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We put a direct new method to construct the rational Jacobi elliptic solutions for nonlinear
differential difference equations which may be called the rational Jacobi elliptic functions method.
We use the rational Jacobi elliptic function method to construct many new exact solutions for some
nonlinear differential difference equations in mathematical physics via the lattice equation and
the discrete nonlinear Schrodinger equation with a saturable nonlinearity. The proposed method
is more effective and powerful to obtain the exact solutions for nonlinear differential difference
equations.

1. Introduction

It is well known that the investigation of differential difference equations (DDEs) which
describe many important phenomena and dynamical processes in many different fields, such
as particle vibrations in lattices, currents in electrical networks, pulses in biological chains,
and many others, has played an important role in the study of modern physics. Unlike
difference equations which are fully discredited, DDEs are semidiscredited with some (or
all) of their special variables discredited, while time is usually kept continuous. DDEs also
play an important role in numerical simulations of nonlinear partial differential equations
(NLPDEs), queuing problems, and discretization in solid state and quantum physics.

Since the work of Fermi et al. in the 1960s [1], DDEs have been the focus of many
nonlinear studies. On the other hand, a considerable number of well-known analytic methods
are successfully extended to nonlinear DDEs by researchers [2-17]. However, no method
obeys the strength and the flexibility for finding all solutions to all types of nonlinear DDEs.
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Zhang et al. [18] and Aslan [19] used the (G'/G)-expansion method in some physically
important nonlinear DDEs. Xu and Li [12] constructed the Jacobi elliptic solutions for
nonlinear DDEs. Recently, S. Zhang and H.-Q. Zhang [20] and Gepreel [21] have used the
Jacobi elliptic function method for constructing new and more general Jacobi elliptic function
solutions of the integral discrete nonlinear Schrodinger equation. The main objective of this
paper is to put a direct new method to construct the rational Jacobi elliptic solutions for
nonlinear DDEs. We use this method to calculate the exact wave solutions for some nonlinear
DDEs in mathematical physics via the lattice equation and the discrete nonlinear Schrodinger
equation with a saturable nonlinearity.

2. Description of the Rational Jacobi Elliptic Functions Method

In this section, we would like to outline an algorithm for using the rational Jacobi elliptic
functions method to solve nonlinear DDEs. For a given nonlinear DDEs

A(u,lﬂg1 (%), Unap, (x),u;le (x),... ,u;Hpk (x),.. .,uil:)pl (x),.. .,uili)pk (x),

(r)

2.1)
gy (X), -+« Vi (), Oy (), U (X), O (), DN (), ) -0,

where A = (Ay,...,Ay), x = (x1,X2,...,Xp), n = (m,...,ng), and g,m,Q,p1,...,pk are
integers, ul@, vl.(r) denotes the set of all rth order derivatives of u;, v; with respect to x.
The main steps of the algorithm for the rational Jacobi elliptic functions method to

solve nonlinear DDEs are outlined as follows.

Step 1. We seek the traveling wave solutions of the following form:

un(x) = u(én)/ Un (x) = V(én)/ ceey (2.2)
where
Q m
n= > dimi+ D cjx;j + &, (2.3)
i=1 =1

di(i=1,...,Q),¢,(j=1,...,m),and the phase ¢ are constants to be determined later. The
transformations in (2.2) are reduced (2.1) to the following ordinary differential difference
equations

QU @uepn )+ U G ) U G ) U @) U G ) U ()

V)0V o) Vg ) Vi) Vi) Vi) ) =0,
(2.4)

where Q = (Q1,...,8Q,). The transformations in (2.2) help in the calculation of the iteration
relations between u,(x), u,-1(x), and u,.1(x). For example, Langmuir chains equation
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du,(t)/dt = u,(t) (U1 (t) — uy—1(t)) under the wave transformation u,(t) = U(¢,), & =
dn + ct + ¢ takes the form cU’'(&,) = U (&) (U, +d) —U (¢, — A)).

Step 2. We suppose the rational series expansion solutions of (2.4) in the following form:

o Fo(HEY. ve-Sh(GE). e

1=

where a; (i = 0,1,...,K), and ; (i = 0,1,...,L) are constants to be determined later, and
F(¢,) satisfies a discrete Jacobi elliptic differential equation

F? (&) = e + e1F2(&) + e2F* (&), (2.6)

where ey, e, and e; are arbitrary constants.

