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By using the coincidence degree theory, we consider the following 2m-point boundary value
problem for fractional differential equation Dy, u(t) = f(t, u(t), Dg;] u(t), ngzu(t)) +e(t),0<t<1,
I%u(t),_, = 0, D 2u(l) = 372 aDEu(é), u(l) = 37 bu(n;), where 2 < a < 3,Dg, and I§, are
the standard Riemann-Liouville fractional derivative and fractional integral, respectively. A new
result on the existence of solutions for above fractional boundary value problem is obtained.

1. Introduction

Fractional differential equations have been of great interest recently. This is because of the
intensive development of the theory of fractional calculus itself as well as its applications.
Apart from diverse areas of mathematics, fractional differential equations arise in a variety
of different areas such as rheology, fluid flows, electrical networks, viscoelasticity, chemical
physics, and many other branches of science (see [1-4] and references cited therein). The
research of fractional differential equations on boundary value problems, as one of the focal
topics has attained a great deal of attention from many researchers (see [5-13]).

However, there are few papers which consider the boundary value problem at
resonance for nonlinear ordinary differential equations of fractional order. In [14], Hu and
Liu studied the following BVP of fractional equation at resonance:

D§, x(t) = f(t, x(t), x'(t),x"(t)), 0<t<1,
1.1
x(0) = x(1), x'(0) = x"(0) =0, (-0

where 1 < a <2, Dy, is the standard Caputo fractional derivative.
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In [15], Zhang and Bai investigated the nonlinear nonlocal problem

Dgu(t) = f(tu(t)), 0<t<l,

(1.2)
u(0)=0,  pu(n) =u(1),
where 1 < a < 2, they consider the case %! = 1, that is, the resonance case.
In [16], Bai investigated the boundary value problem at resonance
DE, u(t) = f(t,u(t),Dgglu(t)> te(t), 0<t<l,
(1.3)

m-2
I u)leo =0, Dglu(l) = 3 AD5 u(n)

is considered, where 1 < a < 2 is a real number, Dgﬁ and I(’; are the standard Riemann-
Liouville fractional derivative and fractional integral, respectively, and f : [0,1] x R> — R
is continuous and e(t) € L'[0,1], m >2,0< ¢ <1, i € R, i =1,2,...,m — 2 are given
constants such that >7%6; = 1.

In this paper, we study the 2m-point boundary value problem

DE, u(t) = f(t,u(t),ngu(t),Dg;Zu(t)) te(t), 0<t<l1, (1.4)

m-2
Lu(t)]io =0,  D&?u(l) = Za DS2ug),  u() = Zbiu(m), (1.5)

where2 < a <3, m>20<¢é <+ <é, <1, 0<m <--<Ny<1 a,b €R,f:
[0,1] xR® — R, f satisfies Carathéodory conditions, Df. and I, are the standard Riemann-
Liouville fractional derivative and fractional integral, respectively.

Setting

A = a(a " 1) < Za §u+1> Ay = a(a 1) < ;a1§a>

T@)?[, &, % T@I@-1[. & .
8= Faay [ 2.bin; 1]' A4—m[l‘z””ﬁ 2]'

i=1 i=1

(1.6)

In this paper, we will always suppose that the following conditions hold:

(C1):

m-2 m-2
Daigi=>ai=1, St = bt =1, (1.7)
, i i=1 i=1
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(C2):

A= NNy — Ay A3#0. (1.8)

We say that boundary value problem (1.4) and (1.5) is at resonance, if BVP

D, u(t) =0,

m-2 m-2 (19)
Igfu()l=0=0,  D§?u(l) = D aD§?u),  u(l)= > bu(n)
i=1 i=1

has u(t) = at*! + bt*2, a,b € R as a nontrivial solution.

The rest of this paper is organized as follows. Section 2 contains some necessary nota-
tions, definitions, and lemmas. In Section 3, we establish a theorem on existence of solutions
for BVP (1.4)-(1.5) under nonlinear growth restriction of f, basing on the coincidence degree
theory due to Mawhin (see [17]).

Now, we will briefly recall some notation and an abstract existence result.

