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The purpose of this paper is to introduce the modified Halpern-type iterative method by the
generalized f-projection operator for finding a common solution of fixed-point problem of a totally
quasi-¢-asymptotically nonexpansive mapping and a system of equilibrium problems in a uniform
smooth and strictly convex Banach space with the Kadec-Klee property. Consequently, we prove
the strong convergence for a common solution of above two sets. Our result presented in this paper
generalize and improve the result of Chang et al., (2012), and some others.

1. Introduction

In 1953, Mann [1] introduced the following iteration process which is now known as Mann’s
iteration:

Xpi1 = AnXy + (1 —a,)Txy,, (1.1)

where T is nonexpansive, the initial guess element x; € C is arbitrary, and {a,} is a sequence
in [0, 1]. Mann iteration has been extensively investigated for nonexpansive mappings. In an
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infinite-dimensional Hilbert space, Mann iteration can conclude only weak convergence (see

[2,3]).
Later, in 1967, Halpern [4] considered the following algorithm:

x1€C, xpu=apx1+(1-a,)Tx,, Vn>0, (1.2)

where T is nonexpansive. He proved the strong convergence theorem of {x,} to a fixed point
of T under some control condition {a,}. Many authors improved and studied the result of
Halpern [4] such as Qin et al. [5], Wang et al. [6], and reference therein.

In 2008-2009, Takahashi and Zembayashi [7, 8] studied the problem of finding a
common element of the set of fixed points of a nonexpansive mapping and the set of solutions
of an equilibrium problem in the framework of the Banach spaces.

On the other hand, Li et al. [9] introduced the following hybrid iterative scheme for
approximation fixed points of relatively nonexpansive mapping using the generalized f-
projection operator in a uniformly smooth real Banach space which is also uniformly convex.
They obtained strong convergence theorem for finding an element in the fixed point set of T.

Recently, Ofoedu and Shehu [10] extended algorithm of Li et al. [9] to prove a strong
convergence theorem for a common solution of a system of equilibrium problem and the set
of common fixed points of a pair of relatively quasi-nonexpansive mappings in the Banach
spaces by using generalized f-projection operator. Chang et al. [11] extended and improved
Qin and Su [12] to obtain a strong convergence theorem for finding a common element of the
set of solutions for a generalized equilibrium problem, the set of solutions for a variational
inequality problem, and the set of common fixed points for a pair of relatively nonexpansive
mappings in a Banach space.

Very recently, Chang et al. [13] extended the results of Qin et al. [5] and Wang
et al. [6] to consider a modification to the Halpern-type iteration algorithm for a total
quasi-¢-asymptotically nonexpansive mapping to have the strong convergence under a limit
condition only in the framework of Banach spaces.

The purpose of this paper is to be motivated and inspired by the works mentioned
above, we introduce a modified Halpern-type iterative method by using the new hybrid
projection algorithm of the generalized f-projection operator for solving the common
solution of fixed point for totally quasi-¢-asymptoically nonexpansive mappings and the
system of equilibrium problems in a uniformly smooth and strictly convex Banach space
with the Kadec-Klee property. The results presented in this paper improve and extend the
corresponding ones announced by many others.

2. Preliminaries and Definitions

Let E be a real Banach space with dual E*, and let C be a nonempty closed and convex subset
of E. Let {0;},cr : C x C — R be a bifunction, where I is an arbitrary index set. The system of
equilibrium problems is to find x € C such that

6;(x,y) >0, i€T, VyeC. 2.1)
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If I is a singleton, then problem (2.1) reduces to the equilibrium problem, which is to find x € C
such that

O(x,y) >0, VyeC. (2.2)

A mapping T from C into itself is said to be nonexpansive if

ITx =Tyl <lx-v

, VYx,yeC. (2.3)

T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1, o0) with k, — 1
asn — oo such that

|T"x - T"y|| < kn||x-y]|, Vx,yeC. (2.4)

T is said to be total asymptotically nonexpansive if there exist nonnegative real sequences v,
withv, — 0,y — 0asn — oo and a strictly increasing continuous function ¢ : R* — R*
with ¢(0) = 0 such that

I =Ty < =yl < vagp =yl 4 VryeCovnzl @5

A point x € C is a fixed point of T provided Tx = x. Denote by F(T') the fixed point set of T;
that is, F(T) = {x € C : Tx = x}. A point p in C is called an asymptotic fixed point of T if C
contains a sequence {x,} which converges weakly to p such that lim,,_, o ||x, — Tx,| = 0. The
asymptotic fixed point set of T is denoted by F(T).

