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We introduce hybrid-iterative schemes for solving a system of the zero-finding problems of
maximal monotone operators, the equilibrium problem, and the fixed point problem of weak
relatively nonexpansive mappings. We then prove, in a uniformly smooth and uniformly convex
Banach space, strong convergence theorems by using a shrinking projection method. We finally
apply the obtained results to a system of convex minimization problems.

1. Introduction

Let E be a real Banach space and C a nonempty subset of E. Let E* be the dual space of E. We
denote the value of x* € E* at x € E by (x*,x). Let T : C — C be a nonlinear mapping. We
denote by F(T) the fixed points set of T, thatis, F(T) = {x € C: x =Tx}.Let A: E — 2F bea
set-valued mapping. We denote D(A) by the domain of A, thatis, D(A) = {x € E: Ax#0} and
also denote G(A) by the graph of A, thatis, G(A) = {(x,x*) € Ex E* : x* € Ax}. A set-valued
mapping A is said to be monotone if (x* — y*, x —y) > 0 whenever (x,x*), (y,y*) € G(A). Itis
said to be maximal monotone if its graph is not contained in the graph of any other monotone
operators on E. It is known that if A is maximal monotone, then the set A™1(0*) = {z € E :
0* € Az} is closed and convex.

The problem of finding a zero point of maximal monotone operators plays an impor-
tant role in optimizations. This is because it can be reformulated to a convex minimization
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problem and a variational inequality problem. Many authors have studied the convergence
of such problems in various spaces (see, e.g., [1-16]). Initiated by Martinet [17], in a real
Hilbert space H, Rockafellar [18] introduced the following iterative scheme: x; € H and

Xpe1 = o, X0, Vn 21, (1.1)

where {1,} C (0,00), J) is the resolvent of A defined by J) := Jya = (I + LA) ! forall A > 0,
and A is a maximal monotone operator on H. Such an algorithm is called the proximal point
algorithm. It was proved that the sequence {x,} generated by (1.1) converges weakly to an
element in A~1(0) provided that liminf, A, > 0. Recently, Kamimura and Takahashi [19]
introduced the following iteration in a real Hilbert space: x; € H and

Xpi1 = Xy + (1 —ay) J, xn, Yn2>1, (1.2)

where {a,} C [0,1] and {A,} C (0, 00). The weak convergence theorems are also established
in a real Hilbert space under suitable conditions imposed on {a,} and {1,}.

In 2004, Kamimura et al. [20] extended the above iteration process to a much more
general setting. In fact, they proposed the following algorithm: x; € E and

Xn+l = ]_1 (an](xn) + (1 - an)](])nnxn))/ Vn2>1, (1-3)

where {a,} € [0,1], {An} C (0,00),and Jy := Jia = (J + AA) '] forall A > 0. They proved, in a
uniformly smooth and uniformly convex Banach space, a weak convergence theorem.

Let F : CxC — R, where Ris the set of real numbers, be a bifunction. The equilibrium
problem is to find x € C such that

F(x,y) >0, VyeC (1.4)

The solutions set of (1.4) is denoted by EP(F).
For solving the equilibrium problem, we assume that

(A1) F(x,x) =0forall x € C,
(A2) F is monotone, thatis F(x,y) + F(y,x) <0forallx,y € C,
(A3) forall x,y,z € C, limsup, (F(tz + (1 - t)x,y) < F(x,y),

(A4) forall x € C, F(x, ) is convex and lower semi-continuous.

Recently, Takahashi and Zembayashi [21] introduced the following iterative scheme
for a relatively nonexpansive mapping T : C — C in a uniformly smooth and uniformly
convex Banach space: x; € C and

C =(,

Yn = ]71 (anJxn+ (1 —ay)JTxy),
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1
uneCsuchthatF(un,y)+r—(y—un,]un—]yn>20 Yy e C,

Cpi1 = {Z €Crn:P(z,un) < P(z, xn)}’

Xne1 =1c,, (x1), Vn2>1,
(1.5)

where {a,} C [0,1] and {r,} C (0,00). Such an algorithm is called the shrinking projection
method which was introduced by Takahashi et al. [22]. They proved that the sequence
{xn} converges strongly to an element in F(T) N EP(F) under appropriate conditions. The
equilibrium problem has been intensively studied by many authors (see, e.g., [23-31]).