Let Y, Z be real Banach spaces, L : domL C Y — Z a Fredholm map of index zero,s
and P:Y — Y, Q:Z — Z continuous projectors such that

Y =Ker Lo Ker P, Z=ImLa®Q, ImP=KerL, KerQ=ImL. (1.10)

It follows that L|qom rrkerp : dom LN Ker P — Im L is invertible. We denote the inverse of the
map by K,,. If Q is an open-bounded subset of Y such that dom LNQ #@, themap N : Y — Z

will be called L-compact on Q if QN (Q) is bounded and K,(I-Q)N: Q — Yis compact.
The lemma that we used is [17, Theorem 2.4].

Lemma 1.1. Let L be a Fredholm operator of index zero and let N be L-compact on Q. Assume that
the following conditions are satisfied:

(i) Lx #ANx, for all (x,A) € [domL \ KerL N 0Q] x [0,1];
(ii) Nx & ImL, for all x € KerL N 0£;

(iii) deg(JON kerr, KerLNQ,0) #0,

where Q : Z — Z is a projection as above with KerQ = ImL and J : ImQ — KerL is any
isomorphism. Then the equation Lx = Nx has at least one solution in domL N Q.

2. Preliminaries

For the convenience of the reader, we present here some necessary basic knowledge and
definitions about fractional calculus theory. These definitions can be found in the recent
literature [1-16, 18].
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Definition 2.1. The fractional integral of order a > 0 of a function y : (0,00) — Ris given by

t
B0 = 1o fo (t- )" y(s)ds, 2.1)

provided the right side is pointwise defined on (0, o0), where I'(-) is the Gamma function.

Definition 2.2. The fractional derivative of order a > 0 of a function y : (0,00) — R is given
by

@ oy L d\" (" _y(s)
2580~ iy (&) J, sy .

where n = [a] + 1, provided the right side is pointwise defined on (0, o).

Definition 2.3. We say that the map f : [0,1] x R* — R satisfies Carathéodory conditions with
respect to L [0, 1] if the following conditions are satisfied:
(i) for each z € R", the mapping t — f(t, z) is Lebesgue measurable;
(ii) for almost every t € [0, 1], the mapping t — f(t, z) is continuous on R";
(iii) for each r > 0, there exists p, € L!([0,1], R) such that for a.e. t € [0,1] and every
|z| <7, wehave f(t,z) < p,(t).

Lemma 2.4 (see [15]). Assume that u € C(0,1)NL'(0,1) with a fractional derivative of order a > 0
that belongs to C(0,1) N L'(0,1). Then

I5.DSu(t) = u(t) + et L+ e t" 2+ -+ ont™N (2.3)

forsomec; € R, i=1,2,...,N, where N is the smallest integer greater than or equal to a.

We use the classical Banach space C[0, 1] with the norm

Ixll,, = max )l (2.4)
L[0, 1] with the norm
1
el = f x(8)ldt. (25)
0

Definition 2.5. For n € N, we denote by AC"[0,1] the space of functions u(t) which have
continuous derivatives up to order 7 — 1 on [0, 1] such that u*~D(¢) is absolutely continuous:
AC"0,1]={u | [0,1] — Rand (D™ )u(t) is absolutely continuous in [0,1]}.

Lemma 2.6 (see [15]). Given yu > 0and N = [u] + 1 we can define a linear space

CH[0,1] = {u(t) | ut) = I&x(t) + 1t + et 2 4 -+ ot N, £ € [0,1] } (2.6)
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where x € [0,1], ¢; € R, i =1,2,...,N = 1. By means of the linear functional analysis theory, we
can prove that with the

"
lullcn = || Dyu

+oe | D5 ]|+ e 2.7)

|CX)

C*#[0,1] is a Banach space.

Remark 2.7. If p is a natural number, then C#[0, 1] is in accordance with the classical Banach
space C"[0, 1].