The normalized duality mapping | : E — 2F is defined by J(x) = {x* € E* : (x,x*) =
llx|I%, [|x*|| = ||x||}. If E is a Hilbert space, then J = I, where I is the identity mapping. Consider
the functional defined by

d(x,y) = lIxI* - 2¢x, Jy) + ||y]|>, (2.6)

where ] is the normalized duality mapping and (-, -) denote the duality pairing of E and E*.
If E is a Hilbert space, then ¢(y, x) = ||y — x||>. It is obvious from the definition of ¢ that

(lyll = 1%1)* < ¢y ) < (llyll +l12l)", - Vxy € E. 27)
A mapping T from C into itself is said to be ¢-nonexpansive [14,15] if
$(Tx,Ty) < Pp(x,y), Vx,yeC. (2.8)
T is said to be quasi-¢-nonexpansive [14, 15] if F(T) #® and

¢(p,Tx) < p(p,x), VYVxeC, peF(T). (2.9)
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T is said to be asymptotically ¢p-nonexpansive [15] if there exists a sequence {k,} C [0, 00) with
k, — lasn — oo such that

$(T"x, T"y) < kndp(x,y), Vx,y€C. (2.10)

T is said to be quasi-¢p-asymptotically nonexpansive [15] if F(T) # @ and there exists a sequence
{kn} C [0,00) with k, — 1asn — oo such that

¢(p,T"x) <kup(p,x), VYxe€C, peF(T), VYn>1. (2.11)

T is said to be totally quasi-p-asymptotically nonexpansive, if F(T)#@® and there exist
nonnegative real sequences v,, yu, withv, — 0, u, — 0asn — oo and a strictly increasing
continuous function ¢ : R* — R* with ¢(0) = 0 such that

d(p,T"x) < P(p,x) +vup(Pp(p,x)) + pn, Yn>1, VxeC, p € F(T). (212)

A mapping T from C into itself is said to be closed if for any sequence {x,} C C such that
lim, _, X, = xp and lim,, _, . Tx, = Yo, then Txy = yp.

Alber [16] introduced the generalized projection I'lc : E — C is a map that assigns to an
arbitrary point x € E the minimum point of the functional ¢(x, y); that is, ITcx = x, where x
is the solution of the minimization problem:

P, x) = infg(y, x). (2.13)

The existence and uniqueness of the operator I'lc follows from the properties of the functional
¢(y, x) and the strict monotonicity of the mapping J (see, e.g., [16-20]). If E is a Hilbert space,
then ¢(x, y) = || x—v/||* and I1c becomes the metric projection Pc : H — C.If C is a nonempty,
closed, and convex subset of a Hilbert space H, then Pc is nonexpansive. This fact actually
characterizes Hilbert spaces, and consequently, it is not available in more general Banach
spaces. Later, Wu and Huang [21] introduced a new generalized f-projection operator in
the Banach space. They extended the definition of the generalized projection operators and
proved some properties of the generalized f-projection operator. Next, we recall the concept
of the generalized f-projection operator. Let G : C x E* — R U {+0c0} be a functional defined
by

G(y,@) = |ly||* - 2y, @) + @l + 2pf (y), (2.14)

where y € C, w € E*, p is positive number, and f : C — R U {+oo} is proper, convex, and
lower semicontinuous. From the definition of G, Wu and Huang [21] proved the following
properties:

(1) G(y, @) is convex and continuous with respect to @ when v is fixed;

(2) G(y,w) is convex and lower semicontinuous with respect to y when @ is fixed.
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Definition 2.1. Let E be a real Banach space with its dual E*. Let C be a nonempty, closed, and

convex subset of E. We say that yré : E* — 2C is a generalized f-projection operator if

Jréw = {u €C:Gu,w) = infG(y,w), Yw € E*}. (2.15)
yeC

A Banach space E with norm ||-|| is called strictly convex if | (x+y) /2|l < 1 forall x,y € E
with [|x|| = |ly|l =1 and x#y. Let U = {x € E : ||x|| = 1} be the unit sphere of E. A Banach
space E is called smooth if the limit lim;_, o ((||x +ty|| - ||x||) /t) exists for each x, y € U. Itis also
called uniformly smooth if the limit exists uniformly for all x, y € U. The modulus of smoothness
of E is the function pg : [0,00) — [0,00) defined by pe(t) = sup{(||lx +y|| + [lx - yl)/2-1:
llxll = 1, llyll < t}. The modulus of convexity of E (see [22]) is the function &6 : [0,2] — [0,1]
defined by 6g(e) = inf{l - [[(x +y)/2|| : x,y € E, ||x]| = |lyll =1, ||x — y|| > €}. In this paper
we denote the strong convergence and weak convergence of a sequence {x,} by x, — x and
X, — X, respectively.

