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Following a recent paper of Zand and Nezhad (2011), we establish some fixed point results in
GP-metric spaces. The presented theorems generalize and improve several existing results in the
literature. Also, some examples are presented.

1. Introduction

Partial metric space is a generalized metric space introduced by Matthews [1] in which
each object does not necessarily have to have a zero distance from itself. A motivation is
to introduce this space to give a modified version of the Banach contraction principle [2].
Subsequently, several authors studied the problem of existence and uniqueness of a fixed
point for mappings satisfying different contractive conditions, see [3-23].

On the other hand, in 2006 Mustafa and Sims [24] introduced a new notion of
generalized metric spaces called G-metric spaces. Based on the notion of a G-metric space,
many fixed point results for different contractive conditions have been presented, for more
details see [25—42].

Recently, based on the two above notions, Zand and Nezhad [43] introduced a new
generalized metric space as both a generalization of a partial metric space and a G-metric
space. It is given as follows.

Definition 1.1 (see [43]). Let X be a nonempty set. A function G, : X x X x X — [0, +o0) is
called a GP-metric if the following conditions are satisfied:

(GP1) x =y =zif Gy(x,y,2) = Gp(z,2,2) =Gp(y,y,y) = Gp(x, x, x);
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(GP2) 0 < Gy(x,x,x) <Gp(x,x,y) < Gy(x,y,z) forallx,y,z € X;
(GP3) Gp(x,y,z) = Gp(x, 2, y) = Gp(y,z,x) = -+, symmetry in all three variables;
(GP4) Gy(x,y,2) £Gp(x,a,a) + Gy(a,y,z) - Gy(a,a,a) forany x,y,z,a € X.

Then the pair (X, G) is called a GP-metric space.

Example 1.2 (see [43]). Let X = [0, o0) and define G,(x, v, z) = max{x,y, z}, forall x,y,z € X.
Then (X, G,) is a GP-metric space.

Proposition 1.3 (see [43]). Let (X, Gp) be a GP-metric space, then for any x,y,z and a € X it
follows that

@ Gp(x, y,z) < Gp(x, X, Y) + G;7 (x,x,z) — Gp(x, x,Xx);

(ii

)

(11) Gp(x/ y/ y) S 2Gp(x/ X, y) - Gp(x/ X, x)r
) Gp(x/ ]// Z) S Gp(x/ a, a) + GP (]// a, a) + GP (Zl a, a) - 2C;P(al a, a)/
)

(iv) Gp(x,y,2) £Gp(x,a,z) +Gpla,y,z) - Gp(a,a,a).

Proposition 1.4 (see [43]). Every GP-metric space (X, Gp) defines a metric space (X, Dg, ), where

Dq,(x,y) =Gy(x,y,y) + Gp(y,x,x) = Gp(x,x,x) =G, (y,y,y) forallx,yeX. (1.1)

Definition 1.5 (see [43]). Let (X, G,) be a GP-metric space and let {x, } be a sequence of points
of X. A point x € X is said to be the limit of the sequence {x,} or x, — x if

Lim Gy (x, Xpm, xn) = Gp(x, x,X). (1.2)

m,m— oo

Proposition 1.6 (see [43]). Let (X, G,) be a GP-metric space. Then, for any sequence {x,} in X,
and a point x € X the following are equivalent:

(A) {xn} is GP-convergent to x;
(B) Gp(xn, xn,x) — Gp(x,x,x) asn — oo;

(©) Gp(xn, x,x) — Gp(x,x,x)asn — oo.
Definition 1.7 (see [43]). Let (X, G,) be a GP-metric space.

(51) A sequence {x,} is called a GP-Cauchy if and only if lim,, », —. oo Gp (Xn, Xm, X1n) €Xists
(and is finite).

(52) A GP-partial metric space (X, Gy) is said to be GP-complete if and only if every
GP-Cauchy sequence in X is GP-convergent to x € X such that G,(x,x,x) =
limum, n— 00 Gp (X0, Xim, Xm)-

Now, we introduce the following.

Definition 1.8. Let (X, G,) be a GP-metric space.
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(M1) A sequence {x,} is called a 0-GP-Cauchy if and only if limy,; , — o Gy (Xn, X, Xm) = 0;
(M2) A GP-metric space (X, G,) is said to be 0-GP-complete if and only if every 0-GP-

Cauchy sequence is GP-convergent to a point x € X such that G,(x, x, x) = 0.

Example 1.9. Let X = [0, +c0) and define G,(x,y,z) = max{x,y,z}, for all x,y,z € X. Then
(X, Gp) is a GP-complete GP-metric space. Moreover, if X = Q N [0, +o0) (where Q denotes
the set of rational numbers), then (X, G,) is a 0-GP-complete GP-metric space.

Lemma 1.10. Let (X, Gp) be a GP-metric space. Then
(A) if Gp(x,y,2) =0, thenx =y = z;
(B) if x #y, then Gp(x,y,y) > 0.

Proof. By (GP2) we have

Gp(x,x,%), Gp(v,y,y), Gp(x,v,Y),Gp(x,%,y) <Gy(x,y,2) =0. (13)

Then, by Proposition 1.4, we have Dg, (x,y) =0, that is, x = y. Similarly, we can obtain that
y = z. The assertion (A) is proved.