Motivated by the previous results, we introduce a hybrid-iterative scheme for finding
a zero point of maximal monotone operators A; : E — 2E" (i = 1,2,...,N) which is also
a common element in the solutions set of an equilibrium problem for F and in the fixed
points set of weak relatively nonexpansive mappings T; : C — C (i = 1,2,...). Using the
projection technique, we also prove that the sequence generated by a constructed algorithm
converges strongly to an element in (NN, A71(0%)]n[NZ, F(T;)]NEP(F) in a uniformly smooth
and uniformly convex Banach space. Finally, we apply our results to a system of convex
minimization problems.

2. Preliminaries and Lemmas

In this section, we give some useful preliminaries and lemmas which will be used in the
sequel.

Let E be a real Banach space and let U = {x € E : ||x|| = 1} be the unit sphere of E. A
Banach space E is said to be strictly convex if for any x,y € U,

x#y implies ||x + y|| < 2. (2.1)

A Banach space E is said to be uniformly convex if, for each € € (0, 2], there exists 6 > 0 such
that for any x,y € U,

|x - y|| > € implies ||x + y|| <2(1-6). (2.2)

It is known that a uniformly convex Banach space is reflexive and strictly convex. The
function & : [0,2] — [0,1] which is called the modulus of convexity of E is defined as follows:

5(e) = inf{l - H“Ty‘

x,y€E x| =yl =1 |x -yl 25}. (2.3)

Then E is uniformly convex if and only if 6(¢) > 0 for all € € (0,2]. A Banach space E is said
to be smooth if the limit

g 1 Il = Dl (2.4)
t—0 t
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exists for all x,y € U. It is also said to be uniformly smooth if the limit (2.4) is attained
uniformly for x, y € U. The duality mapping J : E — 2F" is defined by

T = {x* € B s () = Il = 1P} (25)

for all x € E. Itis also known that if E is uniformly smooth, then ] is uniformly norm-to-norm
continuous on bounded subsets of E (see [32] for more details).
Let E be a smooth Banach space. The function ¢ : E x E — Ris defined by

¢(x,y) = lIxI* = 2(x, Jy) + ||y’ (2.6)

for all x, y € E. From the definition of ¢, we see that

(xll = lyD? < p(xy) < (lxll + [ly])?
$(x,y) = p(x,2) + p(z,y) +2x -z, ]z - Jy)

(2.7)

forall x,y,z € E.

Let C be a closed and convex subset of E, and let T be a mapping from C into itself.
A point p in C is said to be an asymptotic fixed point of T [33] if C contains a sequence {x,}
which converges weakly to p such that lim,_, . ||x,, — Tx,|| = 0. The set of asymptotic fixed
points of T will be denoted by F(T). A mapping T is said to be relatively nonexpansive [33, 34]
if F(T) = F(T) and ¢(p, Tx) < ¢p(p,x) forall p € F(T) and x € C. A point p in C is said to
be a strong asymptotic fixed point of T if C contains a sequence {x,} which converges strongly
to p such that lim,_, o |[x, — Tx,|| = 0. The set of strong asymptotic fixed points of T will
be denoted by F(T). A mapping T is said to be weak relatively nonexpansive [35] if E(T) =
F(T) and ¢(p,Tx) < ¢(p,x) for all p € F(T) and x € C. It is obvious by definition that the
class of weak relatively nonexpansive mappings contains the class of relatively nonexpansive
mappings. Indeed, for any mapping T : C — C, we see that F(T) C F(T) ¢ F(T). Therefore,
if T is a relatively nonexpansive mapping, then F(T) = F (T) = F(T).

Nontrivial examples of weak relatively nonexpansive mappings which are not rela-
tively nonexpansive can be found in [36].