Lemma 2.8 (see [15]). f C CF[0,1] is a sequentially compact set if and only if f is uniformly
bounded and equicontinuous. Here uniformly bounded means there exists M > 0, such that for every

uef

H—-(N-1

lullce = || D,uf|_+--+ D6 u]|_ +hull < M, (2.8)

and equicontinuous means that ¥e > 0, 36 > 0, such that

|u(t1) — u(t2)| <§g, (th, t, € [O, 1], |t1 — t2| < 6, Yu e f),

DEu(ty) - Dg;iu(t2)| <e, (Vh, bel0,1], h—h|<6 Yucf, Vi=1,2,...,N-1).
(2.9)

Lemma 2.9 (see [1]). Leta >0, n = [a] + 1. Assume that u € L'(0,1) with a fractional integration
of order n — a that belongs to AC"[0,1]. Then the equality

a Ma _ < ((I(r)l;au)(t))n_ih:O a—i
(I8, D3, u) (t) _u(t)—gl“ T i) t (2.10)

holds almost everywhere on [0, 1].

Definition 2.10 (see [16]). Let I, (L'(0,1)), a > 0 denote the space of functions u(t),
represented by fractional integral of order a of a summable function: u = I§,v,v € L'(0,1).

Let Z = L'[0,1], with the norm ||y|| = j’é ly(s)|ds, Y = C*1[0,1] defined by Lemma 2.6,
with the norm ||ul|ce1 = ||D8‘:1u||<>o + ||D8‘:2u||OO + ||u]|oo, where Y is a Banach space.
Define L to be the linear operator from dom L C Y to Z with
domL = {u € C*10,1] | D%, u € L'[0,1],u satisfies(l.S)}, (2.11)

Lu=Dgju, uecdomlL, (2.12)
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we define N : Y — Z by setting
<Nuﬁ):f(huﬁ)D&%AﬂD&%dﬂ>+eG) (2.13)
Then boundary value problem (1.4) and (1.5) can be written as Lu = Nu.

3. Main Results

Lemma 3.1. Let L be defined by (2.12), then

KerL = {at”‘_1 +bt" 2% |abe R} = R?,

m-2 &i

3 i i — ds =0,
i:1a 0@ s)y(s)ds (3.1)

1
ImL = {ye Z |f 1-9)y(s)ds -
0

1 m-2 1i
f (1-5)""y(s)ds - Zb"J‘ (mi - s)'x_ly(s)ds = O}.
0 i=1 0

Proof. In the following lemma, we use the unified notation of both for fractional integrals
and fractional derivatives assuming that Iff, = D7 for a <0.
Let Lu = Dj,u, by Lemma 2.9, D§, u(t) = 0 has solution

3-a 3—i
u(t) = i ((IO+ u) (t)) |t:0 ja-i
i=1

IFa-i+1)
_ (@) ) e o, (0O i oy (0,05 (32)
B T'(a) T(a—1) T'(a-2)
_ Dg;lu(t)h:o a-1 + Dg;2u(t)|t:() a-=2 + ((Ig;au) (t))|t:0 taf?a
- T(a) T(a-1) T'(a-2)

Combine with (1.5), So,

KerL = {at”‘_1 +bt* 2| agbe R} = R (3.3)
Let y € Z and let

1 “ - a- a-
= @ fo (t =) 'y(s)ds + c1t* 1 + ot + 3t (3.4)
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Then Df, u(t) = y(t) a.e. t € [0,1] and, if

1 m-2 ¢i
f (1-s)y(s)ds - a,-f (& —s)y(s)ds =0,
0 0

i=1

(3.5)
1 m-2 1i
Io (1-5)""y(s)ds - ;bi Io (mi - s)“_ly(s)ds =0

hold, then u(t) satisfies the boundary conditions (1.5). That is, u € dom L and we have

{y € Z | y satisfies (3.4)} CImL. (3.6)
Let u € dom L. Then for Dj, u € Im L, we have
If.y(t) = u(t) - it — opt* 2 — 31773, (3.7)
where

_ D u(t)|i-0 _ D§u(t)|o Igu(®)lo (3.8)

Ta) ~ 27 Ta-1n ' %" T@-2

which, due to the boundary value condition (1.5), 1mphes that satisfies (3.5). In fact, from
I-%u(t)|i=o = 0 we have c3 = 0, from D ?u(1) = 3/ 2g DS2u(g), u(l) = Z;ﬁ{zbiu(qi), we
have

