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The main purpose of this paper is to investigate the convergence of the Euler method to stochastic
differential equations with piecewise continuous arguments (SEPCAs). The classical Khasminskii-
type theorem gives a powerful tool to examine the global existence of solutions for stochastic
differential equations (SDEs) without the linear growth condition by the use of the Lyapunov
functions. However, there is no such result for SEPCAs. Firstly, this paper shows SEPCAs which
have nonexplosion global solutions under local Lipschitz condition without the linear growth
condition. Then the convergence in probability of numerical solutions to SEPCAs under the same
conditions is established. Finally, an example is provided to illustrate our theory.

1. Introduction

Stochastic modeling has come to play an important role in many branches of science
and industry. Such models have been used with great success in a variety of application
areas, including biology, epidemiology, mechanics, economics, and finance. Most stochastic
differential equations are nonlinear and cannot be solved explicitly, but it is very important
to research the existence and uniqueness of solution of stochastic differential equations.
Many authors have studied the problem of SDEs. The classical existence-and-uniqueness
theorem requires the coefficients f(x(t)) and g(x(t)) to satisfy the local Lipschitz condition
and the linear growth condition (see [1]). However, there are many SDEs that do not
satisfy the linear growth condition, so more general conditions have been introduced to
replace theirs. Khasminskii [2] has studied Khasminskii’s test for SDEs which are the most
powerful conditions. Similarly, the classical existence-and-uniqueness theorem for stochastic
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differential delay equations (SDDEs) requires the coefficients f(x(t), x(t—7)) and g(x(t), x(t—
7)) to satisfy the local Lipschitz condition and the linear growth condition (see [3-6]). Mao
[7] has proved Khasminskii-type theorem, and this is a natural generalization of the classical
Khasminskii test.

In recent years, differential equations with piecewise continuous arguments (EPCAs)
had attracted much attention, and many useful conclusions were obtained. These systems
have applications in certain biomedical models, control systems with feedback delay in the
work of L. Cooke and J. Wiener [8]. The general theory and basic results for EPCAs have
by now been thoroughly investigated in the book of Wiener [9]. A typical EPCA contains
arguments that are constant on certain intervals. The solutions are determined by a finite
set of initial data, rather than by an initial function, as in the case of general functional
differential equation. A solution is defined as a continuous, sectionally smooth function that
satisfies the equation within these intervals. Continuity of a solution at a point joining any
two consecutive intervals leads to recursion relations for the solution at such points. Hence,
EPCAs represent a hybrid of continuous and discrete dynamical systems and combine the
properties of both differential and difference equations.

However, up to now, there are few people who have considered the influence of
noise to EPCAs. Actually, the environment, and accidental events may greatly influence the
systems. Thus, analyzing SEPCAs is an interesting topic both in theory and applications. In
this paper, we give the Khasminskii-type theorems for SEPCAs, which shows that SEPCAs
have nonexplosion global solutions under local Lipschitz condition without the linear growth
condition.

On the other hand, there is in general no explicit solution to an SEPCA, whence numer-
ical solutions are required in practice. Numerical solutions to SDEs have been discussed
under the local Lipschitz condition and the linear growth condition by many authors
(see [5]). Mao [10] gives the convergence in probability of numerical solutions to SDDEs
under Khasminskii-Type conditions. Dai and Liu [11] give the mean-square stability of the
numerical solutions of linear stochastic differential equations with piecewise continuous
arguments. However, SEPCAs do not have the convergence results. The other main aim of
this paper is to establish convergence of numerical solution for SEPCAs under the differential
conditions.

The paper is organized as follows. In Section 2, we introduce necessary notations
and Euler method. In Section 3, we obtain the existence and uniqueness of solution to
stochastic differential equations with piecewise continuous arguments under Khasminskii-
type conditions. Then the convergence in probability of numerical solutions to stochastic
differential equations with piecewise continuous arguments under the same conditions is
established. Finally, an example is provided to illustrate our theory.

