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We are concerned with three-species predator-prey model including two prey-taxes and Holling
type II functional response under no flux boundary condition. By applying the contraction
mapping principle, the parabolic Schauder estimates, and parabolic LP estimates, we prove that
there exists a unique global classical solution of this system.

1. Introduction

In addition to random diffusion of the predator and the prey, the spatial-temporal variations
of the predators’ velocity are directed by prey gradient. Several field studies measuring
characteristics of individual movement confirm the basis of the hypothesis about the
dependence of acceleration on a stimulus [1]. Understanding spatial and temporal behaviors
of interacting species in ecological system is a central problem in population ecology. Various
types of mathematical models have been proposed to study problem of predator-prey.
Recently, the appearance of prey-taxis in relation to ecological interactions of species was
studied by many scholars, ecologists, and mathematicians [2-5].

In [2] the authors proved the existence and uniqueness of weak solutions to the two-
species predator-prey model with one prey-taxis. In [3], the author extended the results of
[2] to an n x m reaction-diffusion-taxis system. In [4], the author proved the existence and
uniqueness of classical solutions to this model. In this paper, we deal with three-species



2 Journal of Applied Mathematics

predator-prey model with two prey-taxes including Holling type II functional response as
follows:

6u1

W_dlAuﬁ-V . (ﬂ1u1Vu2)+V . (ﬁzulvue.) ——au + exCujly  e3C3UIU3

my + b2u2 ms + b3u3

in (0,T) x Q,

auz U CoU1 U .
D dAuy = (1 22 iy - 220, T) x Q,
ot o r2< K> >u2 Myt by 0,7)

au3 usz C3U1U3 .
— —d3Auz = 1-— - 0,T) xQ,
or ~ B r3< K3 >u2 My + bz 1)

ouy _ Oy _ ous _
o " ow oy —0 (0T x0e
(u1(0,x),u2(0, x),u3(0,x)) = (u10(x), u20(x), uz0(x)) > (0,0) in L,

(1.1)

where Q is a bounded domain in RN(N > 1 is an integer) with a smooth boundary 0Q; u;
and u; (i = 2,3) represent the densities of the predator and prey, respectively; the positive
constants dy, d, and dj3 are the diffusion coefficient of the corresponding species; the positive
constants a, K;, r;, m;, e;, m;/c;, bi/ci,m;i/b; (i = 2,3) represent the death rate of the predator,
the carrying capacity of prey, the prey intrinsic growth rate, the half-saturation constant, the
conversion rate, the time spent by a predator to catch a prey, the manipulation time which
is a saturation effect for large densities of prey, the density of prey necessary to achieve one-
half the rate, respectively; the predators are attracted by the preys, and the positive constant
Pi (i = 1,2) denotes their prey-tactic sensitivity. The parts piu; Vuy and fru; Vug of the flux are
directed toward the increasing population density of u, and us, respectively. In this way, the
predators move in the direction of higher concentration of the prey species.

The aim of this paper is to prove that there is a unique classical solution to the model
(1.1). It is difficult to deal with the two prey-taxes terms. To get our goal we employ the
techniques developed by [6, 7] to investigate.

Throughout this paper we assume that

pr=0, Pa=0, foru > upy. (1.2)

The assumptions that f; = 0 for u; > uy,, and o = 0 for u; > uy, have a clear biological
interpretation [2]: the predators stop to accumulate at given point of Q after their density
attains a certain threshold value u;, and the prey-tactic sensitivity i and f, vanishes
identically when uy > uy,,.

Throughout this paper we also assume that

w0, uz0 < K, 0Q € C*™,  wuqo(x), ua(x), uso(x) € C>* <§>, where 0 <a <1,

1.3
Ou1p _ Ol _ Ouzg -0 noQ (13
v o ov 0 ° ’
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Denote by C:f:“’ﬁ(QT) (m > 0is integer, 0 < @ <1, 0 < p < 1) the space of function u(x, t)
with finite norm [8]:

m
||u”C::t+a'ﬁ(QT) = Z[

sup|D;u
1=0

Qr

+ <Diu>ia; + <D§u>f2¥|, (1.4)

where
@@ = Y |w(x, t) —w(y,t)]
o (v.1) lx-yl*
(xt),(yt)eQ
' (1.5)
® _ lw(x,t) —w(x, )|
w® = 3 anal)
(xh),(x7)eQr |t - 7]
We denote by Ci;a’lw (Qr) the space of functions u(x, t) with norm
lellczier gy + Nutll ot - (1.6)

The main result of this paper is as follows.