Step 3. Since the general solution of the proposed (2.6) is difficult to obtain and so the iteration
relations corresponding to the general exact solutions. So that we discuss the solutions of the
proposed discrete Jacobi elliptic differential equation (2.6) at some special cases to ey, e; and
ey to cover all the Jacobi elliptic functions as follows:

Type 1. if eg = 1, e1 = —(1 + m?), eo = m?. In this case (2.6) has the solution F(¢,) = sn(¢,, m),
where sn(¢,, m) is the Jacobi elliptic sine function, and m is the modulus.
The Jacobi elliptic functions satisfy the following properties:

[Sn(gn/ m)]/ = CTl(gn, m)dn(énl m)/ [Ci’l(gn, m)]/ = _Sn(‘;nl m)dn(én/ m)/
[dn(@n,m)]' = =mPsn(G,m)cn(@m),  [cs(@nm)] = -ns@nmds@um),  (27)
[sd(&nm)] = =nd (@, m)ds(@n,m),  [de(@nm)] = (1= m?)nc(s, m)sc(én m),

where cn(¢,, m), and dn(¢,, m) are the Jacobi elliptic cosine function, and the Jacobi elliptic
function of the third kind. The other Jacobi elliptic functions can be generated by sn(¢,, m),
cn(¢,, m), and dn(¢,, m) as follows:

_ cn(én,m) _dn(én,m) _ 1 _ 1
Cd(én,m)——dn(gmm)/ dc(én,m)——cn(gmm), nC(én,m)—Cn(gmm), nd(én,m)—dn@mm),
_ cn(&,, m) _ sn(é,, m) _ sn(&,, m) _ dn(é,, m)
es(@um) = SHES, se(@um) = DU, sd(@) = ST, ds(,m) = T
(2.8)
_sn(&, m)en (&, m)dn(gr, m) + sn(é&, men(éy, mydn (&, m)
sl = 0m) = T s (3, m)sn @, m) ’
cn(& + &y, m) = cn(ér, m)cn(é, m) 42sn(gl,m)sn(éz,m)dn(gl,m)dn(gg,m)’ (2.9)

1 — m2sn2 (&, m)sn?(&, m)
dn(&, m)dn (&, m) sn(§1,m)5”(§2,m)C”(§1fm)C”(§2fm)

dn(é £ &, m) = 1 — m2sn? (&1, m)sn2(&, m)
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In this case from using the properties of Jacobi elliptic functions, the series expansion solu-
tions (2.5) take the following form

& ren@, mydn(g, m)\!
U(gn) = %“1( S1(&n, M) ) ’ (2.10)
2.10

sn (g, m)

L i
Vi - 3 lmintium) )|
i=0

Further by using the properties of Jacobi elliptic functions, the iterative relations can be writ-

ten in the following form:
S [ F (Gnsp) >i
u é?l = ai ’
( ip) ; < F(énip)

(2.11)

V(ensy) = Zojﬂ<l;((§:)) >

where
F,(énid) _ L )
F(ua) M {en(d, myen (&) dn &, m)dn(d,m) £ msn(d, m)sn (&, m)

¥ 2m?sn(d, m)sn> (&, m) F 2m*sn®(d, m)sn(&,, m) + m*sn®(d, m)sn®(&,, m)
+ sn(d, m)sn(&,, m) = m*sn®(d, m)sn®(¢,, m)

Fm?sn*(d, m)sn® (&, m)dn(&,, m)dn(d, m)cn(d, m)cn(&,, m) },
(2.12)
M; = —cn(p, m)dn(p, m)sn(E,, m) F sn(P, m)dn(&,, m)cn (&, m) + m*sn’(&,, m)

x sn?(p, m)cn(p, m)dn(p, m) + m*sn? (&, m)sn® (¢, m)cn(&,, m)dn(&,, m),
(2.13)

d =psidi +psads + - + psodo, Psj iS the jth component of shift vector p;.
Type 2. if eg = 1 - m?, e; = 2m* — 1, e; = —m?. In this case, (2.6) has the solution F(¢,) =

cn(¢,, m). From using the properties of Jacobi elliptic functions, the series expansion solutions
(2.5) take the following form