Let E be a reflexive, strictly convex and smooth Banach space, and let C be a nonempty,
closed, and convex subset of E. The generalized projection mapping, introduced by Alber [37],
is amapping I'lc : E — C, that assigns to an arbitrary point x € E the minimum point of the

function ¢(y, x), that is, I'lc(x) =x, where x is the solution to the minimization problem
qb()_c,x) =min{¢(y,x) : y € C}. (2.8)

In a Hilbert space, I'l¢ is coincident with the metric projection denoted by Pc.

Lemma 2.1 (see [38]). Let E be a uniformly convex and smooth Banach space and let {x,}, {y} be
two sequences in E. Iflim,, _, o ¢ (x4, yn) = 0 and either {x,} or {y,} is bounded, then lim,, _, o ||, —
yull = 0.
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Lemma 2.2 (see [37, 38]). Let C be a nonempty, closed, and convex subset of a smooth, strictly
convex and reflexive Banach space E, let x € E and let z € C. Then z = Tlc(x) if and only if
(y—z,Jx—-Jz)<0forally € C.

Lemma 2.3 (see [37, 38]). Let C be a nonempty, closed, and convex subset of a smooth, strictly
convex, and reflexive Banach space E. Then

¢(x,Icy) + ¢(Tlcy,y) < p(x,y) VxeC, yeE. (2.9)

Lemma 2.4 (see [39]). Let E be a smooth and strictly convex Banach space, and let C be a nonempty,
closed, and convex subset of E. Let T be a mapping from C into itself such that F(T) is nonempty and
¢(u, Tx) < p(u, x) forall (u,x) € F(T) x C. Then F(T) is closed and convex.

Let E be a reflexive, strictly convex, and smooth Banach space. It is known that A :
E — 2F is maximal monotone if and only if R(J + AA) = E* for all A > 0, where R(B) stands
for the range of B.

Define the resolvent of Aby Jia = (J + LAY for all A > 0. It is known that Jy4 is a
single-valued mapping from E to D(A) and A™(0*) = F(Jy4) forall A > 0. For each A > 0, the
Yosida approximation of A is defined by

A = 1T = TTia() (210)

for all x € E. We know that A, (x) € A(Jya(x)) forall A >0and x € E.

Lemma 2.5 (see [5]). Let E be a smooth, strictly convex, and reflexive Banach space, let A C E x E*
be a maximal monotone operator with A= (0*) #@, and let Jya = (J + AA)_l]for each A > 0. Then

P(p, a(x)) + p(Jaa(x), x) < P(p, x) (2.11)

forall A>0,pe A7 (0*), and x € E.
Lemma 2.6 (see[40]). Let C be a closed and convex subset of a smooth, strictly convex, and reflexive

Banach space E, let F be a bifunction from C x C to R satisfying (A1)-(A4), and let r > 0 and x € E.
Then, there exists z € C such that

F(z/y)+%<y—z,]z—]x>zo, Yy e C. (2.12)

Lemma 2.7 (see [41]). Let C be a closed and convex subset of a uniformly smooth, strictly convex,
and reflexive Banach space E, and let F be a bifunction from C x C to R satisfying (A1)—(A4). For all
r > 0and x € E, define the mapping T, : E — C as follows:

T, (x) = {z €eC:F(z,y)+ %(y—z,]z—]x) >0,Vy € C}. (2.13)
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Then, the following holds:

(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping [42], that is, for all x,y € E,

<Trx - Tr]/r ]Tr-x - ]Try> S <Tr-x - Try/ ].’)C - ]]/>/ (214)

(3) F(T;) = EP(F);
(4) EP(F) is closed and convex.

Lemma 2.8 (see [41]). Let C be a closed and convex subset of a smooth, strictly, and reflexive Banach
space E, let F be a bifunction from C x C to R satisfying (A1)—(A4), let r > 0. Then

P(p, Tyx) + p(Trx, x) < P(p, x), (2.15)

forall x € Eand p € F(T,).