1
fo (1= $)y(s)ds - Zaz f (& - )y (s)ds =

(3.9)
1 m-2 i .
f (1-5)""y(s)ds - ZbiJ‘ (ni—s)" y(s)ds =
0 i=1 0
Hence,
{y € Z | y satisfies (3.4)} 2 Im L. (3.10)
Therefore,
{y € Z | y satisfies (3.4)} =ImL. (3.11)
The proof is complete. O

Lemma 3.2. The mapping L : domL C Y — Z is a Fredholm operator of index zero, and

Qu(t) = (Tiyt)t* ™ + (Tay (1) )t* 2, (3.12)
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where
1 1
hy =+ (MQiy - NoQoy), Ty = A (AsQuy - MQay), (3.13)

define by K, : ImnL — domL N KerP by

t
Kyy(t) = % —[0 (t- s)“"ly(s)ds =If,y(t), yelmL, (3.14)

and for all y € ImL, || Kpyl|cer < ((1/T(a)) +2) |yl

Proof. Consider the continuous linear mapping Q; : Z — Zand Q; : Z — Z defined by

m-2

1 i
Quy = IO (1-s)y(s)ds— D>, a fo (G —s)y(s)ds,

i=1
(3.15)

! a-1 = b a-1
Q= [ a-9myeds- S [ (-5 v(s)ds
0 i=1 0

Using the above definitions, we construct the following auxiliary maps T; : Z — Z and
T,:Z — Z:

1
Ty = — (AsQiy — Ao Qoy),
A

. (3.16)
Ly = X(ASQly - MQyy).
Since the condition (C2) holds, the mapping defined by
Qu(t) = (Tiy(t))t* ™" + (Toy (1) )t*~> (3.17)

is well defined.
Recall (C2) and note that

T; (let"“l) = %<A4Q1 <T1yt“‘1> - N> <T1yt“‘1>>

1 A/ AA AuA oA
_ K[A‘*(%QW‘ %sz> _A2< i3,y - 22 3Q2y>] (3.18)

= le/
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and similarly we can derive that
T (Tyt?) =0, T(Tiyr) =0,  B(Tyr?) =Ty. (3.19)
So, for y € Z, it follows from the four relations above that

Qy = Q((Tuy)t™ + (Tay)t*?)

(e e e e e

(3.20)
= (i)t + (Tay )t
=Qy,
that is, the map Q is idempotent. In fact Q is a continuous linear projector.
Note that y € Im L implies Qy = 0. Conversely, if Qy =0, so
ANQry — A Qoy =0,
(3.21)
MQoy — A3Q1y =0,
but
Ny —No
A A = Ay A1 — Ao A3 # 0, (322)

then we must have Q1y = Q,y = 0; since the condition (C2) holds, this can only be the case if
Qiy = Quy =0, thatis,y € Im L. In fact Ker Q = Im L, take y € Zin the form y = (y—Qy)+Qy
sothaty —Qy e KerQ =ImL,Qy € ImQ, thus, Z=ImL+ImQ, Lety € InLNImQ and
assume that y = at®! + bt*2 is not identically zero on [0,1]. Then, since y € Im L, from (3.5)
and the condition (C2), we have

1 m=2 di
Q1y=jo(1—s)(as 14 bs 2>ds—‘ ai’[ (§i—s)<as 14 bs 2)(Jls=0,

(3.23)
1 m=2 i
Qy = J‘ (1-s)*" <as”“1 + bs"‘*2>ds ->bi| (ni- s)*! <as"“1 + bs“’2>ds =0.
0 =1 70
So
aA1 + bAz = 0,
(3.24)

aA3 + b[\4 =0,
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but

A Ao

= A1As — AsA3 #0, (3.25)
As As

we derive a = b = 0, which is a contradiction. Hence, Im LNIm Q = {0}; thus Z =Im LeIm Q.
Now, dimKerL = 2 = codimImL and so L is a Fredholm operator of index zero.
Let P:Y — Y be defined by

1 1
Pu(t) = ﬁD"‘ L) ot + e 1) U)ot 2, te[0,1]. (3.26)
Note that P is a continuous linear projector and
Ker P = {u €Y | D& 'u(0) = DE2u(0) = o}. (3.27)