<& sn(n, m)dn(ée, m) \'
U<§n>—§ai<— e ) »
2.14

L i
Vi - 3 (e
=0

cn(éu, m)
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Type 3. if eg = m*—1, e; = 2—m?, e; = —1. In this case, (2.6) has the solution F(¢,) = dn(é,, m).
From using the properties of Jacobi elliptic functions the series expansion solutions (2.5) take
the following form

U (msn(@men(@,m) '
‘%“1(‘ dn (G, m) >

_ (2.15)
L 2 t

Type 4. if eg = 1 —m?, e; =2 —m?, e; = 1. In this case, (2.6) has the solution F(¢,) = cs(¢,, m),
then the series expansion solutions (2.5) take the following form

K i L i
U@,) = Zai(_nS(én,m)dS(émm)> v, = Zﬁi<_n8(§n,m)d5(§n,m)>
i=0

pry cs(Gn, 1) cs(én,m)
(2.16)
Equation (2.16) can be written in the following form:
_3 dn(,m) \' _5 dn(,m '
U =S smenom) . V@~ S et )
(2.17)

Type 5. if eg = 1, e1 = 2m? — 1, and e; = m?(m? — 1). In this case, (2.6) has the solution
F(¢,) = sd(é,, m), then the series expansion solutions (2.5) take the following form

K i
U(@2,) = Zai<nd(§”’m)Cd(§"’m)> V@ Zﬂl<nd(§n,m)cd(§n,m)>

parc sd(én, m) sd(gn,m)
(2.18)
Equation (2.18) can be written in the following form:
K cn(é,, m) i _ cn (&, m) :
U@ =S i) Ve Z Wit
(2.19)

Type 6. if eg = m?, e; = —(m* + 1), and e, = 1. In this case, (2.6) has the solution F(¢,) =
dc(¢,, m), then the series expansion solutions (2.5) take the following form

Ko /(1= m?)ne(, m)sc(@nm)\'
U (&) =§“z<( )dc(gn, m) >

(2.20)

) (1= m2)ne(&,, m)sc(g,m)
Ve %ﬁ < dc (g, m) >
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Equation (2.20) can be written in the following form:

L& a-md)sn,m) & Q-m)sn@,m) |
Ulen) = §a1<cn(§n,m)dn(§n,m)> ! Va(én) = §ﬂ1<cn(§n,m)dn(§n,m)> T
2.21)

From the properties of the Jacobi elliptic functions, we can deduce the iterative relation to the
above kind of solutions from Types 2—6 as we show in Type 1.

Equations (2.10)-(2.21) lead to getting all formulas of solutions from Types 1-6 as
different. Consequently, we will discuss all solutions from Types 1-6.

Step 4. Determine the degree K, L,... of (2.5) by balancing the nonlinear term(s) and the
highest-order derivatives of U (¢,), V(¢,),. .. in (2.4). It should be noted that the leading terms
U (énsp), V(énsp), - .., p#0 will not affect the balance because we are interested in balancing
the terms of F'(¢,)/F(én)-

Step 5. Substituting U (¢,), V(¢,), and ... in each type form 1-6 and the given values of K,
L,and ... into (2.4). Cleaning the denominator and collecting all terms with the same degree
of sn(¢,, m), dn(¢,, m), and cn(¢é,, m) together, the left hand side of (2.4) is converted into a
polynomial in sn(¢,, m), dn(¢,, m), and cn(¢,, m). Setting each coefficient of this polynomial
to zero, we derive a set of algebraic equations for a;, f;, d;, and c;.

Step 6. Solving the over determined system of nonlinear algebraic equations by using Maple
or Mathematica. We end up with explicit expressions for a;, f;, d;, and c;.

Step 7. Substituting a;, f;, d;, and ¢; into U (¢,), V(¢,), and ... in the corresponding type from
1-6, we can finally obtain the exact solutions for (2.1).

3. Applications

In this section, we apply the proposed rational Jacobi elliptic functions method to construct
the traveling wave solutions for some nonlinear DDEs via the lattice equation and the
discrete nonlinear Schrodinger equation with a saturable nonlinearity which are very
important in the mathematical physics and have been paid attention to by many research-
ers.