2. Preliminary Notation and Euler Method

In this paper, unless otherwise specified, let |x| be the Euclidean norm in x € R". If Ais a
vector or matrix, its transpose is defined by AT. If A is a matrix, its trace norm is defined
by |A| = v/trace(AT A). For simplicity, we also have to denote by a A b = min{a,b},aVv b =
max{a,b}.

Let (2, ¥, P) be a complete probability space with a filtration {¥:}.,, satisfying the
usual conditions. £!([0, o0), R") and £%([0, o), R") denote the family of all real-valued ¥;-

adapted process f(t);, such that for every T > 0, fOT |f(t)|dt < oo almost surely and
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fOT |f(t)dt < oo almost surely, respectively. For any a,b € R with a < b, denote C([a, b]; R")
as the family of continuous functions ¢ from [a, b] to R" with the norm ||¢|| = sup 4., [P (0)|.
Denote Cé’ct([a,b]; R") as the family of all bounded %¥;-measurable C([a,b]; R")-valued

random variables. Let B(f) = (B1(t), ..., Ba(t))! be a d-dimensional Brownian motion defined
on the probability space. Let C2(R"; R,) denote the family of all continuous nonnegative
functions V (x) defined on R" such that they are continuously twice differentiable in x. Given
V € C2(R"; R,), we define the operator LV : R" x R* — Rby

LV (x,y) = Vi(x)f(x,y) + %trace [gT (x, ) Vax (x)g(x,y)], (2.1)
where
2
Vx(x) = <a‘afij)” a‘a/_’f_:)>’ Vxx(x) = <%3:l/a(j;)> . (22)

Let us emphasize that LV is defined on R" x R", while V is only defined on R".
Throughout this paper, we consider stochastic differential equations with piecewise
continuous arguments

dx(t) = f(x(t), x([t])dt + g(x(t), x([)dB(E) vt 0, (23)
with initial data x(0) = ¢o, where f : R" xR* — R", g: R" xR" — R™4 ¢, is a vector,

and [-] denotes the greatest-integer function. By the definition of stochastic differential, this
equation is equivalent to the following stochastic integral equation:

t t
x(t) = x(0) + jof(x(s),x([s]))ds + J;) g(x(s),x([s]))dB(s) Vt>0. (2.4)

Moreover, we also require the coefficients f(x(t), x([t])) and g(x(t), x([t])) to be sufficiently
smooth.
To be precise, let us state the following conditions.

(H1) (The local Lipschitz condition) For every integer i > 1, there exists a positive con-
stant L; such that

Fey) - FEDIVIgY) -g@DI* < Li(lk-%F + |y -7[), (2.5)

for those x,x,y,y € R" with |x| V |x| V |y| V |y] < i.

(H2) (Linear growth condition) There exists a positive constant K such that

[FE )PV IgCoy) [P < K(1+ xP+ [y[*), (2:6)

forall (x,y) € R* x R™.
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(H3) There are a function V € C2(R%; R,) and a positive constant a such that

1|ir|n_}inf V(x) = oo, (2.7)
LV(x,y) <a(1+V(x)+V(y)), (2.8)

forall (x,y) € R* x R™.
Let us first give the definition of the solution.

Definition 2.1 (see [11]). An R"-valued stochastic process {x(t)} is called a solution of (2.3)
on [0, o0) if it has the following properties:

(1) {x(t)} is continuous on [0, o) and ¥;-adapted,
(2) {f(x(t), x([t])} € £([0,00), R") and {g(x(t), x([t]))} € £*([0, 0), R™4),

(3) equation (2.4) is satisfied on each interval [n, n+1) C [0, o) with integral end-points
almost surely. A solution {x(t)} is said to be unique if any other solution {x(t)} is
indistinguishable from {x(#)}, that is,

P{x(t) = X(t) Vt € [0,00)} = 1. (2.9)

Let h = 1/m be a given stepsize with integer m > 1, and let the gridpoints ¢, be defined
by t, = nh(n = 0,1,2,...). For simplicity, we assume that T = Nh. We consider the Euler-
Maruyama method to (2.3),

