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We introduce an implicit and explicit iterative schemes for a finite family of nonexpansive semi-
groups with the Meir-Keeler-type contraction in a Banach space. Then we prove the strong conver-
gence for the implicit and explicit iterative schemes. Our results extend and improve some recent
ones in literatures.

1. Introduction

Let C be a nonempty subset of a Banach space Eand T : C — C be a mapping. We call T
nonexpansive if [|[Tx - Ty|| < ||x — y|| for all x, y € E. The set of all fixed points of T is denoted
by Fix(T), that is, Fix(T) = {x € C: x = Tx}.

One parameter family T = {T(t) : t > 0} is said to a semigroup of nonexpansive map-
pings or nonexpansive semigroup on C if the following conditions are satisfied:

(1
@

) T(0)x = x forall x € C;

) T(s+t)=T(s)T(t) forall s,t > 0;

(3) foreacht >0, |[T(t)x - T(t)y| < ||lx -yl forall x,y € C;
)

(4) for each x € C, the mapping T(-)x from R*, where R* denotes the set of all nonne-
gative reals, into C is continuous.
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We denote by Fix(T) the set of all common fixed points of semigroup C, that is,
Fix(T) = {x € C: T(t)x =x, 0 <t < oo} and N by the set of natural numbers.

Now, we recall some recent work on nonexpansive semigroup in literatures. In [1],
Shioji and Takahashi introduced the following implicit iteration for a nonexpansive semi-
group in a Hilbert space:

t

Xy =ayx+ (1- ocn)tl j ' T(s)x,ds, VneN, (1.1)

0

where {a,} C (0,1) and {t,} C (0,0). Under the certain conditions on {a,} and {t,}, they
proved that the sequence {x,} defined by (1.1) converges strongly to an element in Fix(C).

In [2], Suzuki introduced the following implicit iteration for a nonexpansive semi-
group in a Hilbert space:

xp=ayu+ (1—a,)T(t,)x,, VneN, (1.2)

where {a,} C (0,1) and {t,,} C (0,00). Under the conditions that lim,, _, ¢, = lim, _, a,/t, =
0, he proved that {x,} defined by (1.2) converges strongly to an element of Fix(T). Later on,
Xu [3] extended the iteration (1.2) to a uniformly convex Banach space that admits a weakly
sequentially continuous duality mapping. Song and Xu [4] also extended the iteration (1.2)
to a reflexive and strictly convex Banach space.

In 2007, Chen and He [5] studied the following implicit and explicit viscosity ap-
proximation processes for a nonexpansive semigroup in a reflexive Banach space admitting
a weakly sequentially continuous duality mapping;:

Xn = anf(xn) + (1= an)T(ty)xn,

(1.3)
Y1 = Puf (Yn) + (1= Bu)T(tn)yn, VneN,

where f is a contraction, {a,} C (0,1) and {t,} C (0, o0). They proved the strong convergence
for the above iterations under some certain conditions on the control sequences.

Recently, Chen et al. [6] introduced the following implicit and explicit iterations for
nonexpansive semigroups in a reflexive Banach space admitting a weakly sequentially con-
tinuous duality mapping;:

Yn = AnXn + (1 - an)T(tn)xn/
Xn = ﬂnf(xn) + (1 _pn)yn/ Vn eN,

Yn = XpXy + (1= )T (tn)xn,
Xn+l = ﬂnf(xn) + (1 - ﬂn)ynr Vn €N,

(1.4)

(1.5)

where f is a contraction, {a,} C (0,1) and {t,} C (0,00). They proved that {x,} defined by
(1.4) and (1.5) converges strongly to an element g of Fix(T), which is the unique solution of
the following variation inequality problem:

((f-1),j(x-q)) <0, Vx e Fix(T). (1.6)
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For more convergence theorems on implicit and explicit iterations for nonexpansive
semigroups, refer to [7-13].

In this paper, we introduce an implicit and explicit iterative process by a generalized
contraction for a finite family of nonexpansive semigroups in a Banach space. Then we prove
the strong convergence for the iterations and our results extend the corresponding ones of
Suzuki [2], Xu [3], Chen and He [5], and Chen et al. [6].