3.1. Example 1. The Lattice Equation

In this section, we study the lattice equation which takes the following form [22-25]

dugt(t) _ <a + Puy, + Yui) (Un-1 — Uns1), 1)
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where a, §, and y are nonzero constants. The equation contains hybrid lattice equation, mKdV
lattice equation, modified Volterra lattice equation, and Langmuir chain equation:

(i) (1+1) dimensional Hybrid lattice equation [25]:

du, (t)
dt

= (1 + fup + Yu121> (Un-1 = Uns1); (3.2)

(ii) mKdV lattice equation [25]:

dun(t) _

i = (a1 (ot — ), (33)

(iii) modified Volterra equation [24]:

du, (t

% = 15 (U1 = tns); (34)
(iv) Langmuir chain equation [25]:
du,, (t

dt( ) = Uy (Upt1 — Up-1)- (3.5)

According to the above steps, to seek traveling wave solutions of (3.1), we construct the
transformation

un(t) = U(Gn), gn=dn+cit+ ¢, (3.6)

where d, c1, and ¢ are constants. The transformation in (3.6) permits us to convert (3.1) into
the following form:

all' () = (a+ PU(E) + YU (E) ) UGy — ) ~ U@ + ), (3.7)

where ' = d/d¢,. Considering the homogeneous balance between the highest-order

derivative and the nonlinear term in (3.7), we get K = 1. Thus, the solution of (3.7) has
the following form:

U(gn) = <%> +a, (3.8)

where ap, and a; are constants to be determined later, and F(¢,) satisfies a discrete Jacobi
elliptic ordinary differential (2.6). When, we discuss the solutions of the Jacobi elliptic
differential difference (2.6), we get the following types.
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Type 1. lf eg = 1,1 = =(1 + m?), and e, = m?. In this case, the series expansion solution of
(3.7) has the form:
a Cn(énr m)dn(gnr m)
u(,) = 3.9
(én) = a0 + s1(Z,, m) (3.9)

With help of Maple, we substitute (3.9) and (2.12) into (3.7), cleaning the denominator and
collecting all terms with the same degree of sn(¢,, m), dn(é,, m), and cn(¢,, m) together, the
left hand side of (3.7) is converted into polynomial in sn(¢,, m), dn(é,, m), and cn(é,, m). Set-
ting each coefficient of this polynomial to zero, we derive a set of algebraic equations for ay,
a1, d, and c;. Solving the set of algebraic equations by using Maple or Mathematica, we have

b e o

=Ty M yven(d mydn(d,m)’ S 2yen(d, mydn(d, m)’ (3.10)
From (3.9) and (3.10), the solution of (3.7) takes the following form:
\/ )62 - 4“)’5”(‘1/ m)cn(é‘rl/ m)dn(é‘rl/ m) ﬁ
U, = (3.11)

2ycn(d, m)dn(d, m)sn(¢,, m) 2y

where ¢, = dn — ((4ay — f?)sn(d, m)/[2ycn(d, m)dn(d, m)])t + &.

Type 2. If eg = 1 -m?, e; = 2m?> - 1, and e, = —m?. In this case, the series expansion solution of
(3.7) has the form:

sn(En)dn(en)

U(én) =a0—m (&, m)

(3.12)

With the help of Maple, we substitute (3.12) into (3.7), cleaning the denominator and col-
lecting all terms with the same degree of sn(¢,, m), dn(é,, m), and cn(¢,, m) together, the left
hand side of (3.7) is converted into polynomial in sn(¢,, m), dn(é,, m), and cn(é,, m). Setting
each coefficient of this polynomial to zero, we derive a set of algebraic equations for ay, a1, d,
and c;. Solving the set of algebraic equations by using Maple or Mathematica, we get

B /P~ 4aysn(d,m)dn(d, m) _ (4ay - pA)dn(d, m)sn(d, m)
ao__ﬂ' m= 2ycn(d, m) coaT 2ycn(d, m) ’
(3.13)

In this case the solution of (3.7) takes the following form:

g\ —daysn(d,m)dn(d,m)sn (&, m)dn(&, m)

U(én) = —5-

2y 2yen(d, m)cn(é,, m) ! (3.14)

where ¢, = dn — ((4ay - f?)dn(d, m)sn(d, m)/ [2ycn(d, m)])t + &.
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Type 3. if eg = m?—1,e; =2-m? and e, = —1. In this case, the series expansion solution of
(3.7) has the form:

