=r+1

Replacing Y by ¢; in the last equation and using (2.20);, we obtain

p=r+1

{64 — €apia() }HE (X, Z) = {§i[5a] +é€x Y. €pp0pa(éi) }g(X, Z). (5.8)

As the conformal factor §, is nonconstant, we show that 6, — €4pix (&) #0. Thus, we have

H(X,Y)=0ig(X,Y), VXY eT(TM), (5.9)

where 0; = {&l6a] + €x 3.1 €96p85a(8)} (6x — €xpia(§)) . From (3.17)1 and (5.9), we
show that the second fundamental form tensor h, given by h(X,Y) = >, h¥(X,Y)N; +
S B(X, Y)W, satisfies

h(X,Y)=Hg(X,Y), VX YEeT(TM). (5.10)

Thus, M is totally umbilical [5]. Substituting (5.9) into (5.6), we have

{éi [y:] - ZYjTij(éi) - ¥i0i —a — Z Oapia (i) }g(X, Y) = po(X)0(Y), (5.11)
in1

a=r+1

forall X,Y e I'(TM). Taking X =Y = ¢ to this equation, we have

B=2¢ly] - ZYjTij(éi) - Yi0i —a — Z Oapia(&i). (5.12)
i

a=r+1
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Assume that § #0, then we have

g(X,Y) =0(X)0(Y), VX, Y e [(TM). (5.13)

Substituting (5.13) into (1.1) and using (2.25), (3.12), (3.17)1, and (5.9), we have

g§RX,Y)Z W)
r " ) (5.14)
=(a+28+ Do+ D, b ) {8V, 2)8(X, W) - g(X, Z)g(Y, W)},
i=1 a=r+1
forall X,Y, Z, W e I'(T M). Substituting (5.9) and (5.13) into (3.18), we have
Ric(X,Y) = {(m -D(a+p)+(m-r-1) <Zoiyl~ + Z €a6§>
) . i=1 a=r+1 (515)
+ D0 > Bapialé) }g(X, Y).
a=r+1 i=1
On the other hand, substituting (5.14) and the fact that
g(R(E V)X, Ni) = {lx ++ D €abapialdi) }8(X, Y) (5.16)
a=r+1
into (3.4), we have
Ric(X,Y) = {(m ~Da+2m-1)p+m-r-1) (Zoiy,- + > ea6§>
i=1 a=r+1 (5 17)

+ 2 Z6apiu(§i)}g(X,Y).

a=r+1 i=1

Comparing (5.15) and (5.17), we obtain (m — 1)p = 0. As m > 1, we have = 0, which is a
contradiction. Thus, we have g = 0. Consequently, by (1.1), (2.29), and (5.14), we show that

M and M* are spaces of constant curvatures a and (a+2 37, oiyi + 37_,,, €.02), respectively.
Let

K= {(m— Da+(m—-r- 1)<20'm + i eu6§> + i iéupm(gi)}, (5.18)
i=1

a=r+1 a=r+1 i=1
then (5.15) and (5.17) reduce to

RO2(X,Y) =Ric(X,Y) =xg(X,Y), VX, Y eT(TM). (5.19)
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Thus, M is an Einstein manifold. The scalar quantity ¢ of M is given by

r m
c= ZR(O’Z)(éir él) + Z eaR(O’Z) (Xa/ Xa)
i=1

- a;r+1 (520)
= ng(éi/ él) T K Z €q g(Xa/Xa) = K(Tl’l - T).
i=1 a=r+1
Thus, we have
. Cc
Rie(X,Y) = ——g(X,Y). (5.21)

Example 5.1. Let (M, g) be a lightlike hypersurface of an indefinite Kenmotsu manifold
M equipped with a screen distribution S(T M), then there exist an almost contact metric
structure (/,¢, 0, g) on ‘M, where J is a (1,1)-type tensor field, § is a vector field, & is a 1-form,
and g is the semi-Riemannian metric on M such that

PX=-X+0(X)¢  J¢=0,  80J=0, Q=1
8X)=2¢X),  ZUXJY)=Z(X,Y)-8(X)8(Y), (5.22)
Vxg=-X+8(X)5  (VxJ)Y=-8UX, 1)+ 8(N)JX,

for any vector fields X, Y on M, where V is the Levi-Civita connection of M. Using the
local second fundamental forms B and C of M and S(T M), respectively, and the projection
morphism P of M on S(T'M), the curvature tensors R, R, and R* of the connections V, V,
and V* on M, M, and S(T M), respectively, are given by (see [9])

g(ﬁ(x, Y)Z, PW) = 2(R(X,Y)Z, PW)

+ B(X,Z)C(Y,PW) - B(Y, Z)C(X, PW),
g(R(X,Y)PZ,PW) = g(R*(X,Y)PZ, PW)

+ C(X,PZ)B(Y,PW) - C(Y,PZ)B(X,PW),

(5.23)

forany X,Y, Z, W € I'(T M). In case the ambient manifold Misa space form M(c) of constant
J-holomorphic sectional curvature ¢, R is given by (see [10])

R(X,Y)Z=g(X,Z)Y - g(Y, Z)X. (5.24)
Assume that M is almost screen conformal, that is,

C(X, PY) = pB(X, PY) + n(X)8(Y), (5.25)
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where ¢ is a nonvanishing function on a neighborhood % in M, and ¢ is tangent to M, then,
by the method in Section 2 of [9], we have

B(X,Y) = p{g(X,Y) - X))}, (5.26)

where p is a nonvanishing function on a neighborhood %. Then the leaf M* of S(TM) is a
semi-Riemannian manifold of quasiconstant curvature such that a = -1 + 2¢p?, = —2¢p?,
and 0 = % 1in (1.1).
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