3. Strong Convergence Theorems
In this section, we are now ready to prove our main theorem.

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space, and let C be a
nonempty, closed and convex subset of E. Let A; : E — 2F" (1 =1,2,...,N) be maximal monotone
operators, let F : C x C — R be a bifunction, and let T; : C — C (i = 1,2,...) be weak relatively
nonexpansive mappings such that F = [\~ AN 0] N [NZ, F(T;)] NEP(F) #0. Let {e,}i2 CE
be the sequence such that lim,, _, ..e, = 0. Define the sequence {x, },., in C as follows:

X1 € C1 = C,
Yn=Jay©Jiv1a, 000 i, (xxn + en),

Up = Tr,, ns
4 (3.1)

Cp1 = {z € Cp, :sup ¢(z, Tiu,) < P(z, x, + en)},

i>1

Xn+l = rICn+1 (x1), Vn2>1.

Iflim inf, Al >0 foreachi=1,2,...,Nandliminf, _, .1, > 0, then the sequence {x,} converges
strongly to g = Ilg(x1).

Proof. We split the proof into several steps as follows.

Step 1. F CcCy foralln > 1.

From Lemma 2.4, we know that (2, F(T;) is closed and convex. From Lemma 2.7(4),
we also know that EP(F) is closed and convex. On the other hand, since A; (i = 1,2,...,N)
are maximal monotone, Ai‘1 (0*) are closed and convex for eachi = 1,2,..., N; consequently,
ﬂf\il Alfl (0*) is closed and convex. Hence ¥ is a nonempty, closed, and convex subset of C.
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We next show that C,, is closed and convex for all n > 1. Obviously, C; = C is closed
and convex. Now suppose that C is closed and convex for some k € N. Then, for each z € Ci
and i > 1, we see that ¢(z, Tiux) < ¢(z, xx) is equivalent to

2(z, Jxr) — 2(z, JTiug) < |lxx]* = | Touarc || (3.2)

By the construction of the set Ci,q, we see that

Cre1 = {Z € Cy : sup ¢(z, Tiug) < ¢(Z,xk)}
i>1

(3.3)

8

{z € Cr: Pz, Tiuk) < Pz, xx) }.

I
—_

Hence, Ci.q is closed and convex. This shows, by induction, that C,, is closed and convex for
all n > 1. It is obvious that ¢ C C; = C. Now, suppose that ¥ C Ci for some k € N. For any
p € ¥, by Lemmas 2.5 and 2.8, we have

¢(p, Tiux) < ¢(p,ux) = ¢(p, Tryx)
< ¢(p, yx)

= ¢<Pr Jayay 0 Jivtay, 00 Jya, (2 + ek)>

< ¢<P, ]AkN’lAN,l ° ])L;(V*ZAN,Z ©---0 hiA1 (xx + ek)>

(3.4)
< ¢<P/ Jiza, © Jupa, (% + 8k)>
< ¢(p. T, (xic+ ex)
< (p, xx +ex)-
This shows that F C Ci.1. By induction, we can conclude that ¢ ¢ C,, for all n > 1.
Step 2. limy,—, o, (x, x1) exists.
From x,, = Ilc, (x1) and x,41 = I1c,,, (x1) € Cpyq C Cp, we have
P(xn, x1) < P(xpi1,x1), Yn2>1. (3.5)
From Lemma 2.3, for any p € ¥ € C,,, we have
P(xn, x1) = P(Ic, (x1), x1) < P(p, x1) — p(p, x0) < P(p, x1). (3.6)

Combining (3.5) and (3.6), we conclude that lim,, _, .. (x,,, X1) exists.
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Step 3. hmn—wo”](Tiyn) - J(xp+e,)| =0.
Since x,, = Ilc,,(x1) € Cp, € Cp, for m > n > 1, by Lemma 2.3, it follows that

D (X, Xn) = P(xp, e, (x1)) < P, x1) — (e, (x1), x1)
= ¢ (xm, x1) — P(xn, x1).