Yart = Yo+ £ (Yn v ((nh]) )1+ g (yn, " ([mh]) ) AB, (2.10)

forn=0,1,2,...,where AB,, = B(t,)—B(t,,-1), yh ([nh]) is approximation to the exact solution
x([nh]).Letn = km+l (k=0,1,2,...,1=0,1,2,...,m-1). The adaptation of the Euler method
to (2.3) leads to a numerical process of the following type:

Yiemet1 = Yimed + f (Yimst, Yiem ) B+ §(Yimst, Viem) ABiomt, (2.11)

where ABipii = B(tikm+1) — B(tkm+1-1), Yims+1 and Yi., are approximations to the exact solution
X(tim+1) and x([tim+1]), respectively. The continuous Euler-Maruyama approximate solution
is defined by

t t
y(t) =y(0) + fo f(z(s),z([s]))ds + fo 8(2(s), 2([s]))dB(s), (2.12)

where z(t) = Yims and z([t]) = Yim for t € [tomet, temei+1). It is not difficult to see that
Y(tkm+1) = z(tkm+1) = Yimer for k =0,1,2,...,1=0,1,2,...,m — 1. For sufficiently large integer
i, define the stopping times 7; = inf{t > 0 : [x(t)| > i}, 6; = inf{t > 0 : |y (¢)| > i}.



Journal of Applied Mathematics 5

3. Convergence in Probability of the Euler-Maruyama Method

In this section, we concentrate on (2.3) under the local Lipschitz condition (H1) without the
linear growth condition (H2) to establish the generalized existence and uniqueness theorem
for stochastic differential equations with piecewise continuous arguments. We then give the
convergence in probability of the EM method to (2.3) under the local Lipschitz condition (H1)
and some additional conditions (H3).

Theorem 3.1. Under the conditions (H1) and (H3), there is a unique global solution x(t) to (2.3)
with initial data x(0) = co on t € [0, o0). Moreover, the solution has the property that

EV(x(t)) < oo, foranyt>0. (3.1)

Proof. Applying the standard truncation technique to (2.3), we obtain the unique maximal
local solution x(t) exists on [0, 77.) under the local Lipschitz condition in a similar way as the
proof of [10, Theorem 3.15, page 91], where 7, is the explosion time. For each integer i > |c|,
define the stopping time

ni = inf{t € [0,7.) : |x(t)] > i}. (32)

Clearly, #; is increasing as i — oo. We denote that 7., = lim;_, ,#; and inf@® = oo. Hence,
Moo < e almost surely. If we can obtain 7, = co almost surely, then 7, = co almost surely.

In what follows, we will prove 7., = oo almost surely and assertion (3.1). By the It6
formula and condition (2.8), we derive that

av (x(t)) = LV (x(t), x([t]))dt + Vi (x(t)) g (x(t), x([t]))dB(t)
<a[l+V(x(t) + V(x([t])]dt + Vi (x()) g (x(t), x([t]))dB(t),

(3.3)

for 0 <t < 7,. Now, for t; € [0,1), we can integrate both sides of (3.3) from 0 to 7; A £,

V(x(nint)) < V(x(0)) + a1+ V(x(0))]

1Nk 1Nk (34)
+zxf0 V<x<t>>dt+f0 Vo (x(8) g (x(8), x([1))dB(®).

We take the expectations in both sides of (3.4),

EV(x(niAt1)) <V (x(0)) +a[l +V(x(0))] + aE J‘:i/\tl V(x(t))dt
(3.5)

niNty

gm+an V(x(t))dt,
0

where

P1=V(x(0))+a[l+V(x(0))] =1+a)V(c) +a < . (3.6)



6 Journal of Applied Mathematics

It is easy to compute

}1,‘/\1’1

EV(x(nint)) < p1+aE ’[0 V (x(t))dt

=p + aJZl EV (x(n;i At))dt.

Now the Gronwall inequality yields that

EV(X(T[i A tl)) < ﬂp’fat] < ﬂle"‘, 0<t <1.

So we have

EV(X(Tl, A 1)) = thinﬂEV(x(q, A tl)) < ﬁle“.

