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The purpose of this paper is to introduce a new iterative scheme for finding a common element of
the set of solutions of generalized mixed equilibrium problems, the set of solutions of variational
inequality problems, the zero point of maximal monotone operators, and the set of two countable
families of quasi-¢-nonexpansive mappings in Banach spaces. Moreover, the strong convergence
theorems of this method are established under the suitable conditions of the parameter imposed on
the algorithm. Finally, we apply our results to finding a zero point of inverse-strongly monotone
operators and complementarity problems. Our results presented in this paper improve and extend
the recently results by many others.

1. Introduction

Equilibrium problem theory is the most important area of mathematical sciences and widely
popular among mathematicians and researchers in other fields due to its applications in
a wide class of problems which arise in economics, finance, optimization, network and
transportation, image reconstruction, ecology, and many others. It has been improved and
extended in many directions. Furthermore, equilibrium problems are related to the problem
of finding fixed point of nonexpansive mappings. In this way, they have been extensively
studied by many authors; see [1-9]. They introduced new iterative schemes for finding a
common element of the set of the solutions of equilibrium problems and the set of fixed
points. In this paper, we are interested a new hybrid iterative method for finding a common
elements of the set of solutions of generalized mixed equilibrium problems, the set of
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solutions of variational inequality problems, the zero point of maximal monotone operators,
and the set of two countable families of quasi-¢-nonexpansive mappings in the framework
of Banach spaces.

Let E be a Banach space with norm || - || and C a nonempty closed convex subset of E
and let E* denote the dual of E.

A mapping S : C — C is said to be

(1) nonexpansive [1] if ||Sx — Sy|| < ||lx —y|| forall x,y € C,

(2) relatively nonexpansive [10-12] if F(S) = F(S) and ¢(p, Sx) < ¢(p, x) for all x € C
and p € F(S), where the functional ¢ defined by (2.6). The asymptotic behavior of
a relatively nonexpansive mapping was studied in [13, 14],

(3) ¢p-nonexpansive, if $(Sx, Sy) < ¢p(x,y) for x,y € C,
(4) quasi- ¢p-nonexpansive if F(S) # 0 and ¢(p, Sx) < ¢(p, x) for x € C and p € F(S).

In the sequel, we denote F(T) as the set of fixed points of S. If C is a bounded closed
convex set and S is a nonexpansive mapping of C into itself, then F(S) is nonempty (see
[15]).

A point p in C is said to be an asymptotic fixed point of S [16] if C contains a sequence
{x,} which converges weakly to p such that lim,_, -||x, — Sx,|| = 0. The set of asymptotic

fixed points of S will be denoted by F/(S\)
Let B be an operator from C into E*, and B is said to be a-inverse-strongly monotone if
there exists a positive real number a such that

(x -y,Bx - By) > a||Bx - By 2 Vx,y € C. (1.1)

If an operator B is an a-inverse-strongly monotone, then we can said that B is Lipschitz
continuous; that is, ||Bx — By|| < (1/a) ||x —y|| forall x,y € C.

Let f : C xC — Rbe abifunction, ¢ : C — R a real-valued function, and B: C — E*
be a nonlinear mapping. The generalized mixed equilibrium problem is to find x € C such that

fxy) +(Bx,y -x) +9(y) —¢(x) 20, VyeC. (1.2)
We denote Q as the set of solutions to (1.2) that is,
Q={xeC: f(x,y)+(Bx,y-x)+¢(y) —p(x) >0, Yy € C}. (1.3)

If B =0, the problem (1.2) reduced into the mixed equilibrium problem for f, denoted by
MEP(f, ), is to find x € C such that

flxy)+o(y) —px) 20, YyeC (1.4)

If f =0, the problem (1.2) reduced into the mixed variational inequality of Browder type,
denoted by VI(C, B, ¢), is to find x € C such that

(Bx,y —x) +¢(y) —¢(x) 20, VyeC. (15)
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If B = 0 and ¢ = 0 the problem (1.2), reduced into the equilibrium problem for F, denoted
by EP(f), is to find x € C such that

f(x,y) >0, VyeC. (1.6)

In addition, fixed point problem, optimization problem, and many problems can be
written in the form of EP(f). There are the development of researches in this area as seen in
many papers which appeared in the literature on the existence of the solutions of EP(f); see,
for example [17-21] and reference therein. Furthermore, there are many solution methods
proposed continuously to solve the EP(f) as shown in [2, 3, 18, 20, 22-26] and many others.

Next, we let B be a monotone operator of C into E*. The so-called variational inequality
problem is to find a point x € C such that

(Bx,y-x)>0 VyeC. (1.7)

The set of solutions of the variational inequality problem is denoted by VI(C, B).

As we know that the classical variational inequality was first introduced and studied
by Stampacchia [27] in 1964. Its solution can be computed by using iterative projection
method. There are many results with corresponding to variational inequality; for example,
Yao et al. [28] proposed the strong convergence theorem for a system of nonlinear variational
inequalities in Banach spaces, and then, they studied the two-step projection methods, and
they established the convergence theorem for a system of variational inequality problems
in the framework of Banach spaces. Moreover, the important generalized variational
inequalities called variational inclusion also have been extensively studied and extended in
many different directions. Yao et al. [29] considered the algorithm and proved the strong
convergence of common solutions for variational inclusions, mixed equilibrium problems,
and fixed point problems.

The one classical way to approximate a fixed point of a nonlinear self mapping T on C
was firstly introduced by Halpern [30], and then, Aoyama et al. [31] extended the mapping
in the Halpern-type iterative sequence to be a countable family of nonexpansive mappings.
They introduced the following iterative sequence: let x; = x € C and

Xpi1 = anX + (1 = ) Tyxy, (1.8)

for all n € N, where C is a nonempty closed convex subset of a Banach space, {a,} is a
sequence in [0,1], and {T,} is a sequence of nonexpansive mappings with some conditions.
They proved that {x,} converges strongly to a common fixed point of {T}}.