On the other hand, if x#y and G,(x,y,y) = 0, then by (A), x = y which is a
contradiction and so (B) holds. O

In this paper, we establish some fixed point results in GP-metric spaces analogous to
results of Ili¢ et al. [44] which were proved in partial metric spaces. Also, some examples are
provided to illustrate our results. To our knowledge, we are the first to give some fixed point
results in GP-metric spaces, and so is the novelty and original contributions of this paper.
This opens the door to other possible fixed (common fixed) point results.

2. Main Results
We start by stating a fixed point result of Ili¢ et al. [44].
Theorem 2.1 (see [44]). Let (X, p) be a complete partial metric space. Let f be a self-mapping on X.
Suppose that for all x,y,z € X the following condition holds:
p(fx fy) smax{ap(x,y),p(x,x).p(y. y)}, 2.1)

where 0 < a < 1. Then

(1) the set Xp = {y € X : p(x, x) = inf,exp(y, y)} is nonempty;
(2) there is a unique u € Xp such that fu = u;
(3) for all x € Xp the sequence {f"x} converges to u with respect to the metric d, (where

dp(x,y) = p(x,y) - p(x,x) —p(y,y) for x,y € X).

The analog of Theorem 2.1 in GP-metric spaces is given as follows.
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Theorem 2.2. Let (X, Gp) be a GP-complete GP-metric space. Let f be a self-mapping on X. Suppose
that for all x,y,z € X the following condition holds:

Gy (fx, fy, fz) <max{rG,(x,y,z),Gy(x,x,%),G,(v,v,y),Gp(2,2,2) }, (2.2)

where 0 <r < 1. Then

(T1) the set Xg, = {y € X : Gyp(x, x,x) = infyexGp(y, y,y) } is nonempty;
(

T2) there is a unique x* € X, such that fx* = x*;
(T3) for all x € Xg, the sequence { f"x} converges to x* with respect to the metric Dg,.

Proof. Let x € X. By (2.2), we have

Gy (fx, fx, fx) <max{rGy(x,x,x),Gy(x,x,x)} = Gp(x,x,x). (2.3)

Hence, {G,(f"x, f"x, f"x)},50 iS @ nonincreasing sequence. Put
P n>0 g seq

S0 = lim Gy (7, %, f7x) = Inf Gy (', 7, ), )
Iy:= 11ij (x, fx, fx) + Gp(x, x, x). (2.5)

We shall show that
Gp(fix, fix, fix) < 3T, foralli,j2 0. (2.6)

Again, by (2.2), we have forallm >n >0
Gp(f"x, ™, f7x) < max{rG, (f"x, f"~'x, f"x), Gy (f"x, f'x, f"x) }. 2.7)
At first
Gy (%, f1x, f1x) < Gy (x, fx, fx) + Gy (fx, ', fix) 9y
<Gy(x, fx, fx) + max{er<x,fj‘1x,fj‘1x>,Gp(x,x,x)}. =
Similarly
Gp(x,fjflx,fj’1x> < Gp(x, fx, fx) + max{er<x,fj*2x,fj*2x>,Gp(x,x,x)}. (2.9)
Then we have

Gy (x,fix,f7x> <Gy(x, fx, fx) + max{er(x,fx,fx) + rZG,, <x,fi_zx,fi_2x>,Gp(x,x,x)}.
(2.10)
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By continuing this process, we get

Gp<x,ffx,ffx>
<Gy(x, fx, fx) +max{er(x,fx,fx) +---+rj‘le(x,fx,fx),Gp(x,x,x)}

. (2.11)

-r

<Gp(x, fx, fx) + max{ 7 Gy(x, fx, fx),Gp(x,x, x)}

<Gy, fx, fx) + 7=Gy(x, fx, fx) + Gp(x,%,%) = .

Now, by Proposition 1.3 (ii), we have Gp(f'x, x, x) < 2Gp(x, f'x, f'x) < 2T'y. Hence
Gp<fixrfix,fjx> <Gp <fix,x,x> +G, <x,fjx,f7x> <3y, (212)
that is, (2.6) holds. On the other hand, by (GP2), we have
Sx <G, (f"x, f"x, f'x) < G, (f"x, f"x, f™x). (2.13)

Given any € > 0, by (2.4), there exists ng € N such that G,(f™x, f™x, f"x) < S, + e. Since
0 <r <1, so without loss of generality, we have 3'yr™ < S, + €. Therefore, for all m,n > 2ny

rTGP (f”‘lx, f’”‘lx, f’”‘lx),
Gy (f"x, f™x, fx) < maxq G,(f"'x, f*lx, fr1x),

GP (fm—lx, fm—lx, fm—lx)
( TZGP (fn—Zx’ fm—2x, fm—2x),

< maxq Gp(f"?%x, f"2x, f12x), < (2.14)
Gp (fm—zx’ fm—Zx’ fm—2x)
e 7o Gp (fn—ng x, fm—ng x, fm—ngx) ,
< maxg  Gp(f"™x, frx, frx), < S, +e.

GP (fm—nox, fm—no x, fm—nox>

\

Then, S, = limy,, oGy (f"x, f"x, f™x) and so { f"x} is a GP-Cauchy sequence. Since (X, G,)
is GP-complete, then there exists x* € X such that { f"x} GP-converges to x*, that is,

Gp(x*, x,x") = lim G,(f"x, f"x, f"x). (2.15)
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