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Stochastic systems with Markovian switching have been used in a variety of application areas,
including biology, epidemiology, mechanics, economics, and finance. In this paper, we study
the Euler-Maruyama (EM) method for neutral stochastic functional differential equations with
Markovian switching. The main aim is to show that the numerical solutions will converge to the
true solutions. Moreover, we obtain the convergence order of the approximate solutions.

1. Introduction

Stochastic systems with Markovian switching have been successfully used in a variety of
application areas, including biology, epidemiology, mechanics, economics, and finance [1].
As well as deterministic neutral functional differential equations and stochastic functional
differential equations (SFDEs), most neutral stochastic functional differential equations with
Markovian switching (NSFDEsMS) cannot be solved explicitly, so numerical methods
become one of the powerful techniques. A number of papers have studied the numerical
analysis of the deterministic neutral functional differential equations, for example, [2, 3]
and references therein. The numerical solutions of SFDEs and stochastic systems with
Markovian switching have also been studied extensively by many authors. Here we mention
some of them, for example, [4-16]. moreover, Many well-known theorems in SFDEs are
successfully extended to NSFDEs, for example, [17-24] discussed the stability analysis of
the true solutions.

However, to the best of our knowledge, little is yet known about the numerical
solutions for NSFDEsMS. In this paper we will extend the method developed by [5, 16] to
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NSFDEsMS and study strong convergence for the Euler-Maruyama approximations under
the local Lipschitz condition, the linear growth condition, and contractive mapping. The three
conditions are standard for the existence and uniqueness of the true solutions. Although
the method of analysis borrows from [5], the existence of the neutral term and Markovian
switching essentially complicates the problem. We develop several new techniques to cope
with the difficulties which have risen from the two terms. Moreover, we also generalize the
results in [19].

In Section 2, we describe some preliminaries and define the EM method for
NSFDEsMS and state our main result that the approximate solutions strongly converge to
the true solutions. The proof of the result is rather technical so we present several lemmas in
Section 3 and then complete the proof in Section 4. In Section 5, under the global Lipschitz
condition, we reveal the order of the convergence of the approximate solutions. Finally, a
conclusion is made in Section 6.

2. Preliminaries and EM Scheme

Throughout this paper let (Q, ¥,P) be a complete probability space with a filtration {F:}
satisfying the usual conditions, that is, it is right continuous and increasing while ¥, contains
all P-null sets. Let w(t) = (w1 (b), ..., wm(t))! be an m-dimensional Brownian motion defined
on the probability space. Let | - | be the Euclidean norm in R". Let R, = [0,0), and let
T > 0. Denoted by C([-7,0],R") the family of continuous functions from [-7,0] to R”"
with the norm |¢|| = sup_ o l@(6)|. Let p > 0 and L;O([—T, 0]; R"*) be the family of ¥o-
measurable C([-7,0]; R")-valued random variables ¢ such that E|¢||P < oco. If x(¢) is an R"-
valued stochastic process on t € [-T,00), we let x; = {x(t +0) : =1 <0 <0} fort > 0.

Let r(t), t > 0, be a right-continuous Markov chain on the probability space taking
values in a finite state space S = {1,2,..., N} with the generator I' = (y;;) .y given by

ijA +0(A if i # j,
P{r(t+A)=j|r(t):i}:{ILY“ZiZ(A) ;i]j (2.1)
1] - Js

where A > 0. Here y;; > 0 is the transition rate from i to j if i#j while yi; = —3;..;yij. We
assumethat the Markov chain 7(-) is independent of the Brownian motion w(-). It is well
known that almost every sample path of r(:) is a right-continuous step function with finite
number of simple jumps in any finite subinterval of R, = [0, c0).

In this paper, we consider the n-dimensional NSFDEsMS

dlx(t) —u(x,r(t)] = f(x, r(t))dt + g(x, v(t))dw(t), t=>0, (2.2)

with initial data xo = ¢ € Lgo([—T,O],‘R") and r(0) = iy € S, where f : C([-7,0];R") — R",
g:C([-7,0;R") — R™™ and u : C([-7,0];R") — R". As a standing hypothesis we assume
that both f and g are sufficiently smooth so that (2.2) has a unique solution. We refer the
reader to Mao [10, 12] for the conditions on the existence and uniqueness of the solution x(f).
The initial data ¢ and iy could be random, but the Markov property ensures that it is sufficient
to consider only the case when both x( and iy are constants.

To analyze the Euler-Maruyama (EM) method, we need the following lemma (see
[6,7,10-12, 16]).
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Lemma 2.1. Given A > 0, let r = r(kA) for k > 0. Then {rg, k = 0,1,2,...} is a discrete Markov
chain with the one-step transition probability matrix

P(A) = (Pj(A)) y n =€ (2.3)

For the completeness, we give the simulation of the Markov chain as follows. Given a
stepsize A > 0, we compute the one-step transition probability matrix

P(A) = (Pj(A)) . n =€ (2.4)
Let 7‘0A = ip and generate a random number ¢; which is uniformly distributed in [0, 1]. Define

i1—1 i
i, ifij €S- (N} suchthat 3P ;(A) <& < 3Py ;(A),
_ j=1 j=1
r (2.5)

. N-1
N, if Z Pio,]'(A) < 511
j=1

where we set 37, P;, i(A) = 0 as usual. Generate independently a new random number ¢,
which is again uniformly distributed in [0, 1], and then define

ir—1 i
i, ifiy €S~ (N} such that 3 Pa;(A) <& < 3P ;(A),
= =

A _
r, =

N-1 (2.6)
N, if 3 Paj(A)<é.
i1

Repeating this procedure a trajectory of {rf,k = 0,1,2,...} can be generated. This
procedure can be carried out independently to obtain more trajectories.