Recently, Nakajo et al. [32] introduced the more general condition so-called the NST*-
condition, and {T,} is said to satisfy the NST*-condition if for every bounded sequence {z,}
inC,

lim ||z, — Tyz4|| = im ||z, — Zp41]| =0 implies wy(z,) C F. (1.9)
n— oo n—oo

They also prove strong convergence theorems by the hybrid method for families of mappings
in a uniformly convex Banach space E whose norm is Gateaux differentiable.
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In Hilbert space H, liduka et al. [33] introduced an iterative scheme and proved that
the sequence {x,} generated by the following algorithm: x; = x € C, and

Xn1 = Pc(xn — AyBxy), (1.10)

where P is the metric projection of H onto C and {1\, } is a sequence of positive real numbers,
converges weakly to some element of VI(C, B).

Later, liduka and Takahashi [34] are interested in the similar problem in the framework
of Banach spaces, they introduced the following iterative scheme for finding a solution of the
variational inequality problem for an inverse-strongly monotone operator B : x; = x € C,
and

Xn+1 = HC]71 (]xn - )‘ann)r (111)

foreveryn =1,2,3,..., where I[1c is the generalized metric projection from E onto C, ] is the

duality mapping from E into E*, and {.,} is a sequence of positive real numbers. They proved

that the sequence {x,} generated by (1.11) converges weakly to some element of VI(C, B).
In 1974, Rockafellar interested in the following problem of finding:

v e E suchthat 0€ A(v), (1.12)

where A is an operator from E into E*. Such v € E is called a zero point of A. He introduced a
well-known method, proximal point algorithm, for solving (1.12) in a Hilbert space H as shown
in the following: x; = x € H and

x11+1 = ]r”xn/ n= 1/2/3/- sy (113)

where {r,} C (0,0), A is a maximal monotone and J,, = (I + raA)"'. He proved that the
sequence {x,} converges weakly to an element of A™(0).

In 2004, Kamimura et al. [35] considered the algorithm (1.14) in a uniformly smooth
and uniformly convex Banach space E; namely,

Xn+l = ]71 (@nJxn+ (1 =an)](Jr,xn)), n=123,.... (1.14)

They proved that the algorithm {x,} generated by (1.14) converges weakly to some element
of A710.

In 2008, Li and Song [36] established a strong convergence theorem in a Banach space.
They introduced the following algorithm: x; = x € E and

Yn= ]_1 (ﬂn](xn) + (1 _,Bn)](]rnxn))/
(1.15)

Xn+1 = ]_1 (an]x +(1- tXn)](]/n))

Under the suitable conditions of the coefficient sequences {a,}, {f,}, and {r,}, they proved
that the sequence {x,} generated by the above scheme converges strongly to Ilcx, where I'lc
is the generalized projection from E onto C.
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In 2010, Petrot et al. [37] introduced a hybrid projection iterative scheme for
approximating a common element of the set of solutions of a generalized mixed equilibrium
problem and the set of fixed points of two quasi-¢-nonexpansive mappings in a real
uniformly convex and uniformly smooth Banach space by the following manner:

xo=x€C,

Yn =] (Ouxn+ (1= 64)] 2zn),

zn = J 7 (@n) X0 + Pu) T + Yn) SXn),

ttn = Ko, Yo (1.16)
Cn={z€C:¢(zun) < Pz xn)},

Qu=1{2€C: (xn—2 Jx - Jxs) 20),

Xns1 = Ic,no, X

They proved that {x,} converges strongly to p € F(T) N F(S) N Q, where p € Ilrr)nr(s)nX.

Recently, Klin-eam et al. [38], obtained the strong convergence theorem for finding
a common element of the zero point set of a maximal monotone operator and the fixed
point set of two relatively nonexpansive mappings in a Banach space by using a new hybrid
method. Saewan and Kumam [39] introduced a new hybrid projection method for finding a
common solution of the set of common fixed points of two countable families of relatively
quasi-nonexpansive mappings, the set of the variational inequality for an a-inverse-strongly
monotone operator, the set of solutions of the generalized mixed equilibrium problem, and
zeros of a maximal monotone operator in a real uniformly smooth and 2-uniformly convex
Banach space. Wattanawitoon and Kumam [40] proved the strong convergence theorem by
using modified hybrid projection method for finding a common element of the set of solutions
of generalized mixed equilibrium problems, the set of solution of variational inequality
operators of an inverse strongly monotone, the zero point of a maximal monotone operator,
and the set of fixed point of two relatively quasi-nonexpansive mappings in Banach space.

Motivated and inspired by the ongoing research and the above-mentioned results,
we are also interested in generalized mixed equilibrium problem, variational inequality
problems, and the zero point of maximal monotone operators. In this paper, we extend the
fixed point problems of two relatively quasi-nonexpansive mappings in [40] to the countable
families of two quasi-¢-nonexpansive mappings and improve the iterative scheme to be more
general as shown in the following: x; = x € C,

wy =] (Jxn — XnBxy),

zn = ] (6] (xn) + (1 = 6,) ] (Jy, wn)),

Yn =T (anJ%n + Pu) TuXn + YnJ Snzn),

1ty € C such that F(iny) + (Yt y - ) + 9 (y) - 9(un)

+rl<y_un/]un_]yn>20, A ]/EC,

n
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Cur1 ={z€C:P(z,un) < P(z,xn)},

xXpa =, x.
(1.17)

By the new iterative scheme, we will prove the strong convergence theorems of the
sequence {x,} which could be converged to the point Il r(r,))n=, F(S,))n@nvi(C Bna-(0)X-
Furthermore, we propose the new better appropriate conditions of the coefficient sequences
{an}, {Pn}, {yn}, and {r,}. Finally, we will apply our result to find a zero point of inverse-
strongly monotone operators and complementarity problem in the last section. The results
presented in this paper extend and improve the corresponding ones announced by
Kamimura et al. [35], Petrot et al. [37], Wattanawitoon and Kumam [40], and some authors
in the literature.

2. Preliminaries

In this section, we propose the following preliminaries and lemmas which will be used in our
proof.

Throughout this paper, we let E be a Banach space with norm || - ||, and C a nonempty
closed convex subset of E, and let E* denote the dual of E. We write x,, — x to indicate that the
sequence {x,} converges weakly to x and x, — x implies that the sequence {x,} converges
strongly to x.