Defining

yi = infV(x), Vi2]|col,
|x|>i

denoting I 4 as the indicator function of a set A, we compute

pre* > EV(x(n; A1) > E(V(x(n:)) [ ip<1y) 2 viP (i < 1).

Letting i — oo, we have that P (17, < 1) = 0, namely,
P(fe>1) =1
By (3.8) and (3.12),

EV(x(tl)) < [316"‘, 0 < tl < 1.

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Now let us prove 75, > 2, for t, € [1,2), and we can integrate both sides of (3.3) from 1 to

1i At and take the expectations
EV(x(niAty)) < EV(x(1)) +a[l+EV(x(1))] + aEf
1
t
<po+ af EV (x(m A1)k,
1

where

po < Pre” +a(l+ pre”) < co.

71i/\t2

(3.14)

(3.15)
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Now the Gronwall inequality yields that

EV(x(niAt)) < eV < pre®, 1<t <2. (3.16)

Hence, we have

EV(x(nin2)) = hmEV (x(1; A f2)) < Pre. (3.17)
By (3.10) and (3.17), we compute
fae” 2 EV (x(ni A2)) 2 E(V(x(m:)) Lin<2)) 2 P (10 < 2)- (3.18)
Letting i — oo, we have that P (17, <2) = 0, namely,
P(fe >2) = 1. (3.19)
From (3.16) and (3.19), we yield
EV(x(t)) < pae”, 1<t <2 (3.20)
Repeating this procedure, we can show that, for any integer j > 1, 7., > j almost surely,
EV(x(t;)) < pje*, j-1<t;<j, (3.21)
where
Bi < Pj1e” + a(l + je”) < oo. (3.22)
By (3.13), (3.20), and (3.21), we obtain
EV(x(t)) < pje" <o, 0<t< (3.23)

Therefore, we must have 71, = oo almost surely as well as the required assertion (3.1). The
proof is completed. O

Theorem 3.2. Under theAconditions (H1) and (H3), if ¢ € (0,1) and T > 0, then there exists
a sufficiently large integer i, dependent on € and T such that

P(pi<T)<e Vixi (3.24)
Proof. By Theorem 3.1, we have

EV(x(nint)) <pje* <o, 0<t<. (3.25)
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Choose j large enough for j > T. From (3.25), we get

EV(X(T]I VAN ([T] + 1))) < ﬂ[T]+18a < 00. (326)
It follows from (3.10) and (3.26) that

ﬂ[ﬂﬂ@a > EV(X(Tll A\ ([T] + 1)))
> E(V (x(1:)) I n<iri+1)) (3.27)
>yiP(ni < [T]+1),

while by (H3),y; — coasi — oo. Thus, there is a sufficiently large integer i such that

04
pz A gisg (3.28)

Therefore, we get that

ea
Pira .

P(i<T)<P(mpi <[T]+1) < - (3.29)
The proof is completed. O
The following lemma shows that both y(t) and z(t) are close to each other.
Lemma 3.3. Under the condition (H1), let T > 0 be arbitrary. Then
E( sup |y(t)-z(0]" ) <Ci()h'?, (3.30)
0<t<TAG;

where Cy (i) = 4(22L; + | £(0,0)]> v |£(0,0)[%) (1 + (16v/3/3)d(T + 1)"/?).

Proof. For t € [0,T A 6;), there are two integers k and [ such that t € [tim+1, timsic1). SO we
compute

2

ly(t) —z(t)|* =

t t
L f(z(s),2([s]))ds + 8(z(s), z([s]))dB(s)

tieml

2

(3.31)

t t
f f (Ykmst, Yiem ) ds + f 8 (Ykme1, Yim)AB(s)
tiem+l

tiem+
= | £ (Yrmets Yim) (t = timst) + §(Yimet, Yiem) (B(E) = B(tkma1)) |2

< 2| f (Yiemst, Yiem) |2h2 + 2| g (Vime1, Yiem) |2|B(t) ~ B(tems1) |,
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since

| f Wit Yiem) > < 2] f Wiomets Yiem) = £(0,0)|* + 2| £(0,0) |

< 2Li<|ykm+l|2 + |]/km|2> + 2|f(0,0)|2 (3.32)