Remark 2.2. The basic properties of E, E*, ], and ]! (see [18]) are as follows.

(i) If E is an arbitrary Banach space, then ] is monotone and bounded.
(ii

(ii

If E is a strictly convex, then ] is strictly monotone.

)
)
) If E is a smooth, then ] is single valued and semicontinuous.

(iv) If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E.

(v) If E is reflexive smooth and strictly convex, then the normalized duality mapping |
is single valued, one-to-one, and onto.

(vi) If E is a reflexive strictly convex and smooth Banach space and J is the duality
mapping from E into E*, then ]! is also single valued, bijective, and is also the
duality mapping from E* into E, and thus JJ™! = Iz. and J7'] = I.

(vii) If E is uniformly smooth, then E is smooth and reflexive.
(viii) E is uniformly smooth if and only if E* is uniformly convex.

(ix) If E is a reflexive and strictly convex Banach space, then J~! is norm-weak*-
continuous.

Remark 2.3. 1If E is a reflexive, strictly convex, and smooth Banach space, then ¢(x,y) = 0, if
and only if x = y. It is sufficient to show that if ¢(x,y) = 0 then x = y. From (2.6), we have
llx|| = [ly|l- This implies that (x, Jy) = ||x||* = || Jyl||>. From the definition of J, one has Jx = Jy.
Therefore, we have x = y (see [18, 20, 23] for more details).

Recall that a Banach space E has the Kadec-Klee property [18, 20, 24], if for any
sequence {x,} C E and x € E with x,, = x and ||x,,|| — ||x||, then ||x, —x|| — Oasn — co.
It is well known that if E is a uniformly convex Banach space, then E has the Kadec-Klee
property.

We also need the following lemmas for the proof of our main results.

Lemma 2.4 (see Change et al. [25]). Let C be a nonempty, closed, and convex subset of a uniformly
smooth and strictly convex Banach space E with the Kadec-Klee property. Let T : C — C be a closed



6 Journal of Applied Mathematics

and total quasi--asymptotically nonexpansive mapping with nonnegative real sequence v, and i,
with v, — 0, u, — 0asn — oo and a strictly increasing continuous function § : R* — R* with
¢(0) = 0. If p1 = O, then the fixed point set F(T') is a closed convex subset of C.

Lemma 2.5 (see Wu and Hung [21]). Let E be a real reflexive Banach space with its dual E* and C
a nonempty, closed, and convex subset of E. The following statement hold:

(1) :lz'éw is a nonempty, closed and convex subset of C for all w € E*;

(2) if E is smooth, then for all w € E*, x € yr(f:w if and only if

(x-y, m-Jx)+pf(y) —pf(x) 20, VyeC (2.16)
(3) if E is strictly convex and f : C — RU {+oo} is positive homogeneous (i.e., f (tx) = tf(x)
forall t > 0 such that tx € C where x € C), then yréw is single-valued mapping.

Lemma 2.6 (see Fan et al. [26]). Let E be a real reflexive Banach space with its dual E* and C be a

nonempty, closed and convex subset of E. If E is strictly convex, then Jréw is single valued.

Recall that ] is single-valued mapping when E is a smooth Banach space. There exists
a unique element @w € E* such that @ = Jx where x € E. This substitution in (2.14) gives

Gy, Jx) = Iyl =20y, Jx) + IxI* + 2pf (). (217)

Now we consider the second generalized f projection operator in Banach space (see

D).

Definition 2.7. Let E be a real smooth Banach space, and let C be a nonempty, closed, and
convex subset of E. We say that Hé : E — 2C is generalized f-projection operator if

IMlx = {u € C: G(u,Jx) = inf G(y, Jx), Vx € E}. (2.18)
ye

Lemma 2.8 (see Deimling [27]). Let E be a Banach space, and let f : E — R U {+o0} be a lower
semicontinuous convex function. Then there exist x* € E* and a € R such that

f(x)>(x,x")+a, Vx€E. (2.19)

Lemma 2.9 (see Li et al. [9]). Let E be a reflexive smooth Banach space, and let C be a nonempty,
closed, and convex subset of E. The following statements hold:

(1) H)ch is nonempty, closed and convex subset of C for all x € E;

(2) forall x € E, % € T.x if and only if

(X-y, Jx-Jx)+pf(y) -pf(X) 20, YyeC; (2.20)

(3) if E is strictly convex, then Hé is single-valued mapping.
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Lemma 2.10 (see Li et al. [9]). Let E be a real reflexive smooth Banach space, let C be a nonempty,

closed, and convex subset of E, x € E, and let X € Héx. Then

¢(y,%) +G(x,Jx) <G(y,Jx), VyeC. (2.21)

Remark 2.11. Let E be a uniformly convex and uniformly smooth Banach space and f(x) =0
for all x € E, then Lemma 2.10 reduces to the property of the generalized projection operator
considered by Alber [16].