_ mZ‘xlsn(én)C”(én)

U(n) = ao dn(i) (3.15)

Consequently, by using Maple or Mathematica, we obtain the following results:

P B \/#* — 4aysn(d, m)cn(d, m) _ (4ay - p*)cen(d, m)sn(d, m)
M=Toy T 2ydn(d, m) oAz 2ydn(d, m) ‘
(3.16)
In this case, the solution takes the following form:
\/p? — daym?sn(d, m)cn(d, m)sn(&,, m)cn(é,, m)

b _ , (3.17)

Ul(gn) = 2y 2ydn(d, m)dn(é,, m)

where ¢, = dn — ((4ay — p*)cn(d, m)sn(d, m)/[2ydn(d, m)])t + &.

Type 4. if eg = 1 —m?, e; = 2 —m?, and e, = 1. In this case, the series expansion solution of
(3.7) has the form:

__ ans(Gn)ds(Sn)

Uy (n) = a0 @) (3.18)

Consequently, using the Maple or Mathematica we get the following results:

P B \/#* — 4aysn(d, m)cn(d, m) _ (4ay - p*)cen(d, m)sn(d, m)
W=7y M7 2ydn(d, m) o aTT 2ydn(d, m) ‘
(3.19)
In this case, the solution of (3.7) takes the following form:

\/F? — daysn(d, m)cn(d, m)ns(&,, m)ds(é, m)

Un(gn) = O , (3.20)

2y 2ydn(d, m)cs(é,, m)

where ¢, = dn — ((4ay — *)cn(d, m)sn(d, m)/ [2ydn(d, m)])t + &.

Type 5. if eg = 1, e1 = 2m* — 1, and e; = m?(m? - 1). In this case, the series expansion solution
of (3.7) has the form:

and(én)cd(én)

U(én) = ao + sd(&y)

(3.21)
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Consequently, by using Maple or Mathematica, we get the following results:

Y /P —4aysn(d,m)dn(d, m) (P - day)sn(d, m)dn(d, m)
%o = 2y = 2ycn(d, m) ! = 2ycen(d, m) '
(3.22)
In this case, the solution takes of (3.7) the following form:
ﬂ \/B? - 4aysn(d, m)dn(d, m)nd (&, m)cd (¢, m)
U&n) =~ }f 2ycn(d, m)sd(¢,, m) (3.23)
where ¢, = dn + (% - 4ay)sn(d, m)dn(d, m)/ [2ycn(d, m)])t + &.
Type 6. if eg = m?, ey = —(m? + 1), and e = 1. In this case, the series expansion solution of
(3.7) has the form:
_ (1 - mz)‘xlnc(gn)sc(gn)
U(én) = ap + @) . (3.24)
Consequently, by using Maple or Mathematica, we get the following results:
i \/ B — 4aysn(d, m) (B* - 4ay)sn(d, m) (3.25)
apgp = —— = = .

2 M7 oyen(dmydn@my <7 2yen(dmydn(dm)

In this case, the solution of (3.7) takes the following form:

\/ —4ay (1 - m?)sn(d, m)nc(&,, m)sc(&, m)

Ulon) =3¢ 2ydn(d, m)cn(d, m)dc(&,, m) (3.26)

where ¢, = dn + (% - 4ay)sn(d, m)/ [2ycn(d, m)dn(d, m)])t + &.

3.2. Example 2. The Discrete Nonlinear Schrodinger Equation

The discrete nonlinear Schrodinger equation (DNSE) is one of the most fundamental
nonlinear lattice models [8]. It arises in nonlinear optics as a model of infinite wave guide
arrays [26] and has been recently implemented to describe Bose-Einstein condensates in
optical lattices. The class of DNSE model with saturable nonlinearity is also of particular
interest in their own right, due to a feature first unveiled in [27]. In this section, we study the
DNSE with a saturable nonlinearity [28, 29] having the form

2
ura

~¢pn =0, (3.27)
T+ p| g

Oy
la—q; + (Pna1 + o1 = 20n) +
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which describes optical pulse propagations in various doped fibers, ¢, is a complex valued
wave function at sites n while v and p. We make the transformation

@n = P(En)e ), & =an+p, (3.28)

where 0, p, a, and f are arbitrary real constants. The transformation (3.28) permits us convert-
ing (3.27) into the following nonlinear difference equation

3
(0 =29 (&) + P(Et) + (&) + % 0. (329)
We assume that (3.29) has a solution of the form:
$e) =UG) = (F ) +an, (330)

where a1, and ay are constants to be determined later and F(¢,) satisfying a discrete Jacobi
elliptic differential equation (2.6). When, we discuss the solutions of (2.6), we have the follow-

ing types.