<2(22L; + [ £(0,0)*).
Similarly, we obtain that
|8 Yrmet, i) |” < 2<2i2Li + Ig(O,O)Iz)- (3.33)
Substituting (3.32) and (3.33) into (3.31) gives
ly(®) =20 < C(I +1B() ~ B(time) ), (3:34

where C = 4(2i2L; + |£(0,0)[?> v |g(0,0)|?). Let n; = km + [ for t € [tkms1, tkm+1+1), then we have
that

d
E< sup |B(t)—B(tm)|2> SZE< sup |Bi(t)_Bi(tm)|2>

0<t<TA6; i=1 0<t<TAO;

d
< ZE< sup sup |Bi(t) - Bi(tu)|2> (3.35)

1=0,1,2,....N ty<t<tus AT

d 1/2
SZ[E< sup sup |Bi(t)_Bi(tu)|4>] ,

1=0,1,2,...,N t,<t<t, AT

while by the Doob martingale inequality, we have

N
E( sup  sup |Bi(t)—Bi(tu)|4>§ZE< sup |Bi(t)—Bi(tu)|4>
u=0

u=0,1,2,...,N t,<t<ty 1 AT by <t<ty AT

4 N
u=0 (3.36)
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Substituting (3.36) into (3.35) yields

d /
E( sup |B(t)- B tm>|> Z<@<T 1>h>12=ﬂd(T 1) /2R, (3.37)

0<t<TA6; i=1

Thus, we obtain

E( sup |y (t) - z(t)|2> < Ch* + C%gd(T+ 1)/2p1/2

0<t<TN6;
3.38
sc<1 m—\fd(T 1)1/2>h1/2 (3.38)

< Ci(i)h’?,

where C; (i) = 4(2%L; +|£(0,0)2V|£(0,0)[2) (1 + (16+/3/3)d(T +1)"/?). The proof is completed.
O

Lemma 3.4. Under the condition (H1), for any T > 0, there exists a positive constant C (i) dependent
on i and independent of h such that

E<sup [x(t AR AO;) —y(t AR N 6;) |2> < Cy(i)h'?, (3.39)

0<t<T

where Cy (i) = 8T(T + 4)L;Cy (i) ST T+HLi,

Proof. It follows from (2.4) and (2.12) that

|x(t/\1]l-/\9,-) —y(t/\qi/\e,-)|2
2

tAT;iNO;
<2 jo f(x(s), x([s])) = f(z(s),z([s]))ds

(3.40)

2

EATNO;
+2f g(x(s), x([s])) — g(z(s), z([s]))dB(s)

0
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By the Holder inequality, we obtain

|x(t/\11,-/\9i) —y(t/\qi/\Gi)|2

ngﬂ |f(x(s Ami 7 6:), x([s A1 NB])) = f(2(s Ami A6), z([s Ami AB])) |*dls

Jt)g(x(s AninG;), x([sAning])) —g(z(s AninE;), z([s Ami ABi]))dB(s)| .
(3.41)

+2

This implies that forany 0 < t; < T,

Esup <|x(t A1 N6;) =y (t Ami AO;) |2>

0<t<ty

<2TEsup | |f(x(s A n6),x([s A n6]))

0<t<ty

— f(z(s A 7 6:), 2([s A A 61])) | ds (3.42)

|

[[ stx(snmn@) x(ls nnnal))

+ ZE[sup

0<t<t

- g(z(sAninG;), z([s Ami ABi]))dB(s)