2. Preliminaries

Let E be a Banach space and E* the duality space of E. We denote the normalized mapping
from E to 2F by J defined by

Je)={j € E: (x,jx) = IxIP = [ljll}, VxeE, 2.1)

where (-,-) denotes the generalized duality pairing. For any x,y € E with j(x) € J(x) and
j(x +y) € J(x +y), itis well known that the following inequality holds:

xl® + 2(y, j(x)) < [l + y|I* < lxl” + 2(y, i (x + ). (2.2)

The dual mapping J is called weakly sequentially continuous if J is single valued, and
{x,} — x € E, where — denotes the weak convergence, then J(x,) weakly star converges to
J(x) [14-16]. A Banach space E is called to satisfy Opial’s condition [17] if for any sequence
{x,}inE, x, — x,

limsup||x, — x|| <limsup||x, —y||, Yy e€E with x#y. (2.3)

n—oo n—oo

It is known that if E admits a weakly sequentially continuous duality mapping ], then E is
smooth and satisfies Opial’s condition [14].

A function ¢ : R* — R* is said to be an L-function if ¢(0) = 0, ¢s(t) > 0 for any ¢ > 0,
and for every t > 0 and s > 0, there exists u > s such that ¢(t) < s, for all t € [s,u]. This im-
plies that ¢s(t) < t for all £ > 0.

Let f : C — Cbeamapping. f is said to be a (¢, L)-contraction if there exists a L-func-
tion ¢ : R* — R* such that ||f(x) — f(y)] < ¢(||x — y||) for all x, y € C with x #y. Obviously,
if ¢(t) = kt forall t > 0, where k € (0,1), then f is a contraction. f is called a Meir-Keeler-type
mapping if for each € > 0, there exists 6(¢) > O such thatforallx,y € C,ife < [[x —y|| < e+,
then [|f(x) - f(y)l| <e.

In this paper, we always assume that ¢s(f) is continuous, strictly increasing and
lim; _, »7(t) = oo, where 7(t) = t — ¢5(t), is strictly increasing and onto.

The following lemmas will be used in next section.

Lemma 2.1 (see [18]). Let (X, d) be a metric space and f : X — X be a mapping. The following
assertions are equivalent:

(i) f is a Meir-Keeler-type mapping,
(ii) there exists an L-function ¢ : R* — R* such that f is a (¢, L)-contraction.
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Lemma 2.2 (see [19]). Let E be a Banach space and C be a convex subset of E. Let T : C — C bea
nonexpansive mapping and f be a (¢, L)-contraction. Then the following assertions hold:

(i) T o f is a (¢, L)-contraction on C and has a unique fixed point in C;

(ii) for each a € (0,1), the mapping x — a f (x) + (1 — a)Tx is of Meir-Keeler-type and it has

a unique fixed point in C.

Lemma 2.3 (see [20]). Let E be a Banach space and C be a convex subset of E. Let f : C — C bea
Meir-Keeler-type contraction. Then for each € > 0 there exists r € (0, 1) such that, for each x,y € C

with |x -y > €, | f(x) = f(y)l < 7llx -yl

Lemma 2.4 (see [21]). Let C be a closed convex subset of a strictly convex Banach space E. Let
T : C — C be a nonexpansive mapping for each 1 < m < r, where r is some integer. Suppose that
N _ Fix(Ty,) is nonempty. Let {1} be a sequence of positive numbers with 3,;_; A, = 1. Then the
mapping S : C — C defined by

Sx =D AuTyux, VxeC, (2.4)
m=1
is well defined, nonexpansive and Fix(S) = 0, _, Fix(T;,) holds.

Lemma 2.5 (see [22]). Assume that {a,} is a sequence of nonnegative real numbers such that

Apt1 < (]— - Yn)[xn + 6n1 ne N/ (25)

where {y,} is a sequence in (0,1) and {6,} is a sequence in R such that

(i) limy, o Yn = 0;
(ii) X1 Yn = 0;

(iii) limsup,,_,  6,/yn <007 377 |6] < 00.

Then lim,, _, xct,, = 0.

3. Main Results

In this section, by a generalized contraction mapping we mean a Meir-Keeler-type mapping
or (¢, L)- contraction. In the rest of the paper we suppose that ¢ from the definition of the
(g, L)-contraction is continuous, strictly increasing and #(t) is strictly increasing and onto,
where 7(t) =t — ¢ (t), for all t € R*. As a consequence, we have the 7(t) is a bijection on R*.