It is clear that Y = Ker P ® Ker L.
Note that the projectors P and Q are exact. Define by K, : ImL. — dom L N Ker P by

Kpy(t) = @ f (t-s)"y(s)ds = I&,y(t), ye€ImL. (3.28)
Hence we have
t
Dy (Kpy)t —f y(s)ds,  DI2(K,y)t= f (t- s)y(s)ds, (3.29)
0

then

D (&)< lvll |

1 a—
1551 < g ol | D52, < Iyl (330

and thus

1
1stlens < (77 +2) ol @3

In fact, if y € Im L, then
(LKp)y(t) = Dg I,y (t) = y(t). (332)
Also, if u € dom L NnKer P, then

(KpL)u(t) = I§, Dg, u(t) = u(t) + cit*' + cot™ % + c5t* 3, (3.33)
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where

_ D§tu(b)lo _ D u(t)l-o I u(t)l-o

@ T e 9T Ty .

and from the boundary value condition (1.5) and the fact that u € dom L N Ker P, Pu = Q,
Dg;lu(t)h:o = Dg;zu(t)ltzo = Ig;“u(t)ltzo =0,wehavec; = ¢, = c3 =0, thus

(KpL)u(t) = u(t). (3.35)

This shows that Kj, = [L|dom LnKer p]_l. The proof is complete. Using (3.16), we write

ONu(t) = (TINu)t* ! + (ToNu)t*2,

1 (3.36)
K,(I-Q)Nu(t) = m fo (t—s)*? [Nu(s) - QNu(s)]ds.

By Lemma 2.8 and a standard method, we obtain the following lemma.

Lemma 3.3 (see [16]). For every given e € L'[0,1], K,(I - Q)N : Y — Y is completely continu-
ous.

Assume that the following conditions on the function f(t, x, y, z) are satisfied.

(H1) There exist functions a(t), b(t), c(t), d(t), r(t) € L'[0,1], and a constant 0 € [0, 1)
such that for all (x,y,z) € R%,t € [0,1], one of the following inequalities is sat-

isfied:
|f(t,x,y,2)| <a@®)|x|+bE)|y| +c®)|z] +dE)|x]° + ), (3.37)
If (12,1, 2)| < a@®)x| + b()|y| + Ozl + dB)|y|* +r(®), (3.38)
|f(tx,y,2)| <al)|x|+b)|y| +c(t)|z| + d)|zl? +r(t). (3.39)

(H2) There exists a constant A > 0, such that for x € dom L \ Ker L satisfying |Dg;1x(t)| +
|D52x(t)| > A for all t € [0,1], we have

Q1Nx(t)#0, or Q2Nx(t)#0. (3.40)

(H3) There exists a constant B > 0 such that for every a,b € R satisfying a? + b> > B then
either

aT1N<at"“1 + th) + bT2N<at“‘1 + bt”“2> <0, (3.41)
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or

aT1N<at“‘1 + bt“‘2> + bT2N<at“‘1 + bt”“2> > 0. (3.42)

Remark 3.4. TyN (at* ! +bt*2) and T, N (at* ! + bt*2) from (H3) stand for the images of u(t) =
at®! + bt*2 under the maps T1 N and T, N, respectively.

Lemma 3.5. Suppose (H1)-(H2) hold, then the set

Q) = {x edomL \ KerL : Lx = ANx, A € [0,1]} (3.43)

is bounded.

Proof. Take

Qi ={xedomL\KerL:Lx=ANx, Ae][0,1]}. (3.44)

Then for x € Q;, Lx = ANx thus A#0, Nx € ImL = KerQ, and hence QNx(t) for all
€ [0,1]. By the definition of Q, we have Q1 Nx(t) = Q2 Nx(t) = 0. It follows from (H2) that
there exists ty € [0,1], such that [DJ u(to)| + |DS*u(to)| < A.