LetU = {x € E : ||x|| = 1} be the unit sphere of E. A Banach space E is said to be strictly
convex if for any x, y € U,

x#y implies H%“<1 (2.1)

It is also said to be uniformly convex if for each € € (0,2], there exists 6 > 0 such that for
any x,y € U

|x-vy| >e implies H%H <1-6. (2.2)

We know that a uniformly convex Banach space is reflexive and strictly convex; see [41, 42]
for more details.
The modulus of convexity of E is the function 6 : [0,2] — [0, 1] defined by

. x +
6(e) = mf{l - HTy' x,y€E x| =yl =1 |x-vy| > g}. (2.3)
Furthermore, it is said to be smooth, provided that
g 1t = Dl (2.4)
t—0 t

exists for all x, y € U. It is also said to be uniformly smooth if the limit is attained uniformly for
x,y € E.
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Let p be a fixed real number with p > 2. Observe that every p-uniformly convex is
uniformly convex. One should note that no a Banach space is p-uniformly convex for 1 < p <
2. It is well known that a Hilbert space is 2-uniformly convex and uniformly smooth. For each
p > 1, the generalized duality mapping J, : E — 2F is defined by

Jo(x) = {x" € B+ () = |1l I = e}, (2.5)

forall x € E.

In particular, | = J; is called the normalized duality mapping. If E is a Hilbert space, then
J = I, where [ is the identity mapping. It is also known that if E is uniformly smooth, then |
is uniformly norm-to-norm continuous on each bounded subset of E.

We know the following (see [43]):
(1) if E is smooth, then ] is single-valued,
(2) if E is strictly convex, then ] is one-to-one and (x — y,x* — y*) > 0 holds for all
(x,x*),(y,y*) € J withx £y,
(3) if E is reflexive, then J is surjective,
(4) if E is uniformly convex, then it is reflexive,
(5) if E* is uniformly convex, then J is uniformly norm-to-norm continuous on each
bounded subset of E.
The duality ] from a smooth Banach space E into E* is said to be weakly sequentially
continuous [44] if x, — x implies Jx,—*Jx, where —* implies the weak" convergence.
Let E be a smooth, strictly convex and reflexive Banach space, and let C be a nonempty
closed convex subset of E. Throughout this paper, we denote by ¢ the function defined by

¢(x,y) = IIxI* - 2(x, Jy) + |ly||>, for x,y € E. (2.6)

Remark 2.1. We know the following: for each x,y,z € E,

@) (xll = llyD* < g, ) < (Ul + Nyl
(ii) (x,y) = p(x,2) + §(z,y) + 2{x -2z, Jz - Jy),
(iii) ¢(x, ) = |lx - y||2 in a real Hilbert space.

The generalized projection, introduced by Alber [45], I1c : E — C is a map that assigns
to an arbitrary point x € E the minimum point of the function ¢(x, y); that is, [Icx = x, where
X is the solution to the minimization problem

P(x,x) = infg (v, x), (2.7)

existence and uniqueness of the operator I'lc follows from the properties of the functional
¢(x,y) and strict monotonicity of the mapping J.

If E is a reflexive, strictly convex and smooth Banach space, then for x,y € E, ¢(x,y) =
0, if and only if x = y. It is sufficient to show that if ¢(x, y) = 0, then x = y. From Remark 2.1
(i), we have ||x|| = ||ly||. This implies that (x, Jy) = x| = ||]y||2. From the definition of |, one
has Jx = Jy. Therefore, we have x = y; see [43, 46] for more details.
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Lemma 2.2 (see [47,48]). If E be a 2-uniformly convex Banach space, then for all x,y € E, one has

, (2.8)

2
|-yl < C—2||]9C—]y

where ] is the normalized duality mapping of E and 0 < ¢ < 1.

The best constant 1/¢ in the Lemma is called the 2-uniformly convex constant of E; see
[41].

Lemma 2.3 (see [47,49]). If E is a p-uniformly convex Banach space and p a given real number with
p > 2, thenforall x,y € E,]x € J,(x) and ], € J,(y)

cP
2r2p

(x-y,Jx-Jy)> llx-yll”, (2.9)

where ], is the generalized duality mapping of E and 1/ c is the p-uniformly convexity constant of E.

Lemma 2.4 (Xu [48]). Let E be a uniformly convex Banach space, then for each r > 0, there exists a
strictly increasing, continuous and convex function g : [0,00) — [0, 00) such that g(0) = 0 and

[[A4x + (1= ) ||> < Al + A=V ||ly > = 21 - Vg (||x -y

) (2.10)

forallx,y e {ze€E:|z|<r}and XA € [0,1].

Lemma 2.5 (Kamimura and Takahashi [50]). Let E be a uniformly convex and smooth real Banach
space and {x,}, {yn} two sequences of E. If ¢(xn, yn) — 0 and either {x,} or {y,} is bounded, then
%0 = yull — 0.

Lemma 2.6 (Alber [45]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then, xo = Ilcx if and only if

(xo—y,Jx—Jx0)>0, VyeC. (2.11)

Lemma 2.7 (Alber [45]). Let E be a reflexive, strictly convex and smooth Banach space and C a
nonempty closed convex subset of E and let x € E. Then,

¢(y, Tex) + ¢(Ilex, x) < p(y,x), VyeC. (2.12)

Let E be a strictly convex, smooth, and reflexive Banach space and ] the duality
mapping from E into E*. Then, J7! is also single-valued, one-to-one, and surjective, and it
is the duality mapping from E* into E. Define a function V : ExE* — R as follows (see [51]):

V(x,x%) = [lx]* = 2¢x, x*) + ||lx*|, (2.13)

for all x € E and x* € E*. Then, it is obvious that V (x,x*) = ¢(x, J"}(x*)) and V(x, ] (v)) =
$(x, ).
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Lemma 2.8 (Kohsaka and Takahashi [51, Lemma 3.2]). Let E be a strictly convex, smooth, and
reflexive Banach space and V as in (2.13). Then,

V(x,x*)+2<]‘1(x*) —x,y*> <V(x,x*+y"), (2.14)

forall x € E and x*,y* € E*.
For solving the generalized mixed equilibrium problem, let us assume that the

bifunction F: CxC — Rand ¢ : C — R is convex and lower semicontinuous, satisfying the
following conditions:

(A1) F(x,x) =0forall x € C,
(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forallx,y € C,
(A3) foreach x,y,z€ C,

limsupF(tz+ (1 -t)x,y) < F(x,y), (2.15)
£0

(A4) for each x € C, y — F(x, y) is convex and lower semicontinuous.
Lemma 2.9 (Blum and Oettli [17]). Let C be a closed convex subset of a uniformly smooth, strictly

convex, and reflexive Banach space E and F a bifunction of C x C into R satisfying (A1)—(A4). Let
r > 0and x € E. Then, there exists z € C such that