Theorem 1.1. Under assumptions (1.2) and (1.3), for any given T > O there exists a unique solution
U = (u1, up, u3) € CH1@/2(Qr) of the system (1.1), where Qr = (0,T) x Q. Moreover,

up(x,t) 20, 0<u(x,t) <Ky 0<us(x,t)<Ks, (1.7)

forany x € Qand t > 0.

This paper is organized as follows. In Section 2, we present some preliminary lemmas
that will be used in proving later theorem. In Section 3, we prove local existence and
uniqueness to system (1.1). In Section 4, we prove global existence to system (1.1).

2. Some Preliminaries

For the convenience of notations, in what follows we denote various constants which depend
on T by N, while we denote various constants which are independent of T by Nj.

Lemma 2.1. Let (u,x) € C*% *(@/2(Qr). Then
llu(x, t) —u(x, 0)||C1+m/2(QT) < NO’I(T)||”||c2+ml+<a/2)(QT)f (2.1)

where TI(T) = max{Ta/zr T(l—a)/Z }
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Proof. Using the definition of Holder norm, we have

|u(x, ) —u(x,0)]
|t|(1+a)/2

< Dyl - |T|7972,
[u(x, t) — u(x,0)] crean () < N0||D,2€u(x, t) — Du(x,0) ||L°°(QT)

2 a/2
< No [Dxu] ooy T

< No[u]caar gy - ITI*,
which yields that
llu(x, t) = u(x, 0)||criaamrzoyy < Nompllullcamamrzgyy-
Therefore,

||u(x, t) - u(x, 0)||C1+a,a/2(QT) < N()T]||M||Cz+a,1+(a/z)(QT).

We now consider the following nonlinear parabolic problem:

% —diAuy + V- (frin Vi) + V- (four Vug) =urf - in (0,T) x Q,
%:omﬂﬂwﬁ

u1(0,x) = uyp(x) in Q.

By the parabolic maximum principle, we have u (x,t) > 0.

Lemma 2.2. Let

Uy (x, 1), uz(x, t) € CHo 1+@2(Qry f(x,t) € C¥'2(Qr),

No.

||u2||C2+a,1+(a/2)(QT), ||u3||C2+a,1+(a/2)(QT), ||f| Ca/2(Qr) <

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

Then, under assumptions (1.2) and (1.3), there exists a unique nonnegative solution ui(x,t) €
Cxal+@/2)(Qr) of the nonlinear problem (2.5) for small T > 0 which depends on ||u10(x)||c2+x(qy-

Proof. This proof is similar to that of Lemma 2.1 in [4]. For reader’s convenience we include
the proof here. We will prove by a fixed point argument. Let us introduce the Banach space X
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of function u; with norm ||u1||cieaer(g,)(0 < T < 1) and a subset X4 = {u; € X : u1(x,0) =
u10(x) and [|lu1||criaarzgpy < A}, where A=|[u1o ()| c2eeyHlu20 () | c2+e @y Hluz0 (%) | c2+0 (@) +1. For
any u; € X4, we define a corresponding function i1 = Fuy, where iy satisfies the equations

%—dlA%—lhf:—[ﬁVul Vg — foVuy - Vuz — prug Aug — fous Aus  in (0,T) x Q,
% =0 on (0,T) x 0, (2.7)
11(0,x) = upo(x) in Q.
By u; € X4, we have
h £ =1V - Vi = pVuy - Vg = i Auy = Porn Auz € C**/2(Qr). (2.8)

By the parabolic Schauder theory, this yields that there exists a unique solution  to (2.7) and

||ﬁ1||c2+u,l+(a/2)(QT) < ”ﬁllt:O”CZm(Q) + M1(A)
(2.9)
< A+ Mi(A) 2 My (A),

where M;(A) is some constant which depends only on A. For any function (x,t), by
Lemma 2.1 and combining (2.9), if T is sufficiently small (I depends only on A), then we
have

”ﬁl (x/ t)||C1+a,a/2(QT) < “ﬁ1 (x/ O)||C1+a,a/2(QT) + NOTI(T)”ﬁl”CZMH(a/Z) (©Qr)
(2.10)
< 10 (x) |l coa + 1 < A.