Theorem 3.1. Let C be a nonempty closed convex subset of a reflexive Banach space E which admits
a weakly sequentially continuous duality mapping J from E into E*. Foreveryi=1,...,N(N > 1),
let T; = {T;(t) : t > 0} be a semigroup of nonexpansive mappings on C such that F = NN, Fix(T;) #0
and f : C — C be a generalized contraction on C. Let {a,}, {f,} C [0,1) and {t,} C (0,00) be
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the sequences satisfying lim,, _, oot, = lim,, _, o (an/t,) = 0 and limsup, _, p, < 1. Let {x,,} be a se-
quence generated by

Xn = anf (xn) + 1_a"§:y~
n n n N ~ mrs (3.1)

Yin = Pnxn+ (1= Bu)Ti(tn)xn, i=1,...,N.

Then {x,} converges strongly to a point x* € §, which is the unique solution to the following varia-
tional inequality:

((f-Dx*, jlx-x)) <0, Vxe¢. (3.2)

Proof. First, we show that the sequence {x,} generated by (3.1) is well defined. For every
neNandi=1,...,N,letU, = .1 + (1 - p,)T;(t,) and define W,, : C — Cby

Wpx =a,f(x) + (1 -a,)G,x, VxeC, (3.3)

where G,x = (1/N) XY, U;,x. Since U, is nonexpansive, G, is nonexpansive. By Lemma 2.2
we see that W, is a Meir-Keeler-type contraction for each n € N. Hence, each W), has a unique
fixed point, denoted as x,, which uniquely solves the fixed point equation (3.3). Hence {x,}
generated by (3.1) is well defined.

Now we prove that {x,} generated by (3.1) is bounded. For any p € ¥, we have

[Yin =PIl < Bullxn = pll + (1= Bu) [ TiCt)xn = | < [|2n = . (34)

Using (3.4), we get

2 1-ay S .
Hxn —P” = anf(xn) + N Zyin _P/](xn - P)
i=1

= an(f(xn) = f(p),(xn = p)) + an({f(p) =P, j(xn = P))
42 ;,“"Zi(yin ~p.j(xn=p))

1

3.5
< gy ([l0n = pID Il = pll + cuL £ ) = Pl 120 - 49

1-a, ¥
7 2l = pll [l = pll

i=1

= an (| = pl) |0 =PIl + axll f (p) = pl|||2x ~ Pl

+

+ (1= an) || xa - p|?
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and hence

llxn =PIl < g (llxn=pll) + 1 £(p) - Pll. (3.6)
which implies that
1([|lxn = pll) = llxn =PIl = ¢ (llxa = p|) < [If () - pI- (3.7)
Hence
ll2cn = pll <77 (ILf (P) = PID- (3.8)

This shows that {x,} is bounded, and so are {T;(t,)x,}, { f(x,)} and {yin}.

Since E is reflexivity and {x,} is bounded, there exists a subsequence {x,,} C {x,}
such that x,,; — x* for some x* € Cas j — oo. Now we prove that x* € ¢. For any fixed t > 0,
we have

N N | [t/t;]-1
S| -] < 3 [ |7 (G Dty ), = Ti (Kt )0
i=1 i=1 k=0
t t . t .
ey ey ek
nj nj nj

t .
(] -]

X, =X ||+max{||T(s)x —x*||: 0<s<t, }-

+

Xn; = x*” +

+

+ N

-

i
NED(E ﬂn]>>” /)
(i

(1) (1)

N
+ Zmax{”Ti(s)x* = x| :0<s <ty }
i=1

zxn N
o= (o) |+ N e ]

<

(3.9)
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By hypothesis on { , {Bn}, we have

ay,.
lim Nt M=o, (3.10)

e ) ()

Further, from (3.9) we get

hmsupZ”x - Ti(t)x" ” <limsup N

joeo = jooo

0, = | (3.11)

Since E admits a weakly sequentially duality mapping, we see that E satisfies Opial’s con-
dition. Thus if x* ¢ ¥, we have

limsup N |fx,, — x ” <11msupZ Xp, = Tix" ” (3.12)