Now we can define the Euler-Maruyama (EM) approximate solution for (2.2) on the
finite time interval [0, T]. Without loss of any generality, we may assume that T/ is a rational
number; otherwise we may replace T by a larger number. Let the step size A € (0,1) be a
fraction of 7 and T, namely, A = 7/N = T/M for some integers N > 7 and M > T. The
explicit discrete EM approximate solution y(kA), k > —N is defined as follows:

y(kA) =§(kA), -N<k<O,
Gk +1)A) = (kA) + u(Fen, ) = (T rynrmr) + F (Tear ) A 07

+g<ykA,rkA>Awk, 0<k<M-1,
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where Awy = w((k+1)A)-w(kA) and y, , = {y;,(0) : -7 <0 <0} isa C([-7,0]; R")-valued
random variable defined by

7, (0) = ((k+i)A) + 0 "AiA [G((k+i+1)A) - 7((k +i)A)]
(2.8)
_A-0-i4) (i‘m)y((kn)m + B ki),

foriA <0< (i+1)A,i=-N,-N+1,...,-1, where in order for y_, to be well defined, we set
F(-(N+1)A) =4(-NA).

That is, i, , (+) is the linear interpolation of y((k - N)A), y((k = N +1)A),..., y(kA).
We hence have

_ A—(@O-id),_ 0—iA,_
|ykA(9)|:%|y((k+z)A)|+ Al T((k +i+1)d)] o)
< [Tk +DA)| v [F((k +i+1)A)].

We therefore obtain

|74 (0)] |y((k+i)A)|, forany k=-1,0,1,..., M -1. (2.10)

max
—-N<i<0

It is obvious that |[y_, || < [[/,ll-
In our analysis it will be more convenient to use continuous-time approximations. We
hence introduce the C([-7,0]; R")-valued step process

M=2
Y= D, Uialika,teena) () + V oy alivona mag (1),
k=0

(2.11)
M-1

7(t) = Z relika, (keya) (£),
k=0

and we define the continuous EM approximate solution as follows: let y(t) = ¢(t) for -7 <t <
0, while for t € [kA, (k+1)A],k=0,1,..., M -1,

— t—kA /. _ _
y(t) = §(0) + ”(y(kq)a + T(ym - y(k—l)A)'rkA> - ”(yfar"()A)

2.12)
t t
o F@ R s+ [ 5,76 dwl).
0 0
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Clearly, (2.12) can also be written as

— _ t—kA /_ _ _
y(t) = y(kA) + “(y(k—l)A + T(ym - y(k—l)A)’rkA) - u(]/(k—l)A'rkA—l)

t t (2.13)
of F@ s g 7o) )
kA kA

In particular, this shows that y(kA) = y(kA), that is, the discrete and continuous EM
approximate solutions coincide at the grid points. We know that y(t) is not computable
because it requires knowledge of the entire Brownian path, not just its A-increments.
However, y(kA) = y(kA), so the error bound for y(t) will automatically imply the error
bound for y(kA). It is then obvious that

||ykA|| < ||ykA||, Vk=0,1,2,..., M -1. (2.14)
Moreover, for any ¢ € [0,T],

sup [7,/l = sup [[wiall < sup lykall
0<t<T 0<k<M-1 0<k<M-1

= sup sup |y(kA+06)]
0<k<M-1-7<0<0
(2.15)
< sup sup |y(t+6)|

0<t<T -1<6<0

7

< sup |y(s)

—7<s<T

and letting [t/ A] be the integer part of £/ A, then

1701 = [[Frsra | < o sll < sup [y)] (216)

These properties will be used frequently in what follows, without further explanation.
For the existence and uniqueness of the solution of (2.2) and the boundedness of the
solution’s moments, we impose the following hypotheses (e.g., see [11]).

Assumption 2.2. For each integer j > 1 and i € S, there exists a positive constant C; such that
. 2 . 2 2
£ i) = £ )?| v |3 (p0) - g0 1) < Cillp - o] (217)

for ¢, ¢ € C([-7,01;R") with [lg[| V [l¢]| < j.

Assumption 2.3. There is a constant K > 0 such that
£ i) Vv Igle ) < K(1+lol), (2.18)

forp € C([-7,0;R") and i € S.
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Assumption 2.4. There exists a constant « € (0,1) such that for all ¢, ¢ € C([-7,0];R") and
i€es,

|u(ep,1) —u(w )] < xllo -yl (2.19)
for ¢, ¢ € C([-7,0];R") and u(0,) = 0.

We also impose the following condition on the initial data.

Assumption 2.5. ¢ € L’;O([—T, 0]; R"*) for some p > 2, and there exists a nondecreasing function
a(+) such that

E<_ s<u5<0|g(t) - §(s)|2> <a(t-s), (2.20)

with the property a(s) — 0Oass — 0.
From Mao and Yuan [11], we may therefore state the following theorem.
Theorem 2.6. Let p > 2. If Assumptions 2.3-2.5 are satisfied, then

E< sup |x(t)” > < Hyp Tkt (2.21)

—7<t<T

forany T >0, where Hy 1k is a constant dependent onx, p, T, K, &.

The primary aim of this paper is to establish the following strong mean square conver-
gence theorem for the EM approximations.

Theorem 2.7. If Assumptions 2.2-2.5 hold,
IimE( sup |x(t) - y(t) |2 =0. (2.22)
A=0 \ostr

The proof of this theorem is very technical, so we present some lemmas in the next
section, and then complete the proof in the sequent section.

3. Lemmas

Lemma 3.1. If Assumptions 2.3-2.5 hold, for any p > 2, there exists a constant H (p) such that

E( sup Iy(t)lp> < H(p), (3.1)

—-7<t<T

where H (p) is independent of A.
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Proof. For t € [k, (k+1)A], k=0,1,2,..., M ~1, set §(t) i= y(t) = u(1)s + (t ~ kD) Ty -
Ygerya)/ A 1) and

h(t) = ]E< sup |y(s)|p>, h(t) = E<sup|g(s)|p>. (3.2)

—T<s<t 0<s<t

Recall the inequality that forp > 1and any € >0, [x + y|P < (1 + &P (|xlP + e'7P|y|P). Then we
have, from Assumption 2.4,

P

(t=k8) (Vis = Vgenps)
A T

)

ly®O <@+ | |5+ P|u Yik-na *

(3.3)

<(1+e)P! <|§(t)|’” + el PP

_ t—kA /_ _
Yoena* =7 (ykA - y(k—l)A)

By [[y_All £ ly,ll, noting k =0,1,2,..., M -1,

t—kA<_ p

Yo-nya + A \Yra _y(k—l)A>

R N B P

(k+1)A -t t— kA g
S[—A <i‘iﬁt|y(s)|>+ A (sTgsgtIy(s)I)]