Therefore, 11 (x,t) € X4 and F maps X4 into itself. We now prove that F is contractive. Take
u11,Upp in X4, and set 1117 = Fuyy, U1p = Fuyp, © = 11 — 12. Then, it follows from (2.7) that ©
solves the following systems:

2—7; CdAT-Bf=hy in(0,T)xQ,
9% _0 on (0,T)x0Q, (211)
ov

2(0,x) =0 in Q,

where

hy £ =1 (Vuny — Vura) - Vup — fo(Vury — Vurp) - Vg 212)
- ﬁl(ull —u12)Auy — ﬂ2(u11 — u12) Aus.
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By u11, 112 € X4 and conditions of Lemma 2.2, it is easy to check that

M2l opy < |B1(Vins = Vuay) - V”ZHCO(QT) + || B2(Vur1 = Vo) - V”3||CO(QT)

+ || B1 (ua1 - ulz)AHZHCO(QT) + || B2 (111 — ulZ)AuSHCU(QT)

(2.13)
< Nolluar = uizllco + Nollta1 = 2l ooy
< Nollug - 1412||c1,0(QT)-
Using the assumption || f||a,a/2 < No and the LP-estimate, we have
||f||Lw(QT) < ||f| Caa/2 < NO/ ||5”w§1 < N0||h2||L°°(QT)‘ (214)

For any p > 1, by using Sobolev embedding Wﬁ'l(QT) < CHYAM/2(Qr) (y =1 - (5/p) > aif
we take p sufficiently large), we have

||5||C1+y,(1+y)/2(QT) < N0||h2||Loo(QT) < No||u11 - u12||C1,o(QT). (2.15)
Then, noting y > &, we can easily check that [4]

191l criaar(gry < NoT*?||uy - U12|| creaarz(gp)- (2.16)

Taking T small such that N T%/2 < 1/2, we conclude from (2.16) that F is contractive in X4.
Therefore F has a unique fixed point u;, which is the unique solution to (2.5). Moreover, we
can raise the regularity of u; to C2**1*(@/2(Qr) by using the parabolic Schauder estimates. [

3. Local Existence and Uniqueness of Solutions

In this section, we will prove Theorem 3.1 which show that system (1.1) has a unique solution
U(x,t) = (11, up, uz) € CH41+@/2(Qr) as done in [6, 7].

Theorem 3.1. Assume that (1.2) and (1.3) hold, then there exists a unique solution U(x,t) =
(11, up, u3) € C>1+@/2)(Qr) of the system (1.2) for small T > 0 which depends on

A

100 ()l c2e () = 110(x) [l vy + 120 () [l vy + 130 () [l 20 () - 3.1)

Furthermore, ui(x,t) >0, ux(x,t) >0, uz(x,t) > 0.

Proof. We will prove the local existence by a fixed point argument again. Introducing the
Banach space X of the function U, we define the norm

“U”Ca,a/Z(QT) = ||u1||Ca,a/2(QT) + ||u2||ca,zx/2(QT) + “u3llca,a/2(QT) (0 < T < 1), (32)
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and a subset

XA = {U € X: Uy, Uz, Uz > 0, ||U||Cu,a/2(QT) < A}, (33)

where

U(x,0) = (u10(x), u20(x), uz0(x)),
(3.4)

A = |luro(x) ||y + 1120 (X) [l 20 () + (11430 () || c210() + 1-

For any U € X4, we define correspondingly function U =HU by U = (14,1, u3), where U
satisfies the equations

aﬁz — Uy CoUq — .

W—dZAuz— [Tz(].-z) —W]uz m (O,T) XQ,

aﬁ3 _ Uus C3Uq ]_ .