]—)00 ]—>oo i=1

This contradicts (3.11). So x* € ¢.
In (3.5), replacing p with x* and n with n;, we see that

Xn; = x*”2 =ay, <f(xnj> —f(x*),j(xn]. - x*) > + oy, <f(x*) - x*,j(xnj - x*>>

1-ay, N

TN .§<yi"f -2 (- x) )

e e e e L
< anjqr( Xn; = x*”) Xn; —x*” + an].<f(x*) - x*,j(xn]. —x*>>

2
+(1-an) lx =l
which implies that

oG 1) -

Now we prove that {x, | is relatively sequentially compact. Since j is weakly sequentially con-
tinuous, we have

Xn; —x*”) < <f(x*) —x*,j(xn]. —x*) > (3.14)

lim

jooo

S

X, x||) <0, (3.15)

o= (o
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which implies that

jlingo Xn; = x*|| =0, or jlirglo<qr<| Xn; = x*”) = ||%n; — x* ) =0. (3.16)
If lim; ., o[[xy, — x*|| = O, then {x,} is relatively sequentially compact. If lim;_, o, (¢s(||xs, —

x*|[) = |lxn; —x*||) = 0, we have lim; _, oo ||, — x*|| = lim; —, o (||, — x*||). Since ¢ is continuous,
lim; —, o5 [|26n; —2*[| = ¢ (lim; - o [| x4, —x*||). By the definition of ¢, we conclude that lim; _, o, ||, —
x*|| = 0, which implies that {x,} is relatively sequentially compact.

Next, we prove that x* is the solution to (3.2). Indeed, for any x € ¥, we have

N
lloxn — x||2 = <an(f(xn) —Xp+Xp — x)/j(xn - x)> + %Z(ym = x,j(xn = x))
i1
= an(f (on) = Xn, j(Xn = X)) + et (X0 = X, j (30 = X))

+

_ N
! “nz [ﬁn<xn =x,j(xn - x)> + (1 - pn)<Ti(tn)xn = x,j(xn = X*)>]
N i=1

< “"(f(xn) = Xp, J(%n — x)> + an|xn - tz

(3.17)
1-a, <
- ";[ﬂnnxn = 1l + (1= B ITi(tn) % — ] 10 = |
< tn( f () = %n, (tn = 1)) + 0 = x|
e Nl [Bullxa — *I + (1= i)l ~ xIP]
= tn( f () = 2n, (tn = 1)) + |20 = x|
Therefore,
(f (xtn) = xn, j(x = x)) 0. (3.18)
Since x,; — x* and j is weakly sequentially continuous, we have
(Fx®) = x*, j(x — x)) = jlirgo<f(xnf> - xnj,j<x - xn].>> <0. (3.19)

This shows that x* is the solution of the variational inequality (3.2).

Finally, we prove that x* is the unique solution of the variational inequality (3.2).
Assume that X € F with X # x* is another solution of (3.2). Then there exists ¢ > 0 such that
|X — x*|| > e. By Lemma 2.3 there exists r € (0,1) such that || f(X) — f(x*)|| < r||X — x*||. Since
both x and x* are the solution of (3.2), we have

(f(x*) —x*j(x-x)) <0, (f(x)-x,j(x*-x)) <0. (3.20)
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Adding the above inequalities, we get
0<(A-re<d-r|x-x P <{(I-f)x* - (I-f)X),j(x* -%x) <0, (3.21)

which is a contradiction. Therefore, we must have X = x*, which implies that x* is the unique
solution of (3.2).

In a similar way it can be shown that each cluster point of sequence {x,} is equal to x*.
Therefore, the entire sequence {x,} converges strongly to x*. This completes the proof. = [

If letting 3, = 0 for all n € N in Theorem 3.1, then we get the following.