< sup |y(s)|".
—1<s<t
(3.4)
Consequently, choose ¢ = /(1 — x), then
ly®]" < 1-x)"7]5H)]" + K< sup [y(s) |”>. (35)
—1<s<t
Hence,
MﬂsEMW+E<WPW@W>
O<s<t (3.6)
<E|GIP +xh(t) + (1 - %) Ph(t),
which implies
, -

-« (1-x)
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Since
t t
y(t) =y(0) + fo f(yS,F(s))ds + jo g(ys,?(s))dw(s), (3.8)

with (0) = y(0) - u(y_,), by the Holder inequality, we have

P
] . (3.9)

t t
o <170 s [ 11 re)Pass [ @ rep

Hence, for any t; € [0,T],

h(t) <37 []E|]7(O) |+ T’”‘lE’[ |f (v, 7(s))|"ds + ]E< sup

0<t<ty

I g(y,,7(s))dw(s)

)l

(3.10)

By Assumption 2.4 and the fact [|7_, || < ||/, l|, we compute that

El7(O)]" = E[70) - u(7_s 1)

<E(|7(0)] +x[[7_41)"
<E(FO)| + 17, ) &1

< E(1(0)] + x[|&])P
< (1 +x)PE[IE[P.

Assumption 2.3 and the Holder inequality give

B @ re)Pas<e | k(14 ]7)

1]
< k202 [ (14 |7, 1) ds (312)
0

ty
< KP/2p(p-2)/2 [T +I E< sup |y(t)|pd5>:|-
0 —1<t<s
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Applying the Burkholder-Davis-Gundy inequality, the Holder inequality and Assumption

2.3 yield
P t 5 p/2
)<en( [ s rera)
0

t
< T 2/%R j 18(7,,7(5)) " ds

t
fog(?sr?(S))dw(S)

E( sup
0<t<ty

H /
SC,,T(P‘Z)/zEj KP2(1+7,017) *ds
0

t
< C, TP D/2Kp/2p-D/2g, L (14 [7.]")ds

t
< C,T¥2/2KP/22(p-2)/2 :r+f E( sup |y(®)|" )ds|,
0 —T<t<s

(3.13)

where C,, is a constant dependent only on p. Substituting (3.11), (3.12), and (3.13) into (3.10)
gives

h(ty) < 37! [(1 + )R] + KP/220-2/2TP 1 C, (2T) <P-2>/21<P/2:r]

—-T<t<s

t
+3p71 [KP/22<P-2>/2TP-1 +Cp(2T) P2/ ZKP/Z] I . ]E< sup |y (t) |”>ds (3.14)
t
=C1+(C h(S)dS
0
Hence from (3.7), we have

P ty
h(t;) < w + (1—1—K)P [Cl +Cy . h(S)dS]

1-x
(3.15)
EZIF G C ("
< h(s)ds.
ST TRy T anp ), MO
By the Gronwall inequality we find that
ERF  C B
h(T) < %+m]ecﬂ/ﬂ Y. (3.16)

From the expressions of C; and C,, we know that they are positive constants dependent only
on¢, k, K, p, and T, but independent of A. The proof is complete. O
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Lemma 3.2. If Assumptions 2.3-2.5 hold, then for any integer | > 1,

2
E( sup ||m—?<k_m||)Sc'1+c1a<A>+a<l>A“-“” = y(8), (3.17)
0<ksM-1

where ¢; = 1/(1 - 2x), c; = (8x/(1 - 2x))H(2), and ¢(I) is a constant dependent on 1 but
independent of A.

Proof. For 0 € [iA, (i + 1)A], wherei = -N,-(N +1),...,-1, from (2.7),

9~ Fa| € R0 0k + )8) - H((k -1+ )8)
+ Q_Am T((k +i+1)A) ~F((k +)4)| (3.18)
< |y((k +1)A)-y((k-1+ i)A)| \Y, |]7((k +i+1)A) -y((k+ i)A)|,
SO
[Fa = Foena|| < sup [7(G+)8) (k- 1+i)8)]. (3.19)

-N<i<0

We therefore have

E( sup llym—y(kl)AnZ> SE[ sup <sup |y<<k+i>A>—y((k—1+i>A>|2>]

0<k<M-1 0<k<M-1 \ -N<i<0

§E< sup |y(kA)—y((k—1)A)|2>.

~-N<ksM-1
(3.20)
When -N < k <0, by Assumption 2.5 and y(—(IN + 1)A) = ¢(-NA),
E( sup [y(kA) -y((k - 1)A)|2> < E< sup |¢(kA) —&((k - 1)A)|2>
~N<k<0 -N<ks0 (3.21)

<a(h).
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When 1<k <M -1, from (2.13), we have

kD) =7k =1A) = u(Fge1yamer) = 4 (Tenaren) + F (Tenar i) A -

*t8 @(k-mf rkA—1> Awyq.

Recall the elementary inequality, for any x, ¥ > 0 and € € (0,1), (x + y)* < x*/e + y2/(1 - €).
Then

[7(kA) - 7((k-1)A) [
s %|u<‘17(k‘1m’ rkA_l) B u<y(k—2)A’rkA—1> + u<37(k—2)AfrkA—1> - ”<y(k_z)A/ 7’kA_2> |2

" 11T5 |f<?(k_m, 71?-1) A+ 8<?<k-1)Ar TkA-1> Awy 4 '2 (3.23)
o RS o s Y

’ % [ (Fonarris) |2A2 i % |8 (Toryar i) Ao )2'

Consequently

]E< sup |y<kA>—y<<k—1>A>I2>

1<k<M-1
2 2
<2a( 2 JosFunl )+ T p [l
2
(e O) ) e g s

(3.24)

We deal with these four terms, separately. By (3.21),

2
E< sup ||y(k1)A_y(k2)A||>

1<k<M-1

§E< sup  sup |y((k+i—1)A)—y((k—2+i)A)|2>

1<k<M-1-N<i<0

< E< sup  |y(kA) -y((k - 1)A)|2>

~N<k<M-1
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sup |7(kA) -5((k-1)A)[
—N<k<0

sup

<=(

<a(A) +]E<

)

sup |7(kA) - F((k-1)A)|?

1<k<M-1

>.