F(Z,y)+%<y—z,z—x>20 Vy eC. (2.16)

Lemma 2.10 (Takahashi and Zembayashi [52]). Let C be a closed convex subset of a uniformly
smooth, strictly convex, and reflexive Banach space E and F a bifunction from C x C to R satisfying
(A1)—(A4). For all v > 0 and x € E, define a mapping T, : E — C as follows:

T,x = {z €eC:F(z,y)+ %(y—z,]z—]x) >0,Vy € C}, (2.17)

forall x € E. Then, the following hold:

(1) T, is single-valued,
(2) T, is a firmly nonexpansive-type mapping, that is, for all x,y € E,

<Trx - Tryr ]Trx - ]Try> < <Trx - Tryl ]x - ]y>/ (218)

(3) E(T;) = EP(F),
(4) EP(F) is closed and convex.
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Lemma 2.11 (Takahashi and Zembayashi [52]). Let C be a closed convex subset of a smooth,
strictly convex, and reflexive Banach space E, and F a bifunction from Cx C to R satisfying (A1)—-(A4)
and let r > 0. Then, for x € E and q € F(T,),

$(q,T;x) + §(Tx, x) < P(g,%). (2.19)

Lemma 2.12 (Zhang [53]). Let C be a closed convex subset of a smooth, strictly convex, and reflexive
Banach space E. Let B : C — E* be a continuous and monotone mapping, ¢ : C — R convex and
lower semi-continuous, and F a bifunction from CxC to R satisfying (A1)-(A4). Forr > 0and x € E,
then there exists u € C such that

1
F(u,y) +(Bu,y —u) +¢(y) — p(u) + ;(y —u,Ju-Jx)>0, VYyeC. (2.20)
Define a mapping K, : C — C as follows:

K, (x) = {u €eC:F(uy)+ Buy—u)+o(y) —ou)+ %(y—u,]u—]x) >0,Vy € C},
(2.21)

forall x € E. Then, the following hold:
(i) K, is single-valued,
(ii) K, is firmly nonexpansive, that is, forall x,y € E, (K, x - K,y, JK,x - JK,y) < (K,x -
Kyy, Jx=]Jy),
(iii) F(K,) = Q,
(iv) Q is closed and convex,
(v) ¢(p, Ky z) + 9(K,z,2) < P(p,z) forallp € F(K,), z € E.

It follows from Lemma 2.10 that the mapping K, : C — C defined by (2.21) is a
relatively nonexpansive mapping. Thus, it is quasi-¢-nonexpansive.

Let E be a reflexive, strictly convex and smooth Banach space. Let C be a closed
convex subset of E. Because ¢(x,vy) is strictly convex and coercive in the first variable,
we know that the minimization problem inf,cc¢(x,y) has a unique solution. The operator
[cx = argminyecP(x, y) is said to be the generalized projection of x on C.

Let A be a set-valued mapping from E to E* with graph G(A) = {(x,x*) : x* € Ax]},
domain D(A) = {x € E : A(x) #0}, and range R(A) = {x* € E* : x* € A(x),x € D(A)}.
We denote a set-valued operator A from E to E* by A C E x E*. A is said to be monotone if
(x —y,x* —y*) > 0forall (x,x*),(y,y*) € A. A monotone operator A C E x E* is said to be
maximal monotone if it graph is not properly contained in the graph of any other monotone
operator. We know that if A is maximal monotone, then the solution set A710 = {z € D(A) :
0 € Az} is closed and convex.

Let E be a reflexive, strictly convex and smooth Banach space, it is known that A is
maximal monotone if and only if R(J + rA) = E* for all r > 0.

Define the resolvent of A by J,x = x,. In other words, J, = (J + rA)'J forallr > 0. J, is
a single-valued mapping from E to D(A). Also, A™1(0) = F(J,) for all > 0, where F(J,) is the
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set of all fixed points of J,. Define, for r > 0, the Yosida approximation of Aby A, = (J-=J],)/r.
We know that A,x € A(J,x) forallr >0and x € E.

Lemma 2.13 (Kohsaka and Takahashi [51, Lemma 3.1]). Let E be a smooth, strictly convex, and
reflexive Banach space, let A C E x E* be a maximal monotone operator with AT0#£0, r > 0, and
Jr = (J+7T)"]. Then,

o(x, Jry) + (v y) < d(x,y) (222)

forall x e A0 and y € E.

Let B be an inverse-strongly monotone mapping of C into E* which is said to be
hemicontinuous if for all x,y € C, the mapping F of [0,1] into E*, defined by F(t) =
B(tx + (1 - t)y), is continuous with respect to the weak* topology of E*. We define by N¢(v)
the normal cone for C at a point v € C; that is,

Nc(w) ={x* € E*: (v-y,x*) >0,Yy € C}. (2.23)

Theorem 2.14. (Rockafellar [54]). Let C be a nonempty, closed convex subset of a Banach space E and
B a monotone, hemicontinuous operator of C into E*. Let T C E x E* be an operator defined as follows:

Bv + N¢(v), veC,
To = (2.24)

0, otherwise.

Then T, is maximal monotone and T~0 = VI(C, B).

Lemma 2.15 (Tan and Xu [55]). Let {a,} and {b,} be two sequences of nonnegative real numbers
satisfying

ap <a,+b,, VYn>0. (2.25)

If > by < oo, then lim,, _, i a, exists.

3. The Main Result

In this section, we prove a strong convergence theorem for finding a common element of
the set of solutions of mixed equilibrium problems, the set of solutions of the variational
inequality problem, the zero point of a maximal monotone operator, and the set of two
families of quasi-¢-nonexpansive mappings in a Banach space by using the shrinking hybrid
projection method.