(3.7)

Letting m,n — oo, we have ¢(x,,, x,) — 0. By Lemma 2.1, it follows that ||x,, — x,|| — 0 as
m,n — oo. Therefore, {x,} is a Cauchy sequence. By the completeness of the space E and the
closedness of C, we can assume that x, — g € C asn — oo. In particular, we obtain that

nli_r)r;”xn“ — x|l = 0. (3.8)
Since e, — 0, we have
nh_l:lgollxnﬂ — (x, +en)| =0. (3.9)

Since x,41 =Ic,,, (x1) € Cpyq, foreachi > 1,

¢(xn+1/ Tiun) < ¢(xn+1/ Xp + en)
(3.10)

= (Xps1, J (Xne1) = J (0 + €n)) + (Xp1 = (xn + €4), J(Xp41))-

Since E is uniformly smooth, | is uniformly norm-to-norm continuous on bounded sets. It
follows from (3.9) and by the boundedness of {x,} that

r}ilrgo¢(xn+1,Tiun) =0 (311)

foralli=1,2,....So from Lemma 2.1, we have

lim ||x,41 — Tiug|| =0,
n—oo

(3.12)
lim || Tiu, — x,|| =0,
n—oo
and, since e, — 0, therefore
lim || Tiun — (xn + €n)[| = 0, (3.13)
n— oo

foralli=1,2,.... Since J is uniformly norm-to-norm continuous on bounded subsets of E,

Jim 1] (Tien) = J e + )| = 0 (3.14)

foralli=1,2,....
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Step 4. lim,, o, ||Tjuy —uyl| =0foralli=1,2,....
Denote that @, = Jji o, 0 Jyi14, ©...0 Jyi 4, foreachi € {1,2,...,N} and ©) = I for

each n > 1. We note that v, = ©Y (x,, + e,) for each nn > 1.
To this end, we will show that

lim ||]<e;(xn +ven) - T (05 (x +en)>|| =0 (3.15)

n—oo

foralli=1,2,...,N.
For any p € ¥, by (3.4), we see that

¢<P/ O (o + en)> < ¢<Pr O (ot + en)>
<¢(p.ON P(xu+en) 616
< ¢(p, (xn +en))-
Since p € ¥, by Lemma 2.5 and (3.16), it follows that
P (v O xa+en)) <P(p,ON " (xu + €n)) ~ $(pr 1)

<P(p, (xn+en) = P(p,yn)
<P(p, (xn+en) —d(p, u") (317)
<d(p, (xn +en)) - (p, Tittn)

= |lxn + eall* = | Titenl® = 2(p, J (xn + €2) = J (Titan) )-
From (3.13) and (3.14), we get that lim,,_, o, $(yn, O 1 (x, + €,)) = 0. So we obtain that

Yn —ON(x, +e,)

lim
n—oo

= 0. (3.18)

Again, since p € ¥,

(i)(e?]l\hl (xn * en)lenNiZ(xn * en)) S ¢<p’ ein(xn * en)) - d)(p’ 6571 (xn + en)>
< ¢ (p, (xu +ea) ~§(p, ON " (xn +en)) (3.19)
<P (p, (a + e)) - B (p, Tien).

From (3.13) and (3.14), we get that

lim ¢(e{j-1(xn +en), ON2(x, + e,,)) = 0. (3.20)

n— oo
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It also follows that

lim [[@N " (x, +e,) - ON2(x, +e,)

n—oo

= 0. (3.21)

Continuing in this process, we can show that

lim ||[@N2(x, +e,) —ON3(x, +e,)|| =+ = lim | Ol(x,+en) - (xp+en)|[=0.  (3.22)
So, we now conclude that
lim ||© (x, + e,) - O (x, +en)| =0 (3.23)

foreachi=1,2,...,N. By the uniform norm-to-norm continuity of J, we also have

lim || ](@;(xn + en)> - ](ei;l(x,, + en)> || =0 (3.24)

n—oo
foreachi=1,2,..., N. Using (3.23), it is easily seen that

r}g&”% = (xn + en) ” =0. (3.25)