Now
t
D§'x(t) = D5 x(to) + | DS, x(s)ds,
t
t“ (3.45)
D§2x(t) = D§,*x(to) +I D§'x(s)ds,
to
and so
DE:'x(0)| < || Dg x|
< Dgfx(to)i + ( ngxul
S A+ |Lx[l; £ A+ |[Nx|y,
Dg;zx(O)) < | Dgfx(t)”oo (3.46)

<

Dgfx(to)| + (

a—1
D0+ x“
(o)

<

D 2x(to)| +

g x(to)| + (| Dg, %),

S A+|[|ILx|ly < A+ [INx];.
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Therefore, we have

|Px||cot = Dg  x(0)t* ! + D§2x(0)* 2

[reee o+ ey

Ca-1

Dyt (0t + Dg2x(0)t2

@ D

+ ||Dg;1x(0) ||Oo + ||Dg;1x(0)t + Dg;zx(0)||oo (3.47)
< <2 + %) Dgglx(0)| + <1 + —F(le— 1))

1 1
<2 + m)(A+ INxll;) + (1 - m)(/ﬂ [IN2Il;)-

[oe]

Di*x(0)]

Note that (I — P)x € dom L N Ker P for all x € Q. Then, by Lemma 3.2, we have

10 =Pyl = IKGLA = Phlces < (2 s )N, (3.49)

so, we have

[xllcat < N = P)x]lcar + [[Px[| ot

1 1
(2 + m)(A +|INx|ly) + (1 + m)(A +[INx[l;)

+ <2+ ﬁ)”lel1
2 1
- (g * 1y +5) Nl

1 1 1
" (F(a) "T@-1) "Ta-2) +3>A

<m||Nx|; + nA,

(3.49)

where m = ((2/T(a)) + (1/T(a-1))+5),n=((1/T(a)) + (1/T(a=1)) + (1/(T(a-2))+3), A
is a constant. This is for all x € Q. If the first condition of (H1) is satisfied, then, we have

o I L
[oe] [oe]

-1
D5 x|+ lell|
[ee)

Iacll ot = max{ %1l

< lall 1. + 1o

Dg2x| (3.50)

+||al||1||Dg;2x||io +D],
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where D = ||r||1 + |le|l1 + n/m, and consequently, for
-1 -2
Il <l | D&% < lxleen, || D82 < il (351)

SO

<" b, || Dg;? Dg? dl,|ps2x|” + D
||x||oo—T”a”1 Iblly || Doy x m+||C||1 0+ X m+|| lI1{| Do x I

o5 < = mllalrf— ol lell | D52+l Dg;zx”i +D|, (3.52)
[5:x, < =g, =y =, (o] + ).

But 0 € [0,1) and ||al|; + ||b|l1 + |lc|li < 1/m, so there exists A, Ay, A3 > 0 such that

|psx|_ <A |pats]| <4 el < 4s. (3.53)
Therefore, for all x € Q1,
Iellcer = max{lixll., | D ||, [|Df2x||} smaxian Az 4a),  (354)

we can prove that Q; is also bounded.
If (3.38) or (3.39) holds, similar to the above argument, we can prove that €, is bound-
ed too. O

Lemma 3.6. Suppose (H3) holds, then the set

Q, = {xeKerL: Nx € ImL} (3.55)

is bounded.

Proof. Let

Q={xeKerL: NxelmL}, (3.56)

forx € Q,, x e KerL = {x € domL : x = at*! +bt*2,a,b € R,t € [0,1]} and QNx(t) = 0;
thus T N (at* 1 +bt*2) = TN (at* 1 +bt*2) = 0. By (H3), a®+b? < B, thatis, Q, isbounded. [

Lemma 3.7. Suppose (H3) holds, then the set

Qs ={xeKerL:-AJx+(1-1)QNx=0, Ae][0,1]} (3.57)

is bounded.
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Proof. We define the isomorphism J : Ker L — Im Q by
]<at“-1 + bt“‘2> = at* ! 4 bt* 2, (3.58)
If the first part of (H3) is satisfied, let
Qs={xeKerL:-AJx+(1-A0)QNx=0, A €[0,1]}. (3.59)
For every x = at*! + bt*2 € Q3,
A(at""l + th) - (1-1) [T1N<at"“1 + bt”“2>t“‘1 + T2N<at“‘1 + bt"“2>t"“1]. (3.60)
If A =1, then a =b =0, and if a® + b> > B, then by (H3)
A (a2 + b2> =(1-4) [aT1N<at“‘1 + bt"“2> + bT2N<at“‘1 + th)] <0, (3.61)
which, in either case, is a contradiction. If the other part of (H3) is satisfied, then we take
Qs={xeKerL:AJx+(1-1)QNx=0, Le[0,1]}, (3.62)
and, again, obtain a contradiction. Thus, in either case