Theorem 3.1. Let E be a 2-uniformly convex and uniformly smooth Banach space and C a nonempty
closed convex subset of E. Let F be a bifunction from C x C to R satisfying (A1)—(A4),letp : C — R
be a proper lower semicontinuous and convex function, and let A : E — E* be a maximal monotone
operator satisfying D(A) C E. Let J, = (J+rA)™J for r > 0, let B be an a-inverse-strongly monotone
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operator of E into E*, and let Y : E — E* be a continuous and monotone mapping. Let {T,} and
{Sn) be two families of quasi-p-nonexpansive mappings of E into itself satisfies the NST *-condition,
with © := ("%, F(T,)) N (N2, F(S,)) NQNVI(C,B) N A™(0)#0 and ||By|| < ||By — Bul| for all
y € Cand u € ©. Let {x,} be a sequence generated by x = x € E, and

wy, =Tl (Jx, — AuBxy),

Zy = ]71(5,,](36'”) + (1 - 6n)](]r,,wn))/

Yn = ]_1 (“n]xn + ,Bn]Tnxn + Yn]SnZn)/

uy € C such that F(un, y) + Yy, y — un) + 9(y) — @(u,) 3.1)
+ rl(y—un,]un -Jy,) >0, VyeC,

Ch1 = {Z €C: ¢(z,un) < (,b(zrxn)}/

Xus1 =1, x,

forall n € N. If the coefficient sequence {a,}, {n}, {yn}, and {6,} C [0,1], {r,} C (0, o0) satisfy a, +
Pntyn =1, liminf, _, a,p, > 0, liminf, _, .y, > 0, liminf, .y, (1-6,) > 0, liminf, 7, > 0
and {1,} C [a,b] for some a,b with 0 < a < b < c*a/2, 1/c is the 2-uniformly convexity constant
of E. Then the sequence {x,} converges strongly to Ilpx.

Proof. We first show that {x,} is bounded. Let p € © = (N2, F(T,,)) N (N2, F(S,)) N QN
VI(C,B) n A™1(0), and let

H(un,y) = F(un,y) + (Y, y —tn) + 9(y) —p(un), y€C,
, (3.2)
K,, = {u €C:H(u,y) + T—(y—un,]un—]yn> >0,Vy € C}.

Put v, = "' (Jx, — L,Bx,) and u, = K;, y,.
With its relatively nonexpansiveness of J,, and by Lemma 2.8, the convexity of the
function V in the second variable, we have

¢(p,wn) = $(p,Icoy)
<¢(p,on) = d(p, )7 U = AuBx,) )
<V(p, Jxn — \uBxy + 1;Bx,) — 2<]_1(]xn - AuBx,) —p, )Lann> (3:3)

=V(p, Jxn) — 2X,(vn — p, Bxy)
= ¢(p, xn) = 2An(xn — p, BxXy) + 2(0y — X, —AuBxy).
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Since p € VI(C, B) and B is a-inverse-strongly monotone, we consider

=20, (2 = p, Bxy) = =20, (xy — p, Bxy — Bp) — 21, (s — p, Bp)

< —2a,||Bx, - Bp||’.
Therefore, by Lemma 2.2, we obtain

2(vy, — xp, —AyBxy,) = 2<]_1 (Jxy = ApBxy) — ]_1 (]xn)r_)‘ann>

< 2|77 (= 1uBx) = I ()

[ Xn Bl
4

< gll]xn = XuBxy = Jxu||[|An By |
4

= ghillenIF

4 2
< gfti”an - Bp|".
We can rewrite (3.3), which yield that

4
$(p.wn) < §(p,xn) = 2k ||Bxy = Bp||* + 5 ;|| By ~ Bp|’

<P(p,xn) + 2)Ln<§)m - a) || Bx, — Bp”2

< P (p, xn).

Apply the Lemma 2.8, Lemma 2.13 and (3.6), we consider

(P, 2n) = (P, T (6a) () + (1= 6) ] U, 00)) )

=V (p,64) (xn) + (1= 84)] (J1,0n))
<6,V (p, ] (xn)) + (1= 62)V (p, ] Ur,00))

= 5,0 (p, %) + (1= 5)$(p, Jr, w03

< 6u(p, xn) + (1= 60) (§(p, wn) = P, wn, wn))
<Enp(p,xn) + (1= 60)p(p, wi)

< 6up(p, xn) + (1= 6209 (p, xn)

= ¢(p, xn),

13

(3.4)

(3.5)

(3.6)

(3.7)
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hence, we obtain

$(p.yn) = §(p, T (@uT 2 + PuT Tk + Y Suza))
= [IpII” ~ 2au(p, Jotu) = 2Bu(p, JTutun) = 25u(p, TSz
+|an % + Bu TuXn + YuJ Snzal|”
<|lpll* - 2au(p, Txu) = 2Bu{p, TTaxn) = 29(p, T Snzn)
w2l + Bul Tl + ol TSzl (38)
= an@(p, xn) + Pud (P, TuXn) + Yu (P, Snzn)
< and(p,xn) + Pud (P, Xn) + Yup (P, Zn)
< and(p, xu) + Pud (P, Xn) + Yud (P, Xn)
= ¢ (p, xn).
By (3.1), again,

¢(p,un) = p(p, Kr,yn) < ¢(p,yn) < ¢ (P, xn). (3.9)

This shows that p € C,,.1. Consequently, © C C,,, for all n € N.
Next, we show that lim,_, ¢ (x,, xp) exists. Since x, = Ilc,x, it follows from
Lemma 2.7 that

¢ (xn, %) < ¢ (p, ) = $(p, Xn) < $(p, %), (3.10)

for each p € © C C,,. Then, ¢(x,, x) is bounded. It implies that {x,} is bounded and {y,},
{zn}, {wn}, and {J,,w,} are also bounded.
From x,, = Ilc,x and x,41 € Cpy1 C C,, we have

@ (xn, x) < P(xps1,x), VneN. (3.11)

Therefore, {¢(x,, x)} is nondecreasing. It follows that the limit of {¢(x,,x)} exists, and from
Lemma 2.7, we have

P (X1, Xn) = P(xpi1, T, x) < P(xp41,x) = (Tc,x, x) = P(xps1, X) — P(xn, X), (3.12)
for all n € N. Thus, we have

IETQO¢(xn+1/ xn) =0. (313)

n
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Since x,,.1 = I¢, ., x € Cpy1, it follows from the definition of C,,,1 that

w1
P (xXpr1, tn) < P(xpa1, x4) — 0. (3.14)
By Lemma 2.5, (3.13), and (3.14), we note that
i (1 = s = 1 61 = % = lim 12, = 1] = 0. (315)
Since J is uniformly norm-to-norm continuous on the bounded set, we obtain
1im [T e = Jutall = i [[Joner = Joall = lim || = ] = 0. (3.16)
Since x,, = Ilc,, C C, for any positive integer m > n, it follows from Lemma 2.7 that

¢(xm/xn) = ‘i)(xm/HCnxn) < ¢(xmrx) - ¢(HCV1le/ x)
= ¢ (X, x) = P(xn, x).