1<k<M-

Journal of Applied Mathematics

)

[7(kA) - G((k - 1)A)|*

1

(3.25)

Noting that E[sup_,_,.;[y(t)*] < E[sup_._,.;ly(t)[)] < H(2) (where H(p) has been defined

in Lemma 3.1), by Assumption 2.3 and (2.15),

“(

sup |f

1<k<M-1

<x(

§K+K]E<

(y(k—l)A' ”kA71> |2>

sup K
1<ksM-1

sup sup |y((k-
1<k<M-1 —N<i<0

<K+ K]E( sup  [7(kA)|?

-N<k<M-1

sup [7(5)|”

—7<t<T

§K+KE<

< K(1+ H(2)).
By the Holder inequality, for any integer [ > 1,

“(

sup
1<ksM-1

< E<
(
5
e

|8<?@;nArﬁﬁq>Au%—42>

2 2
sup |Awyg1]
1<ksM-1

sup |g<y(k—1)A/F(t)>

1<ksM-1

(I-1)/1
<y(k—1)Af "1?—1) |21/(H)>] []E<

<K<1+H?hﬂf>yﬂpn>]anﬂ[E<

> >l/(l—1)] (I-1)/1

IN

sup |g
1<k<M-1

IN

sup
0<ksM-1

IN

sup |7

0<k<M-1

(1 + ||y(k—1)A”2)>

1+)A)[

)

(3.26)

sup [Awyq |Zl
1<k<M-1

i
)]

)

M-1

2,

k=0

(

M-1

> ElAw [
k=0
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D/IF sa1 1/1
< |2vevgvan (v m( sup |7, > @i-1)naAl
0<k<M-1 k=0

(I-1/1
< [21/(1—1)Kl/(1—1)<1+H<%>>] [(21_1)!!TA1,1]1/1

<D@HATV,
(3.27)

where D(I) is a constant dependent on /.
Substituting (3.25), (3.26), and (3.27) into (3.24), choosing ¢ = k, and noting A € (0,1),
we have

E< sup Iy(km—y«k—lm)Iz)

1<k<M-1

(3.28)
2% 8x 2K(1+ H(2)) +2D() , 11,1
< .
< 1_2K0£(A)+1_2KH(2)+ 1= 207 A
Combining (3.21) with (3.28), from (3.20), we have
_ 2
E{ sup ||ykA - y(k—l)AH
0<k<M-1
< E< sup  [(kA) - F((k - 1>A>|2>
-N<k<M-1
(3.29)
< IE< sup |y(kA) -y ((k - 1)A)|2> + E< sup |y(kA) -G ((k-1)A) |2>
-N<k<0 1<k<M-1
1 8x 2K(1+ H(2)) +2D() , 41y
< T5a(A) + T H) + 2P A/
as required. O
Lemma 3.3. If Assumptions 2.3-2.5 hold,
E< sup ||ys - ys||2> < ch+ca(RA) + e (AT = p(A), (3.30)
0<s<T

where ¢y, ¢, are a constant independent of | and A, ¢2(1) is a constant dependent on 1 but independent
of A.



14 Journal of Applied Mathematics
Proof. Fixany s € [0,T] and 6 € [-7,0]. Letks € {0,1,2,..., M -1}, k¢ € {-N,-N+1,...,-1},

and ksp € {-N,-N+1,..., M-1} be the integers for which s € [ksA, (ks+1)A], 0 € [koA, (ko+
1)A], and s + 0 € [ksA, (kso + 1) A], respectively. Clearly,

0<s+0- (ks + ko) <24,

(3.31)
kso — (ks + ko) € {0,1,2}.
From (2.7),
Ys = ykSA(G)
- (3.32)
= G((ks + k)d) + SN0 (ks + Ko + 1)8) (ks + Ko)A),
which yields
|y =7l = [y(s +0) =7, ,(0)]
— 60— koA  _ —
<|y(s+6) —y((ks + ko)A)| + A [y((ks + ko +1)A) = y((ks + ko) A) |
< [y(s +0) = T((ks + ko) A)| + [F((ks + ko + 1)A) = T((ks + ko) A)],
(3.33)

so by (3.20) and Lemma 3.2, noting y(MA) = y((M - 1)A) from (2.15),

]E<sup llvs —ys||2> < 2E[sup < sup |y(s+0) —y((ks + ke)A)|2>]

0<s<T 0<s<T \ -7<6<0

+2E[ sup < sup |y((k5+k9+1)A)—y((ks+k6)A)|2>]

0<k,<M-1 \ ~N<kg<0

gzzs( sup |y(s+9)—y((ks+k9)A)|2>+2y(A).

-7<0<0,0<s<T

(3.34)

Therefore, it is a key to compute E(sup_ g o<sr|y(s +6) = y((ks + ko)A)[?). We discuss the
following four possible cases.

Case 1 (ks + kg > 0). We again divide this case into three possible subcases according to
kso — (ks + k@) € {01112}
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Subcase 1 (kg — (ks + ko) = 0). From (2.13),

— — S+9—k56A _ —
y(s+0) —y((ks +ko)A) = ”(V(kse—n at T(ykseA - y(kse—l)A>’rkAse>

s+60
- u<y(kse—1)ﬁ’ rkAsfH) + J;( A f(yv,7(v))d7) (3.35)
60

s+0
o 5@ i),

s0A

which yields

E< sup |y(5+9)—?((ks+ke)A)|2>

______

— s+060 - kseA _ _ A
s 3E< Sup u <y(kse—1)A + A <yk59A ~ Y(ko-1)a7 rksg>>
—7<0<0,0<5<T k>0

2
+3E sup
—7<0<0,0<s<T ksp>0
| >

From Assumption 2.4, (3.24), (3.26), and Lemma 3.2, we have

S+

0
f (Y, 7(r)dr

koA

)

(3.36)

- A
—u (yacsg—lw rksefl>

s+0
[ 8@ o

koA

+3E sup
~7<0<0,0<5<T ksp >0

— s+60- kse A/ _ A o A 2
E( Sup u<y(kse—1)A+T<ykSeA_y (kse—l)A’rkss>) ‘”<y<ksg—1wrksefl>
~7<0<0,0<5<T ksp>0

s+0-— ksgA _ _
N <3/k56A - y(ksg—l)A>

-7<0<0,0<5<T,ksp>0

2
< 2K2E< sup > +8x*H(2)