Corollary 3.2. Let C be a nonempty closed convex subset of a reflexive Banach space E which admits
a weakly sequentially continuous duality mapping J from E into E*. Foreveryi=1,...,N (N >1),
let T; = {T;(t) : t > 0} be a semigroup of nonexpansive mappings on C such that F = NN, Fix(T;) #0
and f : C — C be a generalized contraction on C. Let {a,} C [0,1) and {t,} C (0, 00) be sequences
satisfying limy, _, oo, = lim, —, o (at,,/t,) = 0. Let {x,,} be a sequence generated by

1-a,
N

Xn = f (Xn) + iTi(tn)xn- (3.22)
i=1

Then {x,} converges strongly to a point x* € §F, which is the unique solution to the following varia-
tional inequality:

((f-Dx*j(x-x")) <0, Vxe¥ (3.23)

Theorem 3.3. Let C be a nonempty closed convex subset of a reflexive and strictly convex Banach
space E which admits a weakly sequentially continuous duality mapping ] from E into E*. For every
i=1,---,N(N >1),let T; = {Ti(t) : t > 0} be a semigroup of nonexpansive mappings on C such
that F = NN, Fix(T;) #@ and f : C — C be a generalized contraction on C. Let {ay,}, {$,} C [0,1)
and {t,} C (0, 00) be the sequences satisfying nli_r}gotn = nli_l}}o(ﬂn/t") = 0. Let {x,} be a sequence

generated

]/in = anxn + (1 - aﬂ)Ti(tﬂ)xnr l = 1/- . -/N/

1-p6,

N (3.24)
Xn+l = ﬂnf(xn) + N ;yin/ Vn e N.

Then {x,} converges strongly to a point x* € §F, which is the unique solution of variational inequality
(3.2).

Proof. Letp € ¥ and M = max{||x1 - pll, 77 (| f(p) - p||}. Now we show by induction that

||x—p|| <M, VneN. (3.25)
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It is obvious that (3.25) holds for n = 1. Suppose that (3.25) holds for some n = k, where k > 1.
Observe that

i = pll = llaw (e = p) + (1= ) (Ticti)xi = p) |

(3.26)
< agllxx = p|| + (1= ar) | Ti(t) xk = p|| < [|xx = p||-
Now, by using (3.24) and (3.26), we have
1-fr X
llxker = pll = (| B (f (k) —p) + ~N > (vix —P)H
i=1
1- P N
<Bell F ) = FO) + Bell () = pll + —= Dl = p
i=1
1-pe X
< ol =)+ Rl F ) =l + g Dol = 627

= By ([lxe = pll) + Bell £ (p) = Il + (1= Bi) | = p|

= e (|l = pll) + Ben (7 1 £ @) = pll) + (1 = B) | - |
< ey (M) + P (M) + (1 - p) M

= Bryp(M) + (M = (M) + (1= )M = M.

By induction we conclude that (3.25) holds for all n € N. Therefore, {x,} is bounded and so
are {f(xn)}l {]/in}r {Ti(ty)xn}.

Foreachi=1,...,N and n € N, define the mapping U (t,) = (1/N) Zf\zjl Si(t,), where
Si(ty) = anl + (1 — a,)Ti(t,). Then we rewrite the sequence (3.24) to

Xn+l = ﬁnf(xn) + (1 - ﬁn)u(tn)xn- (3.28)

Obviously, each U(t,) is nonexpansive. Since {x,} is bounded and E is reflexive, we may
assume that some subsequence {x,, } of {x,} converges weakly to p. Next we show thatp € .
Put x;j = xp,, pi = ﬁn]., and t; = tn; for each j € N. Fix t > 0. By (3.28) we have

[t/t]-1
[|lxj —Utp| = [U((k +1)t;)x; — U (kt;) x|

b))

+ +

(-
]
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(- [i A
(L)

tp;
< t—j]”U(tj)xf = f(xp) || + [xjs1 = p|| + max{||[U(s)p - p|| : 0< s <t}

t
< H 1)~ ]l + o1 =] +

_ [}j]ﬂjnua»xj )+ e —pll +

(3.29)

So, for all j € N, we have

limsup||x; - U (Hp|| < limsup||xj.1 - p| = limsup||x; — p||. (3.30)

] ] Andss

Since E has a weakly sequentially continuous duality mapping satisfying Opials’ con-
dition, this implies p = U(t)p. By Lemma 2.4, we have Fix(U(t)) = ﬁgl Fix(T;(t)) for each
t > 0. Therefore, p € . In view of the variational inequality (3.2) and the assumption that
duality mapping J is weakly sequentially continuous, we conclude that

limsup((f ~1)q, j (xn1 —4)) = jlirglo<(f ~1)4,j (%1 =q) ) = (1= )4, (p-4q)) <0.
(3.31)