If fly) > 0forall y € C and f(0) = 0, then the definition of totally quasi-¢-
asymptotically nonexpansive T is equivalent to if F(T) #®, and there exist nonnegative real

sequences vy, p, withv, — 0, y, — 0asn — oo and a strictly increasing continuous
function ¢ : R* — R* with ¢(0) = 0 such that

G(p, T"x) < G(p,x) +v{G(p,x) + pn, Yn>1, VxeC, pe F(T). (2.22)

For solving the equilibrium problem for a bifunction 8 : CxC — R, let us assume that
0 satisfies the following conditions:

(A1) O(x,x) =0forall x € C;
(A2) 0 is monotone; that is, 0(x, y) + 0(y,x) <0forall x,y € C;

(A3) foreach x,y,z € C,

1351 O(tz+ (1-t)x,y) <0(x,y); (2.23)

(A4) for each x € C, y — 0(x, y) is convex and lower semicontinuous.

For example, let A be a continuous and monotone operator of C into E* and define
6(x,y) = (Ax, y-x), Vx,yeC. (2.24)

Then, 0 satisfies (A1)—(A4). The following result is in Blum and Oettli [28].
Lemma 2.12 (see Blum and Oettli [28]). Let C be a closed convex subset of a smooth, strictly

convex, and reflexive Banach space E, let 0 be a bifunction from C x C to R satisfying (A1)-(A4), and
let r > 0 and x € E. Then, there exists z € C such that

9(Z/y)+%<y—z, Jz-Jx)>0, VyeC (2.25)
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Lemma 2.13 (see Takahashi and Zembayashi [8]). Let C be a closed convex subset of a uniformly
smooth, strictly convex, and reflexive Banach space E, and let 0 be a bifunction from C x C to R
satisfying conditions (A1)~(A4). For all r > 0 and x € E, define a mapping T¢ : E — C as follows:

Tox = {ZEC :0(z,y) + %(y—z,]z—]x) >0, \'/yEC}. (2.26)

Then the following hold:

(1) T is single-valued;
(2) T is a firmly nonexpansive-type mapping [29]; that is, for all x,y € E,

(T)x =T}y, JT)x - JT)y) < (T)x =T}y, Jx - Jy); (227)

(3) F(TY) = EP(6);
(4) EP(0) is closed and convex.

Lemma 2.14 (see Takahashi and Zembayashi [8]). Let C be a closed convex subset of a smooth,
strictly convex, and reflexive Banach space E, let 0 be a bifunction from C x C to R satisfying (A1)-
(A4), and let r > 0. Then, for x € E and q € F(T?),

c])<q, fo) + ¢<Tr9x, x> <¢(g,x). (2.28)

3. Main Result

Theorem 3.1. Let C be a nonempty, closed, and convex subset of a uniformly smooth and strictly
convex Banach space E with the Kadec-Klee property. For each j = 1,2,...,m, let 0; be a bifunction
from C x C to R which satisfies conditions (A1)-(A4). Let S : C — C be a closed totally quasi-¢-
asymptotically nonexpansive mappings with nonnegative real sequences vy, p, with v, — 0, p, —
0asn — oo, and a strictly increasing continuous function ¢ : R* — R* with ¢(0) = 0. Let
f + E — R bea convex and lower semicontinuous function with C C int (D(f)) such that f(x) >0
forall x € C and f(0) = 0. Assume that F := F(S) N (ﬂj"ilEP(Gj)) #0. For an initial point x; € E
and Cy = C, one define the sequence {x,} by

U, = 7Om TOm-t pOn2 70 X,

Tmn ™ Tm-1n" Tm-2n Tin

Zy = ]_1 (an]xl + (1 - an)]Snun)/
Cu1={v€eC,:G(v,]Jz,) <G, Ju,) <G(v, Jx1) + (1 - a,)G(v, Jx,) + Cul,

(3.1)
n+1 Chi 1, 7

where {a,} is a sequence in [0,1], &y = vy SUp, g ¢(G(q,x4)) + p and {rj,} C [d, o) for some

d>0.Iflim,_, a, =0, then {x,} converges strongly to H’;xo.
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Proof. We split the proof into four steps. O

Step 1. First, we show that C,, is closed and convex for all n € N.
Clearly C; = C is closed and convex. Suppose that C, is closed and convex for all
n € N. For any v € C,, we know that G(v, Jz,) < G(v, Jx,) + {, is equivalent to

2(v, Jxn = Jzn) < ||xn||2 - ||Zn||2 + Gn- (3.2)

So, Cy+1 is closed and convex. Hence by induction C, is closed and convex for all n > 1.