By Doob martingale inequality, it is not difficult to show that

Esup <|x(t A N6;) =y (EAn; AO;) |2>

0<t<ty

< ZTEJZ1 |f(x(s A A6, x([s A n60])) = F(z(s A A6, z([s Ami A 6i])) | ds

+ BEJ‘;1 |g(x(sAminG;), x([sAninGi])) —g(z(s Ani NO;), z([s An /\9,~]))|2ds.
(3.43)
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Note from (H1) and Lemma 3.3 that
ty 2
E.[o |f(x(sAminG:),x([sAmin6i])) = f(z(sAninO;), z([s Ami ABi]))| ds
51
SLiEf [x(s Ani AB) = z(s A A6+ [x([s Ams A61]) = 2([s Ams A 6] ) [*dls
0
ty 2
<2LE | |x(sAniA0;) —y(sAnin6;)| ds
0
+2LiEI ly(sAnin6;) —z(sAm NE;)| ds
0
t
+2L,»Ef |x([s Ami AB]) —y([s A i A 6] |*ds
0
t
+2LE | |y([sAmA6]) -z([s A n6i])| ds
0

t
§4Lif E sup |x(t) - y(t)|’ds +4L,TCy())h'/2.

0 OStSs/\rli/\B,»

(3.44)
Similarly, we obtain that
ty 2
EJ‘O |g(x(s AminGi), x([s Amin6])) - g(z(s Ami ABi), z([s Ami A6:])) | ds
t (3.45)
< 4Li,[ E sup |x(t)- y(t)|2ds +4L,TC; (i)h'/?.
0 OStSS/\inGi
Substituting (3.44) and (3.45) into (3.43) gives
2
Esup <|x(t A NG;) —y(EAn NG| >
0<t<ty
" (3.46)
<8(T +4)L; f E sup |x(t) - y(t)|’ds +8(T +4)L,TCy (i)h'/%.
0 Ogtgs/\m/\ai
By the Gronwall inequality, we must get
Esup (|x(tAm A 6) —y(EAT A6 [) < C2(DR, (3.47)

0<t<T

where C, (i) = 8T(T + 4)L;C(1 + 4d)e8TT+HLi, O
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Lemma 3.5. Under the conditions (H1) and (H3) if ¢ € (0,1) and T > 0, then there exists a
sufficiently large integer i (dependent on € and T) and sufficiently small h such that

P(6;<T)<e Vh<h (3.48)

Proof. By Ito formula, we have

av (y(t) = (Vy (y(0)) f2(t) 2([1])) + gtrace [gT<z<t>,z([t]))Vyy(y<t>>g<z<t>,z<[t]>>])dt
+V, (y() g (=(1), =(111)dB()
= (LV(y (&), y(ItD) + Vy (y(&) [f (2, 2([1D) - £ (y(®), y([£])]
 Strace[g” (2(8), 2([11) Vay (y(0) g (=(0), 2([1])

- & (w®, y () Vi (v D) g (¥ (0, y(11D) ] )t

+V, (y(t)g(z(t), z([t]))dB(t).
(3.49)

By condition (H1),

Vy (y) [0, 2(1H) - £ (0, y([1))]
+ StracegT (2(8), 2([11) Vi (y(0) 80, 2([£1)) -7 (w(0), y([11) Ve (v () g (v B, y([1D)]
= (Vy () [ 9), 2(0sD) - F(y(s), y([sD)]
+ Strace([g7 (=(5), 2(1s1) - 87 (y(s),y([s1)| Vay (4(5)) (=), 2([s1))
+ strace(7 (y(), y([51) Vi (¥(9) [3 (=06, 2(15D) - 8 (y(5), y([sD)]

<ci(ly®) - zt)| + [y([t]) - z([tD)]),
(3.50)

where ¢; denotes a positive constant independent of h. Substituting (3.50) into (3.49), we
obtain that, for0 <t < 6;,

av(y®) < (LV(y(®), y([t)) +ci(|y @) — 2] + |y ([t]) - z([ED)]) )t

(3.51)
+Vy (y(1) g(z(t), z([t]))dB(t).
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Hence, for t € [n,n + 1), we can integrate both sides of (3.51) from n to t A 0; and take the
expectations

tAO;
EV(y(tn8)) < EV(y(m) + E [  LV(y()y(ls))ds
! (3.52)

ENO;
B[ ally® - 20] + Iy - = s,
while
t
ciEf (Jy(sn6:) —z(snB)| + |y([s A 6i]) —z([s A 6:])|)ds

=g ft E|ly(sn6;) —z(sn6)|ds +ci ft E|ly([s A6]) — z([s A6;])|ds

<c f (Ely(s A6:) = =(s A 6,-)|2>1/2ds +ci ft (Ely([s A 6:]) - =([s A ei])lz)l/zds