2 = = 2 2
<2x°E sup (ykseA - y(ksg_lm> “ +8x“H (2)
—7<0<0,0<5<T ks >0

< 2K2E< sup ” (ykseA _y(ksg—l)A> “2> +8k*H (2)

0<ksp<M-1

<2Kk%y(A) + 8> H(2).
(3.37)
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By the Holder inequality, Assumption 2.3, and Lemma 3.1,
2>

s+0
SAE< sup f A|f(yr,?(r))|2dr>

k59

S+

0
E< sup f(@,,7(r))dr
—7<0<0,0<5<T ksp>0| ksp A

________

________

s+0
< KAIE< sup f <1 + ||yr||2>dr>

—7<0<0,0<5<T ks >0 ¥ ks A

T (3.38)
< KAE [J (1 + sup ||yr||2>dr]
0 0<r<T
T
< KAI [1 +IE< sup y(t)|2>]dr
0 —7<t<T

T
< KAJ [1+H(2)]dr
0

< KT[1+H(2)]A.

Setting v = s + 0 and k, = ks and applying the Holder inequality yield

2
E sup
-7<0<0,0<s<T,ksp>0

=E< sup |g<ykvA,?(v)>(w(v)—w(kvA))|2>

0<v<T,0<k,<M~1

- 21/(I-1) =ns
< [E< sup  |g(Ta 7)) >]

SUSL,US

1/1
x |E sup lw(v) — w(k,A) [ .
0<v<T,0<k, <M-1

S0SL,US

s+0
[ 5@ rn)dw)

ksoA

(3.39)

The Doob martingale inequality gives

]E( sup  |w(v) - w(kUA)|2’>

S0s1,US

=E sup sup |w(v) - w(kUA)lﬂ
0<ko<M-1 \ ky A<<(ky+1) A
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M-1
S]E(Z( sup  |w(v) —w(kvA)|2l>>
ky=0 \koA<v<(ky+1)A

:21E< sup |w(v)—w(kvA)|21>

kom0 \koA<o<(ko+1)A

21 2l M-1 21
< (ﬂ) kvzzomw((k,,n)m—w(kvml :

(3.40)

By (3.27), we therefore have

s+0
[ 5@ )

kso A

2
E sup
—1<0<0,0<s<T ks9>0

<< 21 )2 . ' (_ . )>|21/(1—1) =
< =—— su ,7(v
21-1 ogkvgl\D/H §\Wka

M1 1/1
x [Z Elw((k, + 1)A) - w(kvA)F’]

ko=0

21 \?
(1-1)/1
s<21_1> D()A .

(3.41)

Substituting (3.37), (3.38), and (3.41) into (3.36) and noting A € (0,1) give

]E< sup ly(s +6) —y((ks+k9)A)|2>

—1<0<0,0<s<T ks +ko>0

2
< 6K%y(A) + 24k H(2) + 3<I<T(1 +HQ2)) + <212__11> D(l)> AED/ (3.42)

= 6k%y(A) + 24k H (2) + ¢; () ATD/L,
Subcase2 (ksp — (ks + ko) = 1). From (2.13),

y(s+0) —y((ks + ko)A) = y(kspA) — Y ((ks + ko)A) + y(s+0) — y(kspA)
< u<y(ks+k9)A’rkAs+ke> - u<y(ks+ke—1)A'TkA5+kg—1> + f(y(ks+k9)A’rchs+kg>A

+ 8<y(k5+k9)A/ rkA5+kg> Awy sk, +y(s+0) —y(kspd),
(3.43)
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so we have

]E< sup ly(s +6) - 7((ks +k9)A)|2>

______

2
— A — A
<4 E sup u<y(k5+kg)A'rks+kg> - u<y(k5+ke—1)A’rks+k9—1> '
—7<60<0,0<s<T,ks+kg>0

f <y(k5+ke)A’rkAs+ke>A |2> (3.44)

______

2
— A
+E sup 8 <y (ks+ko) A’ rk5+k9> Awi ik,
—71<0<0,0<s<T ks+ko>0

+IE< sup ly(s +6) —y(kseA)|2>}.

—7<0<0,0<s<T,ks+kg>0

Since

2
- A - A 2 2
E( sup u<y(ks+k9)A'rks+k9> - u<y(ks+ke—1)A’Tk5+ke—1>' > <2r7y(A) +8x"H(2),
—1<60<0,0<s<T ks +kg>0

_______

(3.45)
from (3.26), (3.27), and the Subcase 1, noting A € (0,1), we have
E< sup ly(s+0) —y((ks+k9)A)|2>
—7<6<0,0<s<T ks+ko>0
< 4{2x%y(8) + 8K H(2) + K[1+ H(2)] A% + D() A/ (3.46)

+3(2%(8) + 8CH(2) ) () + e () A/

= 32k%y(A) + 128x2H(2) + o (1) A-D/L,
Subcase 3 (ko — (ks + kg) = 2). From (2.13), we have

y(s+0) —Y((ks + ko) A) = y(s + 0) — y((kso — 1)A) + y((kso — 1) A) = ((ks + ko) A),
(3.47)
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so from the Subcase 2, we have

E< sup |y(5+9)—37((ks+ke)A)|2>

—1<0<0,0<s<T ks+ko>0

§2E< sup |y(S+9)—y((ks9—1)A)|2>

—7<0<0,0<s<T,ks+ko>0

+2E< sup ly((keo = 1)A) = 7((ks +ke)A)|2> (3.48)

_______

< 2[321c2y(A) +128x2H(2) + &x(1) A(l—l)/l]
+ Z[ZKZY(A) +8K2H(2) + K[1+ H(2)]A% + D(Z)A(H)”]

= 68Kk%y(A) + 272> H(2) + c3 (1) A-D/L,

From these three subcases, we have

sup ly(s +6) -y((ks+k9)A)|2>

E
<T<6<0,0<5<T,k5+k9>0 (3.49)

< 10617y (A) +424K°H (2) + [e1(D) + e2(1) + e3(] AV,

Case 2 (ks + kg = -1 and 0 < s+ 0 < A). In this case, applying Assumption 2.5 and case 1, we
have

]E( sup |y<s+6)—y<<ks+ke>A>|2>

—7<6<0,0<s<T

SZE( sup |y(s+9) _]7(0)|2> +2E|y(0)—y(—A)|2 (3.50)

—7<6<0,0<s<T

< 21267y (A) + 848x2H (2) + 2[c1 (1) + c2 (1) + c3()]ATD/T 4 2a(A).