[Eq[— ||atH + a2

Ca-1

_ a-1 a-2 _

= [|at= + b#2|_ + flal (@), + llaT (@)t + bL (@ = D], 563)

< (1+20(a))]al + (1 +T(a - 1))[b|

<(2+2I(a) +T'(a-1))B,
for all x € Qg3, that is, Q3 is bounded. O
Remark 3.8. Suppose the second part of (H3) holds, then the set

Q ={xeKerL:AJx+(1-1)QNx=0, A e[0,1]} (3.64)

is bounded.

Theorem 3.9. If (C1)-(C2) and (H1)-(H3) hold, then the boundary value problem (1.4)-(1.5) has
at least one solution.

Proof. Set Q to be a bounded open set of Y such that U?zlﬁ C Q. It follows from Lemmas 3.2
and 3.3 that L is a Fredholm operator of index zero, and the operator K,(I -Q)N : Q > Yis
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compact N, thus, is L-compact on Q. By Lemmas 3.5 and 3.6, we get that the following two
conditions are satisfied:

(i) Lx #ANx for every (x,1) € [dom L \ Ker L N 0Q] x [0, 1];

(ii) Nx ¢ Im L, for every x € Ker L N 0Q.

Finally, we will prove that (iii) of Lemma 1.1 is satisfied. Let H(x,1) = £AJx + (1 -
A)QNx, where I is the identity operator in the Banach space Y. According to Lemma 3.7 (or
Remark 3.8), we know that H(x, 1) #0, for all x € 0Q N Ker L, and thus, by the homotopy
property of degree,

deg(QNkerr, Ker LNQ,0) = deg(H(-,0),Ker LN Q,0)

=deg(H(,,1),Ker LN Q,0)
= deg(+l,Ker LN Q,0)
Ay A, (3.65)
=sgn|+ _§3 ATl = sgn<i%)
A A
=+1#0.

Then by Lemma 1.1, Lx = Nx has at least one solution in dom L N Q, so the boundary value
problem (1.4) and (1.5) has at least one solution in the space C*7'[0, 1]. The proof is finished.
O

4. An Example

Let us consider the following boundary value problem:

D%u(t) = f(t,u(t),Dg;lu(t),Dggzu(t)) ve(t), 0<t<l,

2 1 64 1 81 1

—a 1/2 1/2 1/2

Brulho=0, Dy =20)7(3) - Difu(3).  w=Fu(g) - 5u(5)
4.1)

where

f<t,u(t),Dg;1u(t),Dg;zu(t)> = % sin(u(t)) + zl—opgjzu(t) + ;—OD;jzu(t)
(4.2)

1/5
+5cos (Défu(t)) .
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Corresponding to the problem (1.4)-(1.5), we have that e(t) = 1 + 3sin’, a = 5/2, a; = -1,
ar =2,§1 = 1/3,§2 =2/3,b1 = 64/5,b2 = —81/5,7’[1 = 1/4, M= 1/9 and

1 1 1
fltx,y,z) = Esinx+ Eer 2—Oz+5cos (z)'3, (4.3)
then there is
a1+a2:1, [11§1+(12§2=1,

b1q3/2 + bzrlg/z =1, b1111/2 +b 111/2

Ap = i<l —Zz:a-§7/2> Ay = i(l— 2 a‘§5/z>
- 15 7 - 15 7
35 i 15 el

2 2 2
NUCTE) [1_ befﬁ]f Apm 2r<5/z>r<3/z>[ - Son ]
i=1 =1

(4.4)

N =ANAs— N A3#0,

|f(txy,2)| < |x|+ 0|y|+ |z|+5|z|1/5

Again, taking a = 1/40, b = ¢ = 1/20, then

lally + lIblly + licll, =1/8,

m_ 2/T(a)+(1/T(@-1))+5 0-131,

therefore
! 4
lally +[1lly +llelly < —- (4.6)

Take A =181, B = 81. By simple calculation, we can get that (C1)-(C2) and (H1)-(H3) hold.
By Lemma 1.1, we obtain that (4.1) has at least one solution.