; 1/2
SZCiJ <E sup |y(u)—z(u)|2> ds

0<u<snb;

t 1/2
SZCiJ [Cl(i)hm] ds

< 2ciT[C1(i)h1/2]1/2
< Cs(i)h'*,
(3.53)
where C5(i) = 2¢;T(C (i))l/ 2, Substituting this into (3.52) yields that
_ tAO;
EV(y(En6)) <EV(y(n) + f+E f (LV (y(s), y([s])))ds, (354)
where ff = C3(i)h!/4. For t € [0,1), by condition (H3), we obtain that
t0; B
EV(y(tA6)) <V (y(0)) +aE fo [1+V(y(s))+V(y([s])]ds+p
I0;
<V(y(0)) +a[1+V(y(0)] +p+ aEI V(y(s))ds (3.55)
0

<p+pi+ af EV(y(sA6;))ds,
0
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where
B =V(y(0) +a[1+V(y(0)] = (1+a)V(c) +a < co.
Hence, by the Gronwall inequality,

EV(y(tA6)) < B+ P+ aJt EV(y(sA6;))ds
0

for 0 < t < 1. Consequently,
EV(y(1A6)) = imEV (y(t A 6))) < (B+pr)e” < oo

Define

yi=infV(y), Vi>|col,
|y|2i

and denote I 4 as the indicator function of a set A, then we have

(B+pr)e" > EV(y(8: A1) 2 E(V(y(0)) Tiazr)) > 1iP(6: < 1).

Letting i — oo, we have that P(6,, < 1) = 0, namely,

P, >1) = 1.
By (3.57) and (3.61),
EV(y(t)) < (B+pr)e <oo, 0<t<T.

For t € [1,2), by (3.54), we have

EV(y(tA6)) <EV(y(1)) +a[l + EV(y(1))] + B + "‘flt EV(y(sA6;))ds

<p+p+ af EV (y(sA6;))ds,
1

15

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)
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where
ﬁzS (1+a)<ﬁ+ﬁ1>e"‘+a<oo.

Hence, by the Gronwall inequality,

EV(y(tnB))) < J EV(y(sA6;))ds

<p+p
(o)
-3

IN

IN

for 1 <t < 2. Consequently, we can obtain that

EV(y(276) = im EV (y(t A 8)) < (ﬁ+ ﬁz)eﬂ < 0.

In the same way, we have
EV(y()) < (B+pr)e" <oo, 1<t<2,

Repeating this procedure, for t € [N —1,T), we can show that

EV(y(tn6)) < (B +Pr)e” < oo,
where

ﬁT <(1 +cx)<ﬁ+ﬁN_1>e“ +a < oo.
Consequently, we can obtain that

EV(y(T A6) = im EV (y(t A 6) < (B+pr)e

We compute

(B+Pr)e” > EV(y(T 7)) > E(V (y(8)Tar)) 2 viP(6: < T).

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)
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Then we have

P(O; <T) < <E+ET>ea <C3(i)h1/4 +h T)ea, (3.72)

Yi Yi
Now, for any ¢ € (0,1), choose i = i sufficiently large for

pre

- < % (3.73)
and then choose h sufficiently small for
W <& (3.74)
Y -
Hence,
P(6:<T)<e VYh<h. (3.75E)]

The following theorems describe the convergence in probability of the EM method to
(2.3) under the local Lipschitz condition (H1) and some additional conditions (H3).

Theorem 3.6. Under the conditions (H1) and (H3), for arbitrarily small o € (0,1),

%irr})P <w s sup |x(t) -y ()| > 0> =0, (3.76)

0<t<T

forany T > 0.