Case 3 (ks + kg = =1 and —A < 5+ 6 <0). In this case, using Assumption 2.5,

E< sup  |y(s+6) - y((ks +k9)A)|2> <a(h). (3.51)

—7<60<0,0<s<T
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Case 4 (ks + kg < —2). In this case, s + 0 < 0, so using Assumption 2.5,

]E< sup |y(s+9)—y((ks+k9)A)|2>Sa(zA). (3.52)

—7<6<0,0<s<T

Substituting these four cases into (3.34) and noting the expression of y(A), there exist ¢, ¢,
and ¢, (I) such that

E( sup ||lys -7.|]° ) < c2a(28) + ¢, + & (1) A/, (3.53)
0<s<T
This proof is complete. U

Remark 3.4. 1t should be pointed out that much simpler proofs of Lemmas 3.2 and 3.3 can be
obtained by choosing I = 2 if we only want to prove Theorem 2.7. However, here we choose
1 > 1 to control the stochastic terms (A) and y(A) by A®D/!in Section 3, which will be used
to show the order of the strong convergence.

Lemma 3.5. If Assumption 2.4 holds,
E<sup lu(y, 7(t)) —u(y, r(t)) |2> <8x?H(2)LA := A (3.54)
0<t<T

where L is a positive constant independent of A.

Proof. Let n = [T/A], the integer part of T/A, and 15 be the indication function of the set G.
Then, by Assumption 2.4 and Lemma 3.1, we obtain

E<sup (T, FO) - (T, () |2>
0<t<T

< max]E< sup |u(y,, 7(s)) —u(ys,r(s))|2>

Oksn [t trr)

S2max]E< sup |”(?sr7(5))—”(?sfr(s))|21{r(s>¢r<tk>}>

Oksn SE [tk tre1)

S4max]E< sup (Ju(y, 7(s) + |”(?srr(5))|2>1{r(s>¢r<tk>}>

Osksn SE [tk tri1)

— 12
< 8 max <E <Os;§ (EA >>E(1{r<s>¢r<tk>1)
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<8 PH(E(Lr(s) r10)1)

= 8°H(QE[E(1 () £rtr) | ()],
(3.55)

where in the last step we use the fact that i, and 1(,(s)#,(,)) are conditionally independent
with respect to the o— algebra generated by r(fx). But, by the Markov property,

E(Lir(s)reo) | 7(t)) = D Lirao=i) P(r(s) #i | (k) = i)
i€S

= ler(tk)=i}Z(Yij(S —t) +o(s - ty))

s Us (3.56)
< . s
< gs:l:r(tkm} (g}g}fj( Yij) A + O(A)>
< LA,
where L is a positive constant independent of A. Then
1E<sup |u(7,, 7(t)) - u(y, r(t) |2> < 8xKH(2)LA. (3.57)
0<I<T
This proof is complete. O

Lemma 3.6. If Assumption 2.3 holds, there is a constant C, which is independent of A such that

T
Ef |f (G, 7(s)) - f(7,,7(5))|’ds < CA, (3.58)
0

T
]Ef |37 7(s)) - 8(¥,,7(s))| ds < CA. (3.59)
0

Proof. Let n = [T/A], the integer part of T/A. Then

Ej |f (. 7(9) - F (7. 7(9)) s = kZE f (T 7) = F (@ 0)| s, (360)

b




22 Journal of Applied Mathematics

with t,.1 being T. Let 1¢ be the indication function of the set G. Moreover, in what follows,
C is a generic positive constant independent of A, whose values may vary from line to line.
With these notations we derive, using Assumption 2.3, that

t+1
|
b
<z’ @ @) [Tro s
<CE J'tk+1 <1 + ||yt “ ) r(s)#r(tk)}ds (361)
<Cftm [ [<1+ |yt “ ) {r(s) #7(t0)) |r(tk)”ds
<Cftk+l [ [<1+ |yt “ ) Ir(fk)] (r(s) #7(t)) Ir(tk)]]

where in the last step we use the fact that y, and 1(,(s)#,,)) are conditionally independent
with respect to the o— algebra generated by r(fx). But, by the Markov property,

f@orr(©)) = F (T r00)) [ ats

E[1r) 2r) | 7] = D =i P(r(s) #i | r(te) = 1)

i€S
= Zl{r(tk)=i}Z(Yij(S —te) +o(s —tx))
. o (3.62)
< él{r(tk):i] <{22}§,(‘Yi]’) A+ o(A))
< CA.
So, by Lemma 3.1,
298] - - 2 78] e
IEI F(@o7(®) = F (@ort) | ds < CAI <1 +E||7, | )ds
" t (3.63)
< CAZ.
Therefore
! 2
EI |f (Y 1(s) - f([7,,7(s))| ds < CA. (3.64)
0

Similarly, we can show (3.59).
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4. Convergence of the EM Methods

In this section we will use the lemmas above to prove Theorem 2.7. From Lemma 3.1 and
Theorem 2.6, there exists a positive constant H such that

IE< sup |x(t)|p> VIE< sup |y(t)|P> <H. (4.1)
—T<t<T —T<t<T

Let j be a sufficient large integer. Define the stopping times
uj = inf{t >0 [|x]| > j}, v =inf{t>0: ||y >}, pj =uj Avj, (4.2)

where we set inf ) = o as usual. Let

e(t) =x(t) —y(t). (4.3)
Obviously,
E<sup |e(t)|2> = E<sup |e(t)|21[u,>T,v,>T]> + ]E(sup le(B)*1 ;< or m,). (4.4)
0<t<T 0<t<T 0<t<T

Recall the following elementary inequality:
a'b'"V <ya+(1-y)b, Vab>0, ye[0,1]. (4.5)

We thus have, for any 6 > 0,

2/p
2/ (p— (r-2)/p
IE<sup|.e'(t)|21{ujgOr ng}> < E[<5 sup |e(t)|P> (5 2/(p 2)1{ujg or ng]> ]

0<t<T {0<t<T} (6)
26 p-2
< —E Hif )+ ————P(u; <T < T).
<5 (()Sjtlgk( )] > 67 ) (uj <Tor v; <T)
Hence
2 2 26 p
E( suple(® ) < E( suple(t)P1i,1) ) + —E( suple(t)]

0<t<T 0<t<T p 0<t<T 47)

p-2

+ WF(L{] < T or U]' < T)
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Now,
P
P(u;<T) < E(hu,-sn”j-—;”)
< lIE sup |x(t)P
- ]‘P —TgtlzT
H
< —.
=
Similarly,
H
P(U]' < T) < ]_P
Thus

P(v;<Toru; <T)<P(v;<T)+P(u; <T)

2H
< —.