I At = (1= ) e T) x Q

5~ b [T3< K3> pmarny el KGRI (0,T) x L, 35)
o, s

E—EZO OH(O,T)XaQ,

uy(x,0) = uoo(x), usz(x,0)=uz(x), x€L,

6171 — o — — ezczﬁluz e3C3ﬁ1u3 .
—d AT +V - . =— T) x Q
a1 dl U+ (ﬂ1u1Vu2)+V (ﬂ2u1Vu3) auq + o + b2u2 e+ b3u3 m (0, ) x L2,
% —0 on (0,T) x0Q,

u1(x,0) = upo(x), xe€Q.
(3.6)

By (3.5), (u1,u2,u3) € Xa, assumption (1.3), and the parabolic Schauder theory, we have that
there exists a unique solution ,, u3 to (3.5) and

2]l c2vaneiarn @y < NHalioll e + M3(A) < A+ M3(A) = My(A). (3.7)

Similarly,

||ﬁ3||C2+a,1+(a/z) . < ”ﬁ3|t:0||c2+a + Ms5(A) < A+ Ms5(A) £ Mqg(A). (3.8)
(Qr)

Moreover, by parabolic maximum principle, we have

U (x,t) >0 in Qr, uz(x,t) >0 in Qr. (3.9)



8 Journal of Applied Mathematics

Similarly, by using Lemma 2.2, from (3.6) we can conclude that there exists a unique solution
u; satisfying

71| corensierm, < M7(A), (3.10)

and by parabolic maximum principle we have u;(x, t) > 0 in Qr. From (3.7), (3.8), and (3.10),
we have

||ﬁ < Mg(A). (3.11)

CZ+a,1+(u/2)(QT)
For any function U(x, t), using Lemma 2.1 we get

||G(x, t) - U(x, 0)

ey S NOUDIUllesrwion. (3.12)

From (3.11) and (3.12), if T is sufficiently small we have

||ﬁ(x, )

< ||ﬁ(x,0)|| + Non(T)Ms(A)

Caa/2 (QT) Caa/2

(3.13)
S ||U0(x)||C2+a(Q) + 1 = A,

which yields U € X4. Therefore, H maps X4 into itself.

Next, we can prove that H is contractive as done in the proof of Lemma 2.2 in X4
if we take T sufficiently small. By the contraction mapping theorem H has a unique fixed
point U, which is the unique solution of (1.1). Moreover, we can raise the regularity of U to
Ca1+(@/2)(Qr) by using the parabolic Schauder estimates. O

4. Global Existence
First we establish some a priori estimates to (1.1).

Lemma 4.1. Suppose that U = (u1,up, u3) € C>(Qr) is a solution to the system (1.1), then there
holds

u1 >0, 0<u; <K 0<uz<Ks. (4.1)
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Proof. 1t follows from (1.1) that

% - dlAul + (ﬂNuz +ﬂ2Vu3) . Vu1

ot
€2CUp €3C3U3
+<[51Au2 + ﬁzAu3 +a-

my + by ms3 + b3u3

>u1 =0 in (0,T)xQ,
(4.2)

% -0 on (0,T) x Q,

u1(0,x) =uyp(x) >0 in Q.

Obviously, u; = 0 is a subsolution to (4.2). Using the maximum principle, we get u; > 0.
Similarly, we have u, > 0 and u3 > 0.
On the other hand, it follows from model (1.1) that

K
%—dzAuz—r2<l—£>uz+—C2u1u2 —0< 22 in (0,T) xQ,

ot K, myp + bzuz myp + szz
O 0 on (0,T) x 00, (4.3)
ov

u2(0,x) = up(x) in Q,

which implies that K is a subsolution to problem (4.3). Hence we have 0 < u(x,t) < Kj.
Similarly, we get 0 < uz(x, t) < K3. This completes the proof of Lemma 4.1. ]

Lemma 4.2. Suppose that U = (u1, Uz, u3) € C>(Qr) is a solution to the system (1.1), then for any
p > 1 there holds

lurllrgny <N, 2l SN, el gy < N- (4.4)