Step 2. We will show that the sequence {x,} is well defined.
We will show by induction that ¢ C C, for all n € N. It is obvious that ¥ ¢ C;=C.

Suppose that ¥ C C, for some n € N. Let q € F, put u, = K"x,,, K}, = TZ;T&TM ... T2 forall
j=1,2,3,...,m K2 =1, wehave that

G(q, Jun) = &G(q, JK)'x,) < &G(q, Jxn). (3.3)

From (3.3) and S which is a totally quasi-¢ asymptotically nonexpansive mappings, it follows
that

G(q,Jzn) = G(q, (@nJx1 + (1 = ) JS™ 1))
= ||qll* - 2an(q, Jx1) = 2(1 - an)(q, JS"un)
+ llanfx1 + (1= @) JS™unl|* + 2pf (q)
< ||qlf* - 2an(q, Jx1) = 2(1 - an)(q, ] S"un)
+ gl J2rl* + (1= an)l7S™unl* + 20 (q) (3.4)
= a,G(q,Jx1) + (1 - a,)G(q, ] S"un)
< anG(q, Jx1) + (1= an) (G(q, Jun) +vugp(G(q, Jttn)) + pin)

< a,G(q, Jx1) + (1= a)G(q, J2u) +vn sugqf(G(q/ Jxn)) + pn
q€

= tan(q/ ]xl) +(1- “n)G(qr ]xn) +Gn-

This shows that g € C,,.; which implies that ¢ C C,41, and hence, ¥ € C,, foralln € N.
and the sequence {x,} is well defined. From x,, = Hénxl, we see that

(xn—q,Jx1=Jxn) +pf(q) = pf(xn) 20, VgeC,. (3.5)
Since ¥ ¢ C,, for each n € N, we arrive at
(xn=q,Jx1=Jxu) +pf(q) —pf(xn) 20, Vg€F. (3.6)

Hence, the sequence {x,} is well defined.



10 Journal of Applied Mathematics
Step 3. We will show thatx, — p€ ¥ :=F(5)N (ﬁ;”:lEP(Gj)).

Let f : E — Ris convex and lower semicontinuous function, follows from Lemma 2.8,
there exist x* € E* and a € R such that

f(y)2(y,x") +a, Vy€eE. (37)
Since x,, € C,, C E, it follows that

G(xtn, Jx1) = ||2ull” = 2(xn, J21) + 1|1 + 2pf (20
> [loeull® = 2(2n, J21) + [|21]* + 2p(x, X7} + 2pa
= |lxall® = 2(xn, Jx1 = px*) + |1 |I* + 2pa (3.8)
> [lacall® = 2flcall | Jx1 = px*|| + |x1[* + 2pa

= (I1xall = [[J2c = p*[|)* + Nt l® = || Jex = pac* || + 2pa.
Forge ¥ and x, = Hénxl, we have
G(q,Jx1) 2 G(x, Jx1) 2 (Ixall = 11 = px°[1)* + 1l = | T2 = px°||* + 202, (39)

This shows that {x,} is bounded and so is {G(x,, Jx1)}. From the fact that x,1 = H{?M X1 €

Chi1CcCpand x,, = Hénxb it follows from Lemma 2.10 that
0< (len+1_||xn”)2 < ¢(xn+11 Xn) < G(xpi1, Jx1) = G(xp, Jx1). (3.10)

Thatis, {G(x,, Jx1)} is nondecreasing. Hence, we obtain that lim,, _, . G(x,, Jx1) exists. Taking
n — oo, we obtain

nli_{r(}o(i)(xn-#l/xn) =0. (311)

Since E is reflexive, {x,} is bounded, and C,, is closed and convex for all n € N. Without loss
of generality, we can assume that x, — p € C,,. From the fact that x,, = H{:n x1, we get that

G(xn, Jx1) <G(p,Jx1), VneN. (3.12)
Since f is convex and lower semicontinuous, we have

lim inf G (xy, Jx1) = liminf{ | = 2(x, Jx1) + [l + 2pf () }

> Pl = 2(p, Jx1) + lxilP +2pf (p) (3.13)
= G(xn/ ]xl)
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By (3.12) and (3.13), we get

G(p, Jx1) <liminf G(x,, Jx1) <limsup G(x,, Jx1) < G(p, Jx1). (3.14)

n—oo

That is, lim, —, . G(x,, Jx1) = G(p, Jx1); this implies that ||x,|| — ||p||; by virtue of the Kadec-
Klee property of E, we obtain that

Jim x, =p. (3.15)
We also have
lim x40 = p. (3.16)
From (3.15), we get that
Ji o = i (srsup (G0, 5) + 1) =0 617)
qe

(a) We show thatp € ﬁ].nll EP(6;).