]'P

We also have

IE<Suple(t)l”> = 2p_1E<S“P (el + |yt|p)>
0<t<T 0<t<T

<2PH.

Moreover,

2
]E<sup|e(t)|21{Pj>T]> =E<sup|e(tApj)| 1lP;>T1>
0<t<T

0<t<T

<z (suplenn)l)
0<t<T

Using these bounds in (4.7) yields

P16 H 2(p-2)H
E<Sup|e(t)|2> SE<Sup|€(t/\p]>|2> +2 6 + (p )
0<t<T 0<t<T

p p&% =2 jp’

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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Setting v := t A p; and for any ¢ € (0,1), by the Holder inequality, when v € [kA, (k + 1)A],
fork=0,1,2,..., M -1,

le(@) = |x(v) - y(0)|’

_ (v-kA) /_ _
u(xy,7(v)) - ”(y(k—l)A A <ykA - y(k—l)A)’rkA>

IN

2

+ fo [f (x5, 7(s) = £ (¥, 7(s))]ds + f [§Cxs,7(5)) - 8 (¥, 7(s))] dw(s)

0
2

IN

1 _ (v-kA) (. _
z u(xy,1(v)) - u<y(k—1)A + A (ykA - y(k*1>A>’rkA>

+1ZTg|:TIO [f (x5, 7(5))~ f (., 7(s))] *ds +

v 2
fo [8(xs,7(5)) =8 (¥, 7(5)) ] dw(s) ]
(4.14)

Assumption 2.4 yields

2

_ v—kA /_ _
u(xy,7r(v)) - ”(y(kan tTA <ykA B y<k*1)A>’rkA>

_ v—-kA 2

) _
<267\ X0 = Y (j-1ya ~ T(ym - y(k—l)A)

o v—kA<_

”(Ek—lm 3 (ke —?(k_nA)/T(v))

2

_ v—kA /_ _
_”<y(k71)a tTA <ykA - y(k—l)A)’rkA>
_ _ _ v—kA|_ _ 2
<26 [xo = Yo + Yo — Yy | + 'ykA _y(k—l)A| N 'ykA _y(k—l)Al

+2 u(?(k—l)A YA <ykA _y(k—l)A>/r(v)>

v—kA<_ 2

—u (y(k—l)A tT A Yk _y(k—l)A>’rkA>

212 452 _ _ _ 2
< 2 o=l 7 (1o =7l + s = Fca )

oo U—kA<_

”(y(k—l)A tT A Wk _y(k—l)A>fr(U)>

_ v—kA _ _ 2
“U(Y qya + T(ym - y(k—l)A)’rkA) .

(4.15)
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Then, we have

2x2 2 4x? — 2 — — 2
e < ol = el + 5 (1o =Tl + [Faa =)

42 v—kA(_

u<y(k71)A t A Wka ™ y(kqm)“(”))
— v—-kA /_ _
U (y(k—l)A t A (ykA - y(k—l)A)’rkA)

+ % [Tf [f (xs,7(5)) - £ (7., 7(s))] ds +

0

2

[ Tgteer(e) -5 @, 76 duts)

0

|
(4.16)

Hence, for any t; € [0, T], by Lemmas 3.2-3.5,

2
E[sup Ie(MP;)IZ] < zgiz]E<Sup

0<t<h 0<t<t

452 2
+ —|E( su
e(1-¢) [ <0<t<1:;1 | >

VB sup ([Feary, ~Fonany,
<0<k<M—1 kAnp; — I (k=1)Anp;

)

Yirp; = Yinp,

Xtnp; = Yinp;

)

_ kAnNpi—kA . _
u<y(k1)A+T] (ykA_y(k—l)A>'r(kA A Pj)>

|

+2E [ sup

0<k<M-1

_ kA Npj—kA ,_ _ _
_u<y(k—l)A + T]<ym - y(k—l)A)’T(kA /\P]')>

|

4 2
|2> * g ((8) + B(a)) +22a

&(
|

tinpj
+ %E fo [f (x5, 7(5)) = £(7,),7(s)] *ds

tAp;
j [8(xs,7(5)) - g(7.,7(5))] do(s)

0

2
+ —E| sup
T-¢ |owsn

2x?
< 5_2]E < sup

0<t<ty

Xtnp; ~ Yinp;

tAp;
+ %]E fo [f (xs,7(5)) - f (7, 7(s))] ds

tApj
f [8(x0,7(5)) - g(7.,7(5))] do(s)

0

2
+ —E| sup
T-¢ Jousn

(4.17)
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Since x(t) = y(t) = ¢(t) when t € [-7,0], we have

E( sup
0<t<h

Xtnp; ~ Yinp;

2
| > SE( sup sup|x(t/\pj+6)—y(t/\p,-+9)|2>

—7<0<0 0<t<h

SE< sup |x (A py) —y(tAPj)|2> (4.18)

—7<t<t;

- E<sup |x(tnpy) =y (tAp)) |2>-

0<t<ty

By Assumption 2.2, Lemma 3.3, and Lemma 3.6, we may compute
tinp; o 2
B[ 76 r() - f(7,7) s
0

tinp;
<[ 1 1) = £ 71 9) + F T 7(6) = £5,7(6) s

0

b Apj
gzchj s = ve + vs - 7| Pds +2CA
0
hinp; 9 tApj 5
< 4cjxaj' s — ys|[2ds +4cjxaf llys - 7. Pds + 2CA
0 0
t1/\pj )
§4C]-]EJ‘ sup |x(s+6) —y(s+0)|"ds +4C,TB(A) + 2CA
0 -7<0<0

t
§4C]-]EJ‘ sup |x(sApj+6) —y(sApj+0)|ds
0 -7<60<0
+4C;Tp(A) +2CA

ty
< 4C]~EJ‘ sup |x(rApj) —y(r /\pj)|2ds +4C;TP(A) +2CA

e
f
= 4C; f Esup |x(r A pj) —y(r Apj) |*ds + 4C;TP(A) +2CA.