Proof. Multiplying the first equation of (1.1) by u’f_l, integrating over Qr, using the no-flux
boundary condition, and noting u; > 0, we get

t
lj uf(x,t)dx—lj‘ ug(x,t)dx+(p—1)d1jf ui’_2|Vu1|2dxdt
PJa PJa 0/

t t
<(p-1) JO f i prid” ' Vuy - Vipdx dt + (p - 1) JO f i Bord ' Vuy - Vusdxdt  (4.5)

t t
+%II u’;dxdt+%J‘ f uf dx dt.
b JoJa by JoJa
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For u; > uy,,, we get

t
1J‘ u’;(x,t)dx—lj‘ ug(x,t)dx+(p—1)dlfj u’f_2|Vu1|2dxdt
Pla PJa 0/

, (4.6)
€xCr  €e3C3 p
< =—+—=— u dx dt.
- < b  bs >fo Lz !
Therefore
t
J uf(x, t)dt < Ny + NO,[ J ui’dx dt. (4.7)
Q 0/Ja
Using Gronwall’s Lemma, we have
t
f f uf (x,t)dt < N. (4.8)
0Ja
Therefore, for u; < uy,,, we have
t t
J f Wl (x, t)dt < f I Wb (x,t)dt < N. (4.9)
0Ja 0Jo
Obviously, we have
t t
f f ug(x,t)dt Sf j Kg(x,t)dt <N,
f “ f ¢ (4.10)
f f ub (x, t)dt < f f KE(x,t)dt < N.
0/o 0Ja
This completes the proof of Lemma 4.2. O

Lemma 4.3. Suppose that U = (uq, up, uz) € C>*(Qy) is a solution to the system (1.1), then for any
p > 5 there holds

”ul”w;'l(QT) <N, ”uZ”wg'l(QT) <N, ||u3||w§,1(QT) <N. (4.11)

Proof. Note that the second equation of (1.1) can be rewritten as follows:

Ouy 7 Collq )
— —dyAuy — -—Uy - — =0 4.12
ot 2812 (Tz Kz 2 my + b2u2 2 ! ( )

where ||, — (r2/ K2)up — (cour / (ma + bouz)) |l r (o) < N.



Journal of Applied Mathematics 11

By the parabolic LP-estimate, we have
2l gy < N- (4.13)
Using the Sobolev embedding theorem (taking p > 5), we get
IVl (gp) < N- (4.14)
Similarly, we can obtain

||u3||w§,1(QT) <N,

(4.15)
IVusle (o) < N-
It follows from the first equation of (1.1) that
aul
E - d1Au1 + ([31Vu2 +ﬂ2Vu3) . Vu1
= —(ﬂl Auz + ﬁzAu3 +a-— 2oty - €3Calls >u1 in (O, T) X Q,
myp + b2u2 ms + b3u3
(4.16)
0
% =0 on (0,T)x 39,
u1(0,x) =uyp(x) 20 in Q,
where
€er2CrUn €3C3U3
—( g A A - - <N.
“ <ﬁ1 + prhus+a my + byuy  mz + bzus >u1 Q) (4.17)
Using the parabolic LP-estimates again, we have
”ul”w;/l(QT) <N. (4.18)
This completes the proof of Lemma 4.3. O

Lemma 4.4. Suppose that U = (u1,uy, u3) € C>Y(Qr) is a solution to the system (1.1), then there
holds

||u1||C2+a,1+(a/2) (©r) <N, ||u2||cz+a,1+(a/z)(QT) <N, ||u3||sz,1+<a/z>(QT) < N. (4.19)

Proof. Using the Sobolev embedding theorem (taking p > 5) and Lemma 4.3, we have

||u1||ca/a/2(QT) <N, ||u2||Ca,a/2(QT) <N, ||u3||Ca,a/2(QT) < N. (4.20)
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Using (4.20) and the Schauder estimates to the second and third equation of model (1.1), we
have

||u2||cz+a,l+(a/2)(QT) S N, ||u3||cz+a,l+(a/2)(QT) S N (421)

Applying the parabolic Schauder estimate to (4.16) and using (4.21), we have

||u1 ||C2+a,l+(a/2)(QT) < N. (4.22)

This completes the proof of Lemma 4.4. O

Therefore, we can extend the local solution established in Theorem 3.1 to all t > 0, as
done in [6, 7]. Namely, we have the following.

Theorem 4.5. Under assumptions (1.2) and (1.3), there exists a unique solution U = (u1, up, u3) €
Cxa1+@/2(Qr) of the system (1.2) for any given T > 0. Moreover,

up(x,t) >0, 0<u; <K, 0<us<Ks. (4.23)

forany x € Qand t > 0.
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