Type 1. If eg = 1,e1 = —(1 + m?), and e, = m?. In this case, the series expansion solution of
(3.29) has the form:

cn(én, m)dn(§n, m)

U(én) = a1 S11(&n, 1)

+ag. (3.31)

With the help of Maple, we substitute (3.31) and (2.12) into (3.29), cleaning the denominator
and collecting all terms with the same order of cn(¢,, m), dn(é,, m), and sn(¢,, m) together,
the left hand side of (3.29) is converted into polynomial in cn(é,, m), dn(&,, m), and sn(¢,, m).
Setting each coefficient of this polynomial to zero, we derive a set of algebraic equations for
a, a1, 0, p, &, and P. Solving the set of algebraic equations by using Maple or Mathematica,
we obtain

sn(a, m) =2 p(m*sn*(a, m) - 1)
axp = 0, a) = 7 V= 7
—pen(a, m)dn(a, m) cn?(a, m)dn?(a, m) (332)
3.32
—2sn*(a, m) [m*cn®(a, m) + dn’(a, m)]
o= , u<0.
cn?(a, m)dn?(a, m)

In this case, the solution of (3.27) takes the following form:

_ sn(a,m)cn (&, m)dn(¢,, m) . [-2tsn*(a, m) [m*cn®(a, m) + dn*(a, m)]
¥n= /—pen(a, m)dn(a, m)sn(é,, m) P cn?(a, m)dn?(a, m) Pl

where ¢, = an + p.
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Type 2. If eg = 1 — m?, e; = 2m? — 1, and e, = —m?. In this case the solution of (3.29) has the
form:

sn(¢,, m)ydn(&,, m)

U(gn) = ao— en(e, m) (3.34)
Consequently, by using Maple or Mathematica, we get the following results:
2o = 0 R sn(a, m)dn(a, m) , 2u(m?sn*(a, m) - 2m?sn®(a,m) + 1)
O = 4 1 = 7 = 7
/—Hen(a, m) cn?(a, m)
(3.35)
—2sn*(a, m) [m?sn®(a, m) + 1 — 2m?]
o= , pu<0.
cn?(a, m)
In this case, the solution takes the following form:
_ __sn(a,m)dn(a, m)sn(én, m)dn(é,, m)
o /=ren(a, m)cn (g, m)
(3.36
. | —2tsn?(a, m) [mPsn®(a, m) + 1 - 2m?] )
X - + .
P cn?(a, m) p

Type 3. if eg = m?—1,e; =2—-m? and e, = —1. In this case, the series expansion solution of
(3.29) has the form:

mzalsn(én)cn(gn)
U(n) = a0 — dn(e) (3.37)
Consequently, by using Maple or Mathematica, we get the following results:
sn(a, m)cn(a, m) 2u(m*sn*(a, m) — 2sn*(a, m) + 1)
axp = O/ ay = s V= ’
v~} dn(a, m) dn?(a, m) (338)
—2sn?(a, m) [m?sn®(a, m) — 2 + m?] 0 .
= <0.
dn?(a, m) o
In this case, the solution takes the following form:
__ m’sn(a,m)cn(a, m)sn (&, m)cn(é,, m)
¥n = = pdn(a, m)ydn(&,, m)
(3.39)

{ _[—Ztsnz(a,m) [m?sn?(a, m) — 2 + m?] ] }
x Exp{ —i +p| ¢

dan?(a, m)
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Type 4. ifeg = 1 - m?, e; = 2 —m?, and e, = 1. In this case, the series expansion solution of
(3.29) has the form:

arns(&,)ds(én) )

U(én) = ao - cs (&)

(3.40)

After some calculation, the solution of (3.27) takes the following form:

_ sn(a,m)cn(a, m)ns(&,, m)ds (&, m)

¥n = V=H dn(a, m)cn(&,, m)

[ -2t sn*(a, m) [m*sn®(a, m) — 2 + m?]
x Expq —i A2 (a, m) TPl

(3.41)

where v = 2u(m? sn*(a, m) — 2sn*(a, m) + 1) /dn>(a, m).