Since x,,41 = HJ;M x1 € Cpy1 C C,, and the definition of C,,,1, we have
G(xns1, Jun) < anG(xXpi1, Jx1) + (1 = an) G(Xpi1, Jxn) + Gn (3.18)
is equivalent to
P (xns1,un) < anP(xXni1, x1) + (1= ) P(Xns1, Xn) + Gne (3.19)

From (3.11), (3.15), and (3.17), it follows that

n1i$20¢(x"+1’u") =0. (3.20)
From (2.7), we have
(lwa || = llall)* — 0. (3.21)
Since ||x,41]] — ||pll, we have
lunll — ||p]| as n— oo. (3.22)

It follow that

1Juall — [Jpl| s n— co. (3.23)
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That s, {||Ju,||} is bounded in E* and E* is reflexive; we assume that Ju, — u* € E*. In view
of J(E) = E*, there exists u € E such that Ju = u*. It follows that

P (Xni1, tn) = X l” = 2(xns1, TYn) + |l

, , (3.24)
= [lxnarll” = 2(2ns1, Jtan) + || Junll”
Taking liminf,_.,, on both sides of the equality above and || - || is the weak lower
semicontinuous, it yields that
2 * *
0> |lpll” = 2(p, w) + |
2 2
= = 2(p, Ju) + || Jull
I - 2¢p -

= lpI* - 2(p, Ju) + llul?

= ¢(p,u).
That is, p = u, which implies that u* = Jp. It follows that Ju, — Jp € E*. From (3.23) and
the Kadec-Klee property of E* we have Ju, — Jp asn — oo. Note that ]! : E* — E is
norm-weak *-continuous; that is, u, — p. From (3.22) and the Kadec-Klee property of E, we

have

lim u, =p. (3.26)

n—oo

For g € F C C,,, by nonexpansiveness, we observe that

¢(q,un) = $(q, Ki'xn)
< ¢(a.Ki )

< ¢(q. K2, ) (3.27)

By Lemma 2.14, we have for j =1,2,3,...,m

¢ (Knoxn, 00 )& < (g,20) = (0, Kixn) < §(q,30) = p(q,1n). (3.28)

Since xp,, U4, — pasn — oo, we get ¢(K£xn,xn) — Qasn — oo, forj=1,273,...,m From
(2.7), it follow that

. 2
K| = llxall) - — 0. (3.29)

(
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Since ||x,|| — ||pll, we also have

Since {Kf;xn } is bounded and E is reflexive, without loss of generality we assume that Kf;yn —
h. We know that C,, is closed and convex for each n > 1 it is obvious that h € C,,. Again since

Kl x,

— |lp|| asn— co. (3.30)

¢ (Kioxn, x0) = || Kl " 2(Khx, T ) + el (3.31)

taking liminf, _, ., on the both sides of equality above, we have
0& > [|1l* = 2(h, Jp) + [IpII” = ¢ (. p)- (332)
Thatis, h =p, forall j =1,2,3,...,m; it follow that
Kzlxn —p; (3.33)
from (3.30), (3.33), and the Kadec-Klee property, it follows that

lim Klx, =p, Vj=1,23,...,m. (3.34)

n—oo

By using triangle inequality, we have

x, — Klx,|| < ||2n = p|| + “p ~Klu,||. (3.35)
Since x,,, K,jqxn — pasn — oo, we have
lim ||, - Kix,|| =0, Vvj=1,23,...,m. (3.36)
Again by using triangle inequality, we have
| Kixn - Kf,_lxn < | Kzlxn — x| + | Xy — Kzl_lxn . (3.37)
From (3.36), we also have
lim Kix, - K 'x,|| =0, Vvi=1,23,...,m. (3.38)
Since J is uniformly norm-to-norm continuous, we obtain
lim || JKhx - JK x|l =0, Vi=1,2,3,...,m. (3.39)
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From r;, > 0, we have ||]K,7;xn _ ]Kf{lxn”/rﬁn — Oasn — oo forallj=1,2,3,...,m, and
. 1 . ; i
0;(Khyny) + — (y = Kyxu, JKp2n = JKG, %) 20, VyeC (3.40)
jn

By (A2), that

' -1
j S j j j-1
v - Kl > —(y - Klxa, JKhyn = K} x2)
N

Ty i
-0 <Kz,xn, y)

> 0;(y, Kixn), VyeC,

(3.41)

v

and Klx, — pasn — oo, we get 0;(y,p) <0, forally € C. For 0 < t < 1, define y; =
ty + (1 - t)p, then y; € C which imply that 0;(y;, p) < 0. From (A1), we obtain that

0=0;(ye,ye) <t6; (v, y) + 1-1)0;(y1,p) < t6;(y1,y). (3.42)
We have that 0 (y:, y) > 0. From (A3), we have 0;(p,y) >0, forally e Cand j =1,2,3,...,m.
Thatis, p € EP(0)), forall j = 1,2,3,...,m. This imply thatp € n}.":lEP(Gj).