(3.17)

Taking m,n — oo, we have ¢(x,,x,) — 0asn — oo. It follows from Lemma 2.5, that
|xm — xn|| — Oasm,n — oo. Hence, {x,} is a Cauchy sequence. Since E is a Banach space
and C is closed and convex, we can assume that x, — ue€ Casn — oo.

Next, we show that u € (072, F(T,,)) N (N2, F(Sy)).

Since E is a uniformly smooth Banach space, we know that E* is a uniformly convex
Banach space. Let r = sup,, . { |xull, | TnXnll, |Snzall}. From Lemma 2.4, we have

$(p,un) < P(p, yn)

= ¢(p, T (@S % + B TuX + ¥ ) Snzn) )

= lPll* - 2P, Jxu) = 2Bu{p, JTuxn) = 24 (p, T Suzn)
+ [letuJon + Bu Tun + Y Suza ||

<|lpll* - 2 (p, Txu) = 2Bu(p, TTaxn) = 29u(p, T Snzn) (3.18)
+ |l J2ull® + BullTTunll® + ¥l Snznll* = @nfug (1T Tuxtn = Jxnll)

= (P, xn) + Pup (P, Tuxn) + YuP (P, Suzn) — Anfug (1T Tuxn = Jxull)

< and(p, xn) + Pup (P, xn) + Ynp (P, zn) — AnPrg (N Tuxn = Jxull)

< and(p, xn) + Pup (P, xn) + Ynp (P, xXn) — anPug (1T Tuxn — Jxnll)

= ¢(p, xn) = anPug (1T Tuxn = Jxul))-

This implies that

anPug(IJTuxyn = Jxull) < 4’(29, xn) - (,b(P/ un)- (3.19)
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On the other hand, we have

(P, xn) = §(p, tn) = l12al* = lunll® = 2{p, Jxn = Jtin)
= |10 — wall (locall + Netall) + 2| || 1T 260 = Tatall-

Noticing (3.15) and (3.16), we obtain
¢(p,xn) = $(p,un) — 0, asn— oo.
Since lim inf,, _, ,a,f, > 0 and (3.21), it follows from (3.19) that
8JTuxy = Jxn|[) — 0, as n— oo.
It follows from the property of g that
1JTuxn = Jxul — 0, as n— co.
Since J~! is uniformly norm-to-norm continuous on bounded sets, we see that

lim || Tx, — x| = 0.
n—oo

Similarly, using the condition limsup, _, _ a,Y, > 0, one can obtain

lim ||S,z,; — x4]| = 0.
By (3.6), (3.8), and (3.18), we have

$(pun) < and(p,xn) + Pud (P, xn) + Y (P, 2n) = AnPug (1T Tuxn = Jxnll)
< and(p, xu) + Pup (P, Xn)
+ Y [6n@ (P, xn) + (1= 62)P (P, wn)]| = AnPug (1] Tuxxn = Jxull)
< and(p, xn) + Pup (P, Xn) + Ynup (P, Xn)
+Yn(1=6,)9(p, wn) — anPug (T Tnxn — Jxnl|)
< and(p, xn) + Pup (P, Xn)

2
36 () + L= 80) [ ) + 200 () B, = B

- ‘xnﬁng(”]Tnxn = Jxull)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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< anp(p,xu) + Pup(p, Xn) + Yubup (P, xn) + 1u(1 = 62)¢ (P, xn)

2
+¥n(1 - 6n)2-)tn<§)kn - a) ”an - BPHZ - anﬂng(”]Tnxn = Jxnll)

2
< p(pxn) + (1 - 6n>2xn(c—zxn —a) || B2 — Bp]|”.

(3.26)
This implies that
20, (a= 20 ) [Bx - Bl < — s 0w - dp )] G2)
n C2 n n _Yn(1—6n) 7n 7 .
By assumption, lim inf,, _, ¥, (1 - 6,) > 0 and (3.21), we get that
nli_r)r;o”an - Bp|| =0. (3.28)
From Lemma 2.7, Lemma 2.8, and (3.5), we have
¢(xnr wy) = (i)(xn/ Icv,)
< (i)(xnr Un)
= gb(xn,]*l(]xn - )Lann)>
=V(x,, Jx, — AyBxy)
(3.29)

<V (%n, (Jon = AaBXn) + AuBxn) — 2< T (Jxn = AuBxn) = Xn, )Lann>
=V (xy, Jxn) — 2\, {0y — X, Bxy)
= (i)(xn/ xn) + 2<vn — Xn, )lann>
4 2
< £ 3)|Bx., - Bpl.

By Lemma 2.8 and Lemma 2.13, we have

B 20) = @ (%0, T 6T+ (1= 6,) ], 00)))
= V(60 ) %0 + (1= 6,)] (U, w00)
< 64V (i, J0) + (1= 62)V (5, (T, 00))
= 0n(xn, xn) + (1 = 64)P(xn, Jr,wn) (3.30)
= Sn(xn, Xn) + (1= 60) (P(Xn, W) = P(Jr,Wn, wy))
= (1= 8,)p(a, w0)

< (1-6,) 5 ]| Bx, - Bl
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From Lemma 2.5 and (3.28), we obtain

im [, — 2oy = lim [l = 2| = 0. (3.31)

Since ] is uniformly norm-to-norm continuous on bounded sets, we note that
lim [[Jxn = Jwa| = Hm [|Jx, = J2al| = 0. (3.32)
n—oo n—oo

Since x, — uasn — oo, z, — uasn — oo. Combining (3.15), (3.25), and (3.28), we also
obtain

1Snzn = Zull < 1Snzn = Xull + I%n = zull — 0 as n — co. (3.33)

By (3.15) and (3.31), we obtain that

1zne1 = zall € l1zne1 = Xnstll + | %01 = Xull + ||%n — zu|| — 0 as 1 — co. (3.34)

By (3.15), (3.24), (3.33), and (3.34), and {T,}, {S.} satisfies the NST*-condition and x, — p,
then we have p € (N2, F(T,)) N (N2, F(Sy)).