Proof. For arbitrarily small o, ¢ € (0,1). We set

Q= {w: sup |x(t) - y(t)| >0'}. (3.77)

0<t<T
By Theorem 3.2 and Lemma 3.5, there exists a pair of i and h such that

P(p;<T) <

4

W ™

(3.78)

P(6:<T)< -, Vh<h

>
3/



18 Journal of Applied Mathematics

Forhﬁfz,
P(Q) <P(Qn (570> T))+P(; A6, < T)
<P(Qn {76 >T})+P(n; <T)+ P(6;<T) (3.79)
= 2e
§P<Qm{11;/\&i>T}>+?.
By Lemma 3.4, we get

(@0 (1,5 T)) < E|sup (10080 - u(eA178) Ly |
0<t<T

<Esup|x(EA: A6 —y(EAT; 76| (3.80)

0<t<T

<Gy (f)hl/z.

Hence,
C(i)h'7
ol 3.81
P(Q@n{mn6>T)) < —5F—. (3.81)
For all sufficiently small i, we obtain
— €
P(@n{mng>T}) <%, (3.82)
From (3.79) and (3.82), we see that for all sufficiently small h,
p(ﬁ) <e (3.83)
which proves the theorem. O

Of course, z(t) is computable but y(t) is not, so the following theorem is much more
useful in practice.

Theorem 3.7. Under the conditions (H1) and (H3), for arbitrarily small o € (0,1),

0<t<T

;IEI})P <w s sup |x(t) — z(t)| > o> =0, (3.84)

forany T > 0.
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Proof. For arbitrarily small o, ¢ € (0,1). We denote

Q= {w s sup |x(t) - z(t)] > 0'}. (3.85)

0<t<T

In the same way as Theorem 3.6, we can see that

P(Q) gp(fzm{m/\&iw})Jr%E. (3.86)

But by Lemma 3.3, we get

0<t<T

o*P(Qn {7 6;>T}) < E[sup |x(tAm; A 6;) - Z(tMr,»/\%)IZI[mA%m]

< Esup [x(t A A 6;) = z(EAT A 6;)|°

0<t<T

< 2Esup |x(t A1 A 0;) = y(E AT A6;)|°

0<t<T

+2Esup|y(t/\m/\&i)—z(t/\rn/\&i)|2 (3.87)

0<t<T

< 2Esup |x(tAm; A 6;) = y(E AT A 6)|

0<t<T

+2Esup |y(tA6) - z(t A 6;)

0<t<T
< 2(c2 (?) +C (?))hl/z.

therefore,

P(@n (65 T)) 2(G (i) + <?>>h1/2. 659)

o2

For all sufficiently small &, we obtain

P(Qn{gnd>T}) <=, (3.89)
3
From (3.86) and (3.89), we see that for all sufficiently small k,
P(Q) <e, (3.90)

which proves the assertion (3.84). O
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4. Numerical Example
Let us now discuss a numerical example to demonstrate the results which we obtain.

Example 4.1. Let us consider the stochastic differential equations with piecewise continuous
arguments

dx(t) = [-x3(t) + x([t])]dt + [sin X2 + x([t])]dB(t) Vit > 0. (4.1)
Defining V (x) = x?, we have

LV(x,y) = 2x<—x3 + 3/> + (sinx2 + y)z < —2x* 4+ 2xy + 2<sinx2>2 +2y% < 3<1 + 2%+ y2>,
(4.2)

where a = 3. In other words, the equation satisfies condition (H3). By Theorem 3.1, we can
conclude that the SEPCA (4.1) has a unique global solution x(t) on t € [0,c0). Moreover,
the EM method can be applied to approximate the solution of the SEPCA (4.1). Given the
stepsize h = 1/m, by (2.10), (2.11), and (2.12), the Euler method to (4.1) leads to a numerical
process of the following type:

Yim+1+1 = Yiemel + (—yim+l + ykm>h - <sin Vit ]/km) ABrai- (4.3)

The continuous Euler-Maruyama approximate solution is defined by

t

y(t) = y(0) + f;(—yﬁ(s) +2([s]))ds + fo (sin2%(s) + 2([s]) ) dB(s), (4.4)

where z(t) = yim and z([t]) = Yim for t € [timai, timeic1). By Theorems 3.6 and 3.7, we
also have the convergence in probability of the EM method to (4.1) under the local Lipschitz
condition (H1) and some additional conditions (H3).
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