0 0<r<s

(4.19)

By the Doob martingale inequality, Lemma 3.3, Lemma 3.6, and Assumption 2.2, we compute
2]

tAp;
[, s r9) = 87, 1(9) + 8(7,7(9) - 8(7., 7o) | dw(s

tAp;
f [8(x0,7(5)) - g(7,,7(5))] deo(s)

0

E| sup
0<t<h

=E]| sup
0<t<ty

|
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tAp;

< scjﬂ«:f l|xs - 7| ds + 8CA

0

t
< 16C]~f E(sup |x(r Apj) —y(r Apj) |2>ds +16C,T(A) +8CA.
0 0<r<s

(4.20)

Therefore, (4.17) can be written as

Vo 12 8C,T(T +4) ACA(T +8
<1 - %)E[sup le(tnp)|? ] < g(lx— %) [B(A) +y(D)] + %ﬂ(A) + - 1(— £+ )

0<t<ty
8C;(T +4) (h
+2¢0A + ]1( . )I E<sup|e(v/\p]-)|2>ds.
- 0

0<v<s

(4.21)

Choosing ¢ = (1 +v/2x) /2 and noting x € (0,1), we have

IE< sup |e(t A pj) |2>
0<t<ty

16x> <1 + \fZK)

16ch(1 + \@c)z(T +4)
<
- (1- ﬁx)z(l +3v2x)

(1- ﬁx)z(l +3V2x)

[B(A) +y(A)] +

p(a)

8CA(T +8) (1 + \/Zc)2 2(1 + \/Zc)z
+ 5 + 5 ¢A
(1 - \@c) (1 + 3ﬁx) (1 - ﬁx) (1 + 3ﬁx)

(4.22)

. 16cj<1 + \@c)z(nz;) FE<

2
u j d
e b G pletan )l Jas

0 0<s<v

<20 [aa) sy + ST D iy, BCAT S

(1-v2x) (1-v2x) (1- m)z
. 2 A+16C]-(T+4) f1E<
(1-vax)" (1-vax) o

sup |e(s /\p]-)|2>dv.

0<s<v
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By the Gronwall inequality, we have

E[Sup |e(tAP')|2] < (B(A) +y(A)) + Mﬁ@)
0<t<h ! S la- fK (1-+v2x) <1 - \f21c>2
(4.23)
(8CA(T+8)  20A « 16/ (1-VIR)C/T(T+4)
< \fK> (1 - ﬁn)
By (4.13),
E(sume(t)ﬁ) < |—2 a4y + BT D sy, BERT Y
0<t<T <1 - ﬁx) (1 - \ﬁx) <1 - \fZK)
(4.24)
+ 20A w p(16/(1=V2R)CIT(T+4) | 26H + 2(p - 2)ﬁ‘
(1_\/21() p p62/(p—2)jp

Given any e > 0, we can now choose & sufficient small such that 2P*16H /p < /3, then choose
j sufficient large such that

20p-2)H ¢
p&2/ (-2 jp < 3’ (425
and finally choose A so small such that
6C;T(T +4
1 (g @) ¢ o Dy SAEEY) 2D
(1-v2x) (1-v2x) (1-vz)" (1-v2%) | a20)

x (16/(1=V2K))CT(T+4) _ €

and thus ]E(supOStSTle(t)F) < € as required.

Remark 4.1. Obviously, according to Theorem 2.7, for neutral stochastic delay differential
equations with Markovian switching [19], we can easily obtain that the numerical solutions
converge to the true solutions in mean square under Assumptions 2.2-2.4.

5. Convergence Order of the EM Method

To reveal the convergence order of the EM method, we need the following assumptions.
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Assumption 5.1. There exists a constant Q such that for all ¢, ¢ € C([-7,0];R"),i € S, and
te[0,T],

|f (0.0) = f (g, 0)|* Vv | (.7) — g (g,0) > < Qllep — |- (5.1)

It is easy to see from the global Lipschitz condition that, for any ¢ € C([-7,0];R"),
@DV gl i) F <2(1£©0,0 v ]30,0)]%) + Qllel (52)

In other words, the global Lipschitz condition implies linear growth condition with the
growth coefficient

I<=2[|f(o,i)|2v|g(o,i)|2vQ]. (5.3)

Assumption 5.2. ¢ € Lgo ([-7,0];R") for some p > 2, and there exists a positive constant A such
that

E< sup Ié(f)—é(5)|2> <At =) (5.4)

-7<s<t<0
We can state another theorem, which reveals the order of the convergence.
Theorem 5.3. If Assumptions 5.1, 5.2, and 2.4 hold, for any positive constant 1 > 1,

E<sup |x(t) - y(t)|2> < o<AH/’). (5.5)

0<t<T

Proof. Since a(A) may be replaced by AA, from Lemmas 3.2 and 3.3, there exist constants ¢ (I)
and & (1) such that (A) < & ())AD/ and y(A) < & (1) AU/, Here we do not need to define
the stopping times u; and v;, and we may repeat the proof in Section 4 and directly compute

16QT (T +4)

(L Ty 2%

) 6
]E<sup|e(t)|>§ —(1 s @)+ (D) + (1_\@1()2 <1_\/§K>

0<t<T _ \ﬁK> <1 _ \f2x>2

x e(16/(1-V2K))QT(T+4) A (-1)/1

<o(at-v/m),
(5.6)

The proof is complete. O
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6. Conclusion

The EM method for neutral stochastic functional differential equations with Markovian
switching is studied. The results show that the numerical solution converges to the true
solution under the local Lipschitz condition. In addition, the results also show that the order
of convergence of the numerical method is close to 1, although the order of the strong
convergence in mean square for the EM scheme applied to both SDEs and SFDEs is one
[6,7,11] under the global Lipschitz condition. Hence, we can control the numerical solution’s
error; this method may value some path-dependent options more quickly and simply [25].
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