Since {x;,} is bounded, there exists a subsequence {xy,} of {x,} such that x,,, — u € C.
It follows from (3.31) that we have w,, — 1w asi — oo. Next, we show that u € A™10.

By (3.6), (3.8), and (3.9), we obtain

$(p,un) < P(p, yn)
< anp(p, xn) + Pup (P, xn) + YuP (P, 2n)
< anp(p, xn) + Pup (P, xn) + Yu[6u (P, Xn) + (1= 60) (P (P, wn) = Py, wn, wn))]
< and(p, xn) + Pud (P, 2%n) + Y [6u (P, x0) + (1= 62) (P (P, Xn) = Uy, w0n, wn))]
< (P, xn) = Yu(1 = 6)p(Jr, W, wp).

(3.35)
This implies that
Yn(1 = 6)9(Jr,wn, wy) < P(p, xn) — P(p, un). (3.36)
By (3.21), we have
Jim [|];, w0, —wy|| = 0. (3.37)

Since J is uniformly norm-to-norm continuous on bounded sets, we note that

Ji_{{}cnjfrnwn — Jwy| = 0. (3.38)
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Indeed, since lim inf,, _, 1, > 0, it follows from (3.38) that
. 1
lim || Ay, wy| = im —||Jwy = J(Jy,wa)ll = 0. (3.39)
n— oo n—owfty,

If (w, w*) € A, then it holds from the monotonicity of A that
(=W, 0" = Ay, 1wy, ) 20, (3.40)

for all i € N. Letting i — oo, we get (w — u, w*) > 0. Then, the maximality of A implies
ue A70.
Next, we show that u € VI(C, B). Let K C E x E* be an operator as follows:

Ko =

{BU+Nc(U), veC,
(3.41)

@, otherwise.

By Theorem 2.14, K is maximal monotone and K -10 = VI(C, B).
Let (v, w) € G(K). Since w € Kv = Bv+ N¢(v), we get w— Bv € N¢(v). From w, € C,
we have

(v—-w,,w-Kv)>0. (3.42)
On the other hand, since w,, = T1cJ~'(Jx, — A,,Bx,), then by Lemma 2.6, we have

<U - Wy, ]wn - (]xn - )‘ann)> > 0/ (343)
thus

<v _qpy, L= JWn _ an> <0. (3.44)
Ay

It follows from (3.42) and (3.44) that

(v -wy,,w) > {(v-wy, Bv)
> (v —wy, Bv) + <U —wy, Jon = Jen _ an>

An
]xn_]wn>

=<v—wn,Bv—an)+<v—wn, 1
! B (3.45)
= (v — wy, Bv - Bw,) + (v — w,, Bw, — Bx,) + <v—wn,w>

llwn = xu]| _

I\

” ”]xn - ]wnH
a

—llo = wnll o —wn

SVCEN IS

[24 a

v
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where M = sup,,{||v — wy|}. From (3.31) and (3.32), we obtain (v — u,w) > 0. By the
maximality of K, we have u € K710 and hence u € VI(C, B).

Next, we show that u € Q. From u,, = K,, y, and Lemma 2.12, we obtain

¢ (tn, Yn) = $(Kr, Yn, Yn)
<P, yn) - P (u, Ky, yn)

(3.46)
< p(u, xpn) - ‘i)(”/ Krnyn)
< p(u, xn) — P, up).
On the other hand, we have
P (1, xn) = Pt un) = 2 1* = lftnl* = 214, J X = J)
(3.47)
= ln = unl|Cllxull + [l2nll) + 2[felll| Joxn = Jtanl.
Noticing (3.15) and (3.16), we obtain
¢(u,x,) — p(u,u,) — 0, asn— oo. (3.48)
It follows that
¢ (ttn, yn) — 0, asn— oo. (3.49)
By Lemma 2.5, we have
Tim [|u, = yn| = 0. (3.50)
Since J is uniformly norm-to-norm continuous on bounded sets, we get
Tim || Jun = Jyn|| = 0. (3.51)
From the assumption lim inf,_, .7, > a, we get
nlgr;o”]unr;]yn” =0. (3.52)

Noticing that u, = K;,y,, we have

H(uy,y) +rl<y—un,]un—]yn> >0, VyeC. (3.53)
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Hence,
1
H (i, y) + (Y = o, Jt = Jym) 20, Yy €C. (3.54)

From the (A2), we note that

|||]u71i _]y"i” > i
T,

T,

i

(Y = tny, Jutn, = JYn;) > =H (tn, y) > H(y, un,), VyeC.
(3.55)

Iy = ]

i

Taking the limit as # — oo in the above inequality, and from (A4) and u,, — u, we have
H(y,u) <0, forally € C.For0 <t <1landy € C, define y; = ty + (1 — t)u. Noticing that
y,u € C, we obtain y; € C, which yields that H (v, u) < 0. It follows from (A1) that

0=H(ys,y:) <tH(y,y) + (1= H(yi, u) < tH (Y1, y). (3.56)

Thatis, H(y:, y) > 0.
Lett | 0, from (A3), we obtain H(u,y) > 0, for all y € C. This implies that u € Q.
Hence, u € © := (N, F(T,)) N ("%, F(S,)) NnQNVI(C,B) N A7(0).

Finally, we show that u = Ilgx. Indeed, from x,, = Ilc,x and Lemma 2.6, we have

(Jx = Jxp,xn—2z) >0, VzeC, (3.57)
Since © ¢ C,,, we also have

(Jx=Jxp,x,—p) >0, VpeoO. (3.58)
Taking limit n — oo, we obtain

(Jx=Ju,u-p)>0, VpeO. (3.59)

By again Lemma 2.6, we can conclude that u = I1gxy. This completes the proof. O

Corollary 3.2. Let E be a 2-uniformly convex and uniformly smooth Banach space, and let C be a
nonempty closed convex subset of E. Let F be a bifunction from C x C to R satisfying (A1)—(A4),
let ¢ : C — R be a proper lower semicontinuous and convex function, and let A : E — E*
be a maximal monotone operator satisfying D(A) C E. Let J, = (J + rA)7l forr > 0, let B
be an a-inverse-strongly monotone operator of E into E*, and let Y : C — E* be a continuous
and monotone mapping. Let T and S be two quasi-p-nonexpansive mappings of E into itself with
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F:=F(T)NF(S)nQnVI(C,B)N A™(0) #0 and |By|| < ||By — Bul| forall y € C and u € ©. Let
{xn} be a sequence generated by x1 = x € E, and