From u, = T,,y,, by Lemma 2.8, it follows that

¢ (un, yn) = $(Tr,Yn, Yn)
<o(p,yn) = d(p. Tr,yn)

(3.26)
<¢(p,xn+en) = p(p,un)
<P(p,xn +en) = P(p, Tittn).
This implies that lim,, _, .. (s, ¥») = 0 and hence
Jim |14, = yal| = 0. (327)
Combining (3.13), (3.25), and (3.27), we obtain that
lim [| Ty, = unl| = 0 (3.28)

foralli> 1.

Step 5. q € N2 F(Th).

Since x, — gande, — 0, x, +e, — g. 5o from (3.25) and (3.27), we have u, — 4.
Note that T; (i = 1,2,...) are weak relatively nonexpansive. Using (3.28), we can conclude
that g € F(T;) = F(T;) for all i > 1. Hence q € N, F(Ty).
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Step 6. q € NN, A71(0%).
Noting that ©, (x, + en) = J1; 4,05 (xn + €,) for eachi =1,2,..., N, we obtain that

||AM O (x, + en)

= %”J (0 (xvu+ew)) - J (Gt +em) | (3.29)

From (3.24) and liminf, _ ,A, > 0, we have

lim ”A)Lilé)ﬁfl(xn +e,)

n—oo

=0. (3.30)

We note that (0, (x,+en), Ay O (xn,+e,)) € G(A;) foreachi=1,2,..., N.If (w,w*) € G(A;)
foreachi=1,2,..., N, then it follows from the monotonicity of A; that

<w* — Ay O (3 + en), w0 — O (2, + en)> > 0. (3.31)

We see that @ (x,, + e,) — qgforeachi=1,2,...,N. Thus, from (3.30) and (3.31), we have

(w*,w-q)>0. (3.32)

By the maximality of A;, it follows that g € Al.‘l(O*) for each i = 1,2,..., N. Therefore, g €
N1 470

Step 7. q € EP(F).

From u, = T,,y,, we have

F(unfy)+rl<y_un/]un_]yn>201 Vy e C. (3.33)

By (A2), we have

7 = Tyl
ly - o 22

1
a@ — s, Jttn — JYn) (3.34)

> -F(un,y) > F(y,u,), YyeC

Note that || Ju, — Jyull/t» — 0 since liminf, ., 1, > 0. From (A4) and u, — g, we get
F(y,q) <0forally € C.For 0 <t <1landy € C, define that y; = ty + (1 —t)q. Then y; € C,
which implies that F(y;,q) < 0. From (Al), we obtain that 0 = F(y;, y:) < tF(ys,y) + (1 -
t)F(yt,q) < tF(y:, y). Thus, F(y:, y) > 0. From (A3), we have F(q,y) > 0 for all y € C. Hence,
q € EP(F). From Steps 5, 6, and 7, we now can conclude that g € ¥.

Step 8. g = Tlg(x1).

From x, =I¢, (x1), we have

(J(x1) = J(xn), xp —2) 20, VzeC,. (3.35)
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Since ¥ ¢ C,,, we also have
(J(x1) = J(xn), xn—2) 20, Vz€F. (3.36)
Letting n — oo in (3.36), we obtain that
(J(x1)-J(9),9-2) >0, Vze¥. (3.37)

This shows that g = I'lg (x1) by Lemma 2.2. We thus complete the proof. O

As a direct consequence of Theorem 3.1, we can also apply to a system of convex
minimization problems.