(b) We show that p € F(S).
Since x,,41 = Hém x1 € Cyy1 C Cp, and the definition of C,,,1, we have

G(xXns1, J2n) < anG(xpi1, Jx1) + (1 = a) G(Xne1, Jx0) + Cn (3.43)
is equivalent to
(,b(xn+1/ Zn) < an¢(xn+1/ xl) + (1 - an)¢(xn+1r xn) + gn‘ (344)

Following (3.11), (3.15), and (3.17), we get that

,}E&‘i’(""”'z") =0. (3.45)
From (2.7), we also have
lzull = ||p|| as n — oo. (3.46)

It follows that

1zall — [Tpll as n— oo. (3.47)
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This implies that {||/z,||} is bounded in E*. Since E is reflexive and E* is also reflexive, we
can assume that Jz, — z* € E*. In view of the reflexive of E, we see that J(E) = E*. There
exists z € E such that Jz = z*. It follows that

P (Xn41,2n) = ||xn+1||2 = 2(xps1, JZu) + ||Zn||2
(3.48)

= “xn+1||2 = 2(xp41, Jzu) + ”]Zn”z-

Taking liminf,_,,, on both sides of the equality above and in view of the weak lower
semicontinuity of norm || - [}, it yields that

0> [Ip|I* - 2(p, 2*) + [12°]
= |lpll* - 2(p, Jz) + 1] zIP

= lpl* - 2(p, J2) + 1217
= ¢(p,2);

(3.49)

That is p = z, which implies that z* = Jp. It follows that Jz, — Jp € E*.From (3.47) and
the Kadec-Klee property of E* we have Jz, — Jpasn — oo.Since J7! : E* — E is norm-
weak *-continuous, z, — p asn — oo. From (3.46) and the Kadec-Klee property of E, we
have

lim z, = p. (3.50)

n—oo

Since {x,} is bounded, then a mapping S is also bounded. From the condition lim,, _, ., = 0,
we have that

1Jzn = JS™un|| = nlijlgoan”]-xl = JS"uy|| = 0. (3.51)
From (3.47), we get
7S un|| — ||Jp|| as n— oo. (3.52)

Since J~! : E* — E is norm-weak*-continuous,
S"u, = p asn-— oo. (3.53)
On the other hand, we observe that
18" wall = [l [l = 1T (S"ua) | = [ITPN| < T (S"ua) = Tp- (3.54)
In view of (3.52), we obtain ||S"u,|| — [|p||. Since E has the Kadee-Klee property, we get

S"u, — p foreachneN. (3.55)
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From S"u, — p, we get Sy, — p; thatis, SS"u, — p. In view of closeness of S, we have
Sp = p. This implies that p € F(S). From (a) and (b), it follows that p € m].’ilEP(ej) NF(S).

Step 4. We will show that p = Héxl.
Since ¥ is closed and convex set from Lemma 2.9, we have H{;xl which is single

valued, denoted by v. By definition x, = H{?n x1 and v € F ¢ C,,, we also have
G(xn, Jx1) £G(v, Jx1), Yn>1. (3.56)

By the definition of G and f, we know that, for each given x, G(¢, Jx) is convex and lower
semicontinuous with respect to ¢. So

G(p, Jx1) <liminf G(x,, Jx1) <limsup G(x,, Jx1) < G(v, Jx1). (3.57)

n—oo

From the definition of H{;xl and since p € ¥, we conclude that v =p = H{;xl and x, — p as
n — oo. The proof is completed.

Setting v, = 0 and p,, = 0 in Theorem 3.1, then we have the following corollary.