Wy = Tc] ' (J2n = AuBxn),

zp = J 71 (6] (%) + (1= 62) ] (Jr,w0)),

Yn =T (an)xn + Bu Txn + Y] SZn),

u, € C such that F(un,y) + (Ytn, y — un) + 0(v) — @(un) (3.60)
+rl<y_un/]”n_]]/n>20, V]/GC,

Cp1 = {Z €C:P(z,un) < (,b(zlxn)}/

Xne1 = I, x,

for all n € N. If the coefficient sequence {ay}, {Bn}, and {y,} and {6,} C [0,1], {rn} C (0, 00)
satisfy a, + P + ¥ = 1, lim inf, _, o, B, > 0, lim inf, o,y > 0, lim inf, oy, (1 - 6,) > 0,
lim inf,, _, .7, > 0 and {\,} C [a,b] for some a,b with 0 < a < b < (c*a)/2, 1/c is the 2-uniformly
convexity constant of E. Then, the sequence {x,} converges strongly to TTpx.

Remark 3.3. Theorem 3.1 and Corollary 3.2 extended and improved the results of [40] by
extending the mapping from two-relatively quasi-nonexpansive mappings to two countable
families of quasi-¢-nonexpansive mappings and improving the iterative scheme to be more
general, and finally, we proposed the better new conditions for the coefficient sequences
which was imposed in our algorithm.

4. Applications
4.1. A Zero Point of Inverse-Strongly Monotone Operators

Next, we consider the problem of finding a zero point of an inverse-strongly monotone
operator of E into E*. Assume that B satisfies the following conditions:

(C1) Bis a-inverse-strongly monotone,
(C2) B'0={u€E:Bu=0}#0.

Hence, we also have the following result.

Corollary 4.1. Let E be a 2-uniformly convex and uniformly smooth Banach space, and let C be a
nonempty closed convex subset of E. Let F be a bifunction from C x C to R satisfying (A1)-(A4), let
¢ : C — R bea proper lower semicontinuous and convex function, and let A : E — E* be a maximal
monotone operator satisfying D(A) C E. Let J, = (J+rA)™'] for r > 0, let B be an a-inverse-strongly
monotone operator of E into E*, and let Y : C — E* be a continuous and monotone mapping. Let T
and S be two quasi-@-nonexpansive mappings of E into itself with

©:=F(T)NF(S)NnQnB(0)nA(0) #0. (4.1)
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Let {x,} be a sequence generated by x, = x € E, and

wy, = Tle] ™ (Jotn = \uBxy),

zn = J 71 (6a] (xn) + (1= 62) ] (Jr, wn)),

Yn = (@n]xXn + Pu TXn + YuJS2n),

uy € C such that F(un, y) + (Yun, y — un) + ¢(y) — @(un) (4.2)

+ }(y—un,]un - Jya) 20, VyeC,

Cus1 = {Z eC: ¢(Zrun) < gb(Z, x"l)}’

xTH-l = ch+1xr

forall n € N, where I'lc is the generalized projection from E onto C, ] is the duality mapping on E. If
the coefficient sequence {a,}, {Pn}, {yn}, and {6,} C [0,1], {rn} C (0, 0) satisfy an + fn +yn =1,
lim inf, _, P, > 0, lim inf, . ,a,y, > 0, lim inf, oy, (1 — 6,) > 0, lim inf,_, 1, > O, and
{An} C [a,b] for some a,b with 0 < a < b < c*a/2, 1/c is the 2-uniformly convexity constant of E,
then the sequence {x,} converges strongly to Ilgx.

Proof. Setting Bx =0, for all x € C, then D(B) = E and hence C = E in Corollary 3.2, we also
get ITg = I. We also have VI(B,C) = VI(B,E) = {x € E : Bx = 0} #0, and then, the condition
|By|| < ||By — Bul| holds for all y € E and u € B™10. So, we obtain the result. O

4.2, Complementarity Problems

Let K be a nonempty, closed convex cone in E. We define the polar K* of K as follows:
K*={y* € E*: (x,y*) >0,Vx € K}. (4.3)

If A: K — E*isan operator, then an element u € K is called a solution of the complementarity
problem ([43]) if

Au € K*, (u, Au) = 0. (4.4)

The set of solutions of the complementarity problem is denoted by C(A, K).

Corollary 4.2. Let E be a 2-uniformly convex and uniformly smooth Banach space, and let K be a
nonempty closed convex subset of E. Let F be a bifunction from K x K to R satisfying (A1)-(A4), let
¢ : K — R be a proper lower semicontinuous and convex function, and let A : E — E* be a maximal
monotone operator satisfying D(A) C E. Let J, = (J +rA)T forr >0, let B be an a-inverse-strongly
monotone operator of E into E*, and let Y : K — E* be a continuous and monotone mapping. Let T
and S be two quasi-@-nonexpansive mappings of E into itself with

©:=F(T)NF(S)nQNC(B,K)n A™(0) #0, (4.5)
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and ||By|| < ||By — Bul|| forall y € K and u € ©O. Let {x,} be a sequence generated by x; = x € E,
and

wy, = T ]~ (Jxtn = AuBxy),

zn = J 7 (6] (xn) + (1= 62) ] (Jr, wn)),

Yn =] (an]xn + Pu]Txn + Y] Szn),

Uy € K such that F(itn, y) + (Yt y — ta) + () - 9(1tn) (4.6)

+ %(y_un/]un_]yn> >0, VyEK,

Kpi = {z€ K : ¢(z,un) < P(z,x,)}

Xne1 = g, x,

forall n € N, where Ilk is the generalized projection from E onto K, ] is the duality mapping on E. If
the coefficient sequence {a,}, {Pn}, {yn}, and {6,} C [0,1], {rn} C (0, 0) satisfy an + fn +yn = 1,
lim inf, _, P, > 0, lim inf, _, oa,y, > 0, liminf, . ,y,(1 — 6,) > O, liminf, 1, > 0, and
{Xn} C [a,b] for some a,b with 0 < a < b < c*a/2, 1/c is the 2-uniformly convexity constant of E,
then the sequence {x,} converges strongly to Ilgx.

Proof. As in the proof of Takahashi in [43, Lemma 7.11], we have VI(B, K) = C(B, K). So, we
obtain the above result. O
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