Theorem 3.2. Let E be a uniformly smooth and uniformly convex Banach space, and let C be a
nonempty, closed, and convex subset of E. Let f; : E — (—o0,00] (i = 1,2,...,N) be proper lower
semicontinuous convex functions, let F : C x C — R be a bifunction, and let T; : C — C (i =
1,2,...) be weak relatively nonexpansive mappings such that F := [ﬂf-\:]1 (of HO9HIN[NE, F(T)H]n
EP(F)#0. Let {ey};-q C E be the sequence such that lim, _,, e, = 0. Define the sequence {x,};_;
in C as follows:

x1€C1=C,
ot =arg min{ i) + Syl + (T e
" yek 21} I

— 1 1 ? 1 _
27 = arg min{ fus )+ o VI + o (0 (2)) -

B . 1 2 1 N-1
m=arg min{ i) + 21l + o (w0 (2
un:Tr,,yn/

Cp1 = {z € Cp, :sup ¢(z, Tiu,) < P(z, x, + en)},

i>1

Xn+1 = Hcm-l (xl)/ Vn > 1.

Iflim inf, o, A, > 0 for each i = 1,2,...,N and liminf,_, ,r, > 0, then the sequence {x,} con-
verges strongly to g = I'lg (x1).
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Proof. By Rockafellar’s theorem [43, 44], Of; are maximal monotone operators for each i =
1,2,...,N.LetA! >0foreachi=1,2,...,N. Then, z' = Jriaf, (%) if and only if

0e afi<zi> + %(}(5) - ](x)>

) (3.39)
_af e LN i
—a<f1+ﬁ<7—](x) <Z>,
which is equivalent to
2
z' = arg min{ fi(y) + 1 M -y, J(x)) ) ¢- (3.40)
y€eE ! Al 2 !
Using Theorem 3.1, we thus complete the proof. O

If E = H is a real Hilbert space, we then obtain the following results.

Corollary 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let A; : H —
2H (1 =1,2,...,N) be maximal monotone operators, let F : C x C — R be a bifunction, and let
T;: C — C(i=1,2,...) be weak relatively nonexpansive mappings such that F := [, A7H0)] N
[NZ F(Ti)] N EP(F) #0. Let {en};eq C H be the sequence such that lim,_, e, = 0. Define the
sequence {xy},q in C as follows:

x1€C1=C,

Yn = ])L,’,VAN OL\Q’-lAN,l ©---0 ])J"Al (Xn +en),

Uy = Tr,, ns
4 (3.41)

Cp = {z €Cy:sup|lz—Tiua|| < |1z = (xn + en)ll},

i>1

Xn+1 = Pcm-l (xl)/ Vn > 1.

Ifliminf, AL, > 0foreachi=1,2,...,N and iminf,_, ,,r, > 0, then the sequence {x, } converges
strongly to g = Pg(x1).

Corollary 3.4. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let f; : H —
(—o0,00] (i = 1,2,...,N) be proper lower semi-continuous convex functions, let F : CxC — R
be a bifunction, and let T; : C — C (i = 1,2,...) be weak relatively nonexpansive mappings such
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that F = [N;2 1(af D)1 N [NE, F(T:)] N EP(F) #0. Let {e,}:2, C H be the sequence such that
lim, en = 0. Define the sequence {x, },., in C as follows:

x1€C;=C,

=) =arg mind 1) + 55yl + 57 (v ven) |,
yeEH

2)L1

N-1 _ : 1 2 1 N-2
z, | =arg ryrgg{fw-l(y) + W”y” v (y,2N2) 1,
(3.42)
Yn = arg ryrg;{fw(y) 2y vl + <y, >}
Uy = Tr,,yn/

Cus1 = {z €Cy:sup|lz—Tiu|| < ||z = (xn + en)ll},

i>1

X+l = PC,.+1 (xl), Vn >1.

If liminf, _, Al >0 foreachi=1,2,...,N and liminf,_, r, > 0, then the sequence {x,} con-
verges strongly to q = Pg(x1).

Remark 3.5. Using the shrinking projection method, we can construct a hybrid-proximal point
algorithm for solving a system of the zero-finding problems, the equilibrium problems, and
the fixed point problems of weak relatively nonexpansive mappings.

Remark 3.6. Since every relatively nonexpansive mapping is weak relatively nonexpansive,
our results also hold if T; : C — C (i =1,2,...) are relatively nonexpansive mappings.
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