Corollary 3.2. Let C be a nonempty, closed, and convex subset of a uniformly smooth and strictly
convex Banach space E with the Kadec-Klee property. For each j = 1,2,...,m, let 0; be a bifunction
from C x C to R which satisfies conditions (A1)-(A4). Let S : C — C be a closed and quasi-¢-
asymptotically nonexpansive mappings, and let f : E — R be a convex and lower semicontinuous
function with C C int (D(f)) such that f(x) > 0 for all x € C and f(0) = 0. Assume that
F=F(S)N (ﬂ;’ilEP(Qj)) # 0. For an initial point x1 € E and Cy = C, we define the sequence {x,} by

O Ot O 0
u, =T," T, T,"? "'Trll/,,xnr

Tmn = Ym-1,n" Ym-2n

Zp = ]_1(an]x1 + (1 - a,)JS"uy),
Cpi1 ={v € Cp: G(v,Jz4) < G(v, Jun) < G(v, Jx1) + (1 - an)G(0, JX0) + Cu},

(3.58)

f
Xni1 =g x1, neN,

where {a,} is a sequence in [0,1], {, = v, SUp, g ¢(G(q, x4)) + pn, and {rj,} C [d, o) for some

d> 0. Iflim,_, wa, =0, then {x,} converges strongly to H{;xl.

Let E be a real Banach space, and let C be a nonempty closed convex subset of E. Given
amapping A: C — E* let0(x,y) = (Ax,y — x) for all x, y € C. Then x* € EP(0) if and only
if (Ax*,y —x*) > 0 for all y € C; that is, x* is a solution of the classical variational inequality
problem. The set of this solution is denoted by VI(A, C). For each r > 0 and x € E, we define
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the mapping Tfx by
Tox = {z eC:(Az,y—-z)+ %(y—z,]z—]x) >0, Yy e C}. (3.59)

Hence, we obtain the following corollary.

Corollary 3.3. Let C be a nonempty, closed, and convex subset of a uniformly smooth and strictly
convex Banach space E with the Kadec-Klee property. For each j = 1,2,...,m, let {A;} be a
continuous monotone mapping of C into E*. Let S : C — C be a closed totally quasi-¢-asymptotically
nonexpansive mappings with nonnegative real sequences vy, p, with v, — 0, g, — 0asn — oo
and a strictly increasing continuous function ¢ : R* — R* with ¢s(0) = 0, and let f : E — R be
a convex and lower semicontinuous function with C C int (D(f)) such that f(x) > 0 forall x € C
and f(0) = 0. Assume that F = F(S) N (ﬁ;’ilVI(Aj,C)) #@. For an initial point x1 € E and C1 = C,
one defines the sequence {x,} by

Uy = TG,,, Temi1 TG"FZ (Ex Trellnxn/

Tmn =~ Ym-1,n" Ym-2n

Zy = ]‘1((xn]x1 + (1 -ay)]S"uy,),
Cui1={veC,:G(v,Jzy) <G(v, Ju,) <G(v, Jx1) + (1 — a,)G(v, Jxn) + Cn},

X, = ]._.[f N
n+1 Cot X1, nekn,

where ¢, = v, SUp, g ¢(G(q, xn)) + pn, {an} is a sequence in [0,1], and {r;,} C [d, o) for some

d> 0. Iflim,_, ,a, =0, then {x,} converges strongly to H’;xl.

If f(x) = 0forall x € E, we have G(¢, Jx) = ¢(¢, x) and Héx = IIcx. From Theorem 3.1,
we obtain the following corollary.

Corollary 3.4. Let C be a nonempty, closed, and convex subset of a uniformly smooth and strictly
convex Banach space E with the Kadec-Klee property. For each j = 1,2,...,m, let 0; be a bifunction
from C x C to R which satisfies conditions (A1)-(A4). Let S : C — C be a closed totally quasi-¢-
asymptotically nonexpansive mappings with nonnegative real sequences vy, p, withv, — 0, u, — 0
as n — oo and a strictly increasing continuous function ¢ : R* — R* with ¢s(0) = 0. Assume that
F=F(S)N (ﬂj’ilEP(Gj)) # 0. For an initial point x1 € E and C1 = C, we define the sequence {x,} by

Tmn = Ym-1,n" Ym-2n

O Ot O 0
u, =T," T, T,"? "'Trll,,,xnr

Zp = ]_1(an]x1 +(1-a,)JS"uy),
Ci1={veCy:G(v,Jz4) <G(v, Ju,) <G(v, Jx1) + (1 - a,)G(v, Jxn) + Cnl,

(3.61)

Xpy1 =1lc, . x1, mneEN,

n+l

where {a,} is a sequence in [0,1], {, = v, Sup g ¢(G(q,xn)) + pn, and {rj,} C [d, o0) for some
d> 0. Iflim,_, ,a, =0, then {x,} converges strongly to I1gx.



18 Journal of Applied Mathematics

Remark 3.5. Our main result extends and improves the result of Chang et al. [13] in the
following sense.

(i) From the algorithm we used new method replace by the generalized f-projection
method which is more general than generalized projection.

(ii) For the problem, we extend the result to a common problem of fixed point problems
and equilibrium problems.
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