Type 5. if eg = 1, &1 = 2m* — 1, and e, = m?(m? — 1). In this case, the series expansion solution
of (3.29) has the form:

arnd(&,)cd (&) .

U(Gn) = ao + sd(&) (3.42)
After some calculation, the solution of (3.27) takes the following form:
_ _ sn(a,m)dn(a, m)cd (&, m)nd(g,, m)
= /=picn(a, m)sd (&, m)
) y ) (3.43)
. | —2tsn?(a, m) [m?*sn®(a, m) + 1 — 2m?]
x - +
el cn?(a, m) Pl
where v = 2u(m?sn*(a, m) - 2sn*(a, m) + 1) /cn®(a, m).
Type 6. if ey = m?, e; = —(m? + 1), and e, = 1. In this case, the series expansion solution of
(3.29) has the form:
(1 -m*)ay ne(gn)sc(én)
n) = . A4
U = a0+ ) (3:44)
After some calculation, the solution of (3.27) takes the following form:
(1—m)sn(a, mync(é,, m)sc(é,, m)
n = —H en(a, m)dn(a, m)dc(&,, m)
(3.45)

{ _[—Ztsnz(a,m) [m2cn®(a, m) + dn®(a, m)] ] }
x Exp +p| ¢,

o cn?(a, m)dn?(a, m)

where v = 2u(m?sn*(a, m) — 1)/ [cn*(a, m)dn®(a, m)].
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Remark 3.1. (1) The formulas of the exact solutions from Types 1-6 are different, and
consequently, we must discuss the exact solutions in all types from 1-6.

(2) The values of a;, i, d;, and c¢; in Examples 1 and 2 have a unique determination in
all types of this method.

4. Conclusion

In this paper, we put a direct method to calculate the rational Jacobi elliptic solutions
for the nonlinear difference differential equations via the lattice equation and the discrete
nonlinear Schrodinger equation with a saturable nonlinearity. As a result, many new and
more rational Jacobi elliptic solutions are obtained, from which hyperbolic function solutions
and trigonometric function solutions are derived when the modulus m — 1and m — 0.

References

[1] E. Fermi, J. Pasta, and S. Ulam, Collected Papers of Enrico Fermi, vol. 2, The University of Chicago Press,
Chicago, 111, USA, 1965.

[2] W.P.Su, ]. R. Schrieffer, and A. J. Heeger, “Solitons in polyacetylene,” Physical Review Letters, vol. 42,
no. 25, pp. 1698-1701, 1979.

[3] A.S.Davydov, “The theory of contraction of proteins under their excitation,” Journal of Theoretical Bio-
logy, vol. 38, no. 3, pp. 559-569, 1973.

[4] P. Marquié, . M. Bilbault, and M. Remoissenet, “Observation of nonlinear localized modes in an elec-
trical lattice,” Physical Review E, vol. 51, no. 6, pp. 6127-6133, 1995.

[5] M. Toda, Theory of Nonlinear Lattices, vol. 20 of Springer Series in Solid-State Sciences, Springer, Berlin,
Germany, 2nd edition, 1989.

[6] M. Wadati, “Transformation theories for nonlinear discrete systems,” Progress of Theoretical Physics
Supplement, vol. 59, pp. 36-63, 1976.

[7] Y. Ohta and R. Hirota, “A discrete KdV equation and its Casorati determinant solution,” Journal of the
Physical Society of Japan, vol. 60, no. 6, p. 2095, 1991.

[8] M. J. Ablowitz and J. F. Ladik, “Nonlinear differential-difference equations,” Journal of Mathematical
Physics, vol. 16, pp. 598603, 1975.

[9] X.-B. Hu and W.-X. Ma, “Application of Hirota’s bilinear formalism to the Toeplitz lattice—some
special soliton-like solutions,” Physics Letters A, vol. 293, no. 3-4, pp. 161-165, 2002.

[10] D. Baldwin, U. Goktas, and W. Hereman, “Symbolic computation of hyperbolic tangent solutions
for nonlinear differential-difference equations,” Computer Physics Communications, vol. 162, no. 3, pp.
203-217, 2004.