Acknowledgments

This work is sponsored by NNSF of China (10771212) and the Fundamental Research Funds
for the Central Universities (2010LKSX09).

References

[1] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, vol. 204 of North-Holland Mathematics Studies, Elsevier Science B. V., Amsterdam, The
Netherland, 2006.



18 Journal of Applied Mathematics

[2] J. Sabatier, O.P. Agrawal, and J. A. T. Machado, Eds., Advances in Fractional Calculus: Theoretical
Developments and Applications in Physics and Engineering, Springer, Dordrecht, The Netherland, 2007.

[3] V. Lakshmikantham, S. Leela, and J. V. Devi, Theory of Fractional Dynamic Systems, Academic
Publishers, Oxford, UK, 2009.

[4] I. Podlubny, Fractional Differential Equations, vol. 198 of Mathematics in Science and Engineering,
Academic Press Inc., San Diego, Calif, USA, 1999.

[5] V. Lakshmikantham and A. S. Vatsala, “Theory of fractional differential inequalities and applica-
tions,” Communications in Applied Analysis, vol. 11, no. 3-4, pp. 395-402, 2007.

[6] Z. Bai, “On positive solutions of a nonlocal fractional boundary value problem,” Nonlinear Analysis.
Theory, Methods & Applications, vol. 72, no. 2, pp. 916-924, 2010.

[7] Z. Bai and H. Lii, “Positive solutions for boundary value problem of nonlinear fractional differential
equation,” Journal of Mathematical Analysis and Applications, vol. 311, no. 2, pp. 495-505, 2005.

[8] Z.Baiand T. Qiu, “Existence of positive solution for singular fractional differential equation,” Applied
Mathematics and Computation, vol. 215, no. 7, pp. 2761-2767, 2009.

[9] X. Su, “Boundary value problem for a coupled system of nonlinear fractional differential equations,”
Applied Mathematics Letters, vol. 22, no. 1, pp. 64-69, 2009.

[10] N. Kosmatov, “A boundary value problem of fractional order at resonance,” Electronic Journal of
Differential Equations, vol. 135, pp. 1-10, 2010.

[11] V. Lakshmikantham and A. S. Vatsala, “Basic theory of fractional differential equations,” Nonlinear
Analysis. Theory, Methods & Applications, vol. 69, no. 8, pp. 2677-2682, 2008.

[12] C. Bai, “Positive solutions for nonlinear fractional differential equations with coefficient that changes
sign,” Nonlinear Analysis. Theory, Methods & Applications, vol. 64, no. 4, pp. 677-685, 2006.

[13] M. Benchohra and F. Berhoun, “Impulsive fractional differential equations with variable times,”
Computers & Mathematics with Applications, vol. 59, no. 3, pp. 12451252, 2010.

[14] Z. Hu and W. Liu, “Solvability for fractional order boundary value problem at resonance,” Boundary
Value Problem, vol. 20, pp. 1-10, 2011.

[15] Y. Zhang and Z. Bai, “Existence of positive solutions for s nonlinear fractional three-point boundary
value problen at resonance,” Journal of Applied Mathematics and Computing, vol. 36, no. 1-2, pp. 417-440,
2010.

[16] Z. Bai, “On solutions of some fractional m-point boundary value problems at resonance,” Electronic
Journal of Qualitative Theory of Differential Equations, p. No. 37, 15, 2010.

[17] J. Mawhin, “Topological degree and boundary value problems for nonlinear differential equations,”
in Topological Methods for Ordinary Differential Equations, P. M. Fitzpatrick, M. Martelli, ]. Mawhin, and
R. Nuss-baum, Eds., vol. 1537 of Lecture Notes in Mathematics, pp. 74-142, Springer, Berlin, Germany,
1991.

[18] A. A. Kilbas and ]. J. Trujillo, “Differential equations of fractional order: methods, results and
problems. I,” Applicable Analysis, vol. 78, no. 1-2, pp. 153-192, 2001.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