Finally, we prove that x, — gasn — oo. Suppose that ||x, —g|| - 0. Then there exists
e > 0 and subsequence {x, } of {x,} such that ||x,, —g|| > e for all j € N. Put x;j = x,,,, fj = f,
and t; = t,;. By Lemma 2.3 one has ||f(x;) - f(q)|| < r|lx; — g|| for all j € N. Now, from (2.2)
and (3.28) we have

o1 = ql? = [|(1 = B U (E))x; = q) + Pulf (x)) - ||
< (L= ) NUty) = all* + 268 (x)) = 4, (xj01 ~ q))
< (=) Nl = all” +28u(f (x7) = £(9), i (xjr = 9)) + 26(f (9) = 4, (xe1 ~ 0))
< (1= 8)llx; = 4ll” + 2857l = alllxon = qll +26:(F (@) = 4.3 (x01 - ))
< (1= )Ml = all* + Bir (11 = all* + 151 = all*) + 28 (9) - 4.7 (xj1 = )

= (1 =) + i) l1x; = all* + Birllxjea — all* + 26;(f (9) - 4,7 (xjs1 - 0))-
(3.32)
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It follows that
1-@2-7r)p;+ ]2
P — +
-l + ¢

1-pir—2(1-1)p; ,
e PRV ﬂr<f(q) i) + M

_ (1 ”“)n alP+

< (1-20- 9l -alF + 61

j(xje1=q))

[l <

(3.33)

j (s = q)) + fiM

g =)+ piM),

where M is a constant.
Lety; =2(1-r)fjand 6; = B;((2/(1 =7))(f(q) — q,j(xj+1 — q)) + i M). It follows from
(3.33) that

i1 = qll < (1 =y)|lx; = 4l +6;- (3.34)

It is easy to see that y; — 0, 32; y; = oo and (noting (3.28))

5
limsup_].:hmsup 2<f(q) 91 (xja =) + 2(1- T)p

jooo

(3.35)
IHHSUP 2(f(q) q,j(xj:1-4q)) <0.

n—oo

Using Lemma 2.5, we conclude that ||x; — g|| — 0asj — oo.Itis a contradiction. Therefore,
Xn — qasn — oo. This completes the proof. O

If letting a,, = 0 for all n € N in Theorem 3.3, then we get the following.

Corollary 3.4. Let C be a nonempty closed convex subset of a reflexive and strictly convex Banach
space E which admits a weakly sequentially continuous duality mapping ] from E into E*. For every
i=1,...,N(N >1),let T; = {Ti(t) : t > 0} be a semigroup of nonexpansive mappings on C such
that F = ﬁgl Fix(Tj)#@ and f : C — C be a generalized contraction on C. Let {,} C [0,1) and
{ta} C (0,00) be sequences satisfying lim,_, t, = lim,_, o (B/t,) = 0. Let {x,} be a sequence
generated

Xn+1 = ﬁnf(xn) +

1-B, X
N ;nmnm Vn e N. (3.36)

Then {x,} converges strongly to a point x* € §F, which is the unique solution of variational inequality
(3.2).
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Remark 3.5. Theorem 3.1 and Corollary 3.2 extend the corresponding ones of Suzuki [2], Xu
[3], and Chen and He [5] from one nonexpansive semigroup to a finite family of nonex-
pansive semigroups. But Theorem 3.3 and Corollary 3.4 are not the extension of Theorem 3.2
of Chen and He [5] since Banach space in Theorem 3.3 and Corollary 3.4 is required to be
strictly convex. But if letting N = 1 in Theorem 3.3 and Corollary 3.4, we can remove the
restriction on strict convexity and hence they extend Theorem 3.2 of Chen and He [5] from a
contraction to a generalized contraction.

Remark 3.6. Our Theorem 3.1 extends and improves Theorems 3.2 and 4.2 of Song and Xu [4]
from a nonexpansive semigroup to a finite family of nonexpansive semigroups and a con-
traction to a generalized contraction. Our conditions on the control sequences are different
with ones of Song and Xu [4].
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