[11] S.-K. Liu, Z.-T. Fu, Z.-G. Wang, and S.-D. Liu, “Periodic solutions for a class of nonlinear differential-
difference equations,” Communications in Theoretical Physics, vol. 49, no. 5, pp. 1155-1158, 2008.

[12] G.-Q. Xu and Z.-B. Li, “Applications of Jacobi elliptic function expansion method for nonlinear
differential-difference equations,” Communications in Theoretical Physics, vol. 43, no. 3, pp. 385-388,
2005.

[13] E Xie, M. Ji, and H. Zhao, “Some solutions of discrete sine-Gordon equation,” Chaos, Solitons and
Fractals, vol. 33, no. 5, pp. 1791-1795, 2007.

[14] S.-D. Zhu, “Exp-function method for the Hybrid-Lattice system,” International Journal of Nonlinear
Sciences and Numerical Simulation, vol. 8, no. 3, pp. 461-464, 2007.

[15] 1. Aslan, “A discrete generalization of the extended simplest equation method,” Communications in
Nonlinear Science and Numerical Simulation, vol. 15, no. 8, pp. 1967-1973, 2010.

[16] P. Yang, Y. Chen, and Z.-B. Li, “ADM-Padé technique for the nonlinear lattice equations,” Applied
Mathematics and Computation, vol. 210, no. 2, pp. 362-375, 2009.

[17] S.-D. Zhu, Y.-M. Chu, and S.-1. Qiu, “The homotopy perturbation method for discontinued problems
arising in nanotechnology,” Computers & Mathematics with Applications, vol. 58, no. 11-12, pp. 2398-
2401, 2009.

[18] S.Zhang, L. Dong, ].-M. Ba, and Y.-N. Sun, “The (G'/G)-expansion method for nonlinear differential-
difference equations,” Physics Letters A, vol. 373, no. 10, pp. 905-910, 2009.



Journal of Applied Mathematics 15

[19] 1. Aslan, “The Ablowitz-Ladik lattice system by means of the extended (G'/G)-expansion method,”
Applied Mathematics and Computation, vol. 216, no. 9, pp. 2778-2782, 2010.

[20] S.Zhang and H.-Q. Zhang, “Discrete Jacobi elliptic function expansion method for nonlinear differen-
tial-difference equations,” Physica Scripta, vol. 80, no. 4, Article ID 045002, 2009.

[21] K. A. Gepreel, “Rational jacobi elliptic solutions for nonlinear difference differential equations,” Non-
linear Science Letters, vol. 2, pp. 151-158, 2011.

[22] G.-C. Wu and T.-C. Xia, “A new method for constructing soliton solutions to differential-difference
equation with symbolic computation,” Chaos, Solitons and Fractals, vol. 39, no. 5, pp. 2245-2248, 2009.

[23] E Xie and ]J. Wang, “A new method for solving nonlinear differential-difference equation,” Chaos,
Solitons and Fractals, vol. 27, no. 4, pp. 1067-1071, 2006.

[24] C.-S.Liu, “Exponential function rational expansion method for nonlinear differential-difference equa-
tions,” Chaos, Solitons and Fractals, vol. 40, no. 2, pp. 708-716, 2009.

[25] Q. Wang and Y. Yu, “New rational formal solutions for (1+1)-dimensional Toda equation and another
Toda equation,” Chaos, Solitons and Fractals, vol. 29, no. 4, pp. 904-915, 2006.

[26] A. Trombettoni and A. Smerzi, “Discrete solitons and breathers with dilute Bose-Einstein conden-
sates,” Physical Review Letters, vol. 86, no. 11, pp. 2353-2356, 2001.

[27] L.Hadzievski, A. Maluckov, M. Stepi¢, and D. Kip, “Power controlled soliton stability and steering in
lattices with saturable nonlinearity,” Physical Review Letters, vol. 93, no. 3, Article ID 033901, 4 pages,
2004.

[28] S.Gate and J. Herrmann, “Soliton Propagation in materials with saturable nonlinearity,” Journal of the
Optical Society of America B, vol. 9, pp. 2296-2302, 1991.

[29] S. Gate and ]J. Herrmann, “Soliton Propagation and soliton collision in double doped fibers with a
non- Kerr- like nonlinear refractive- index change,” Optics Letters, vol. 17, pp. 484-486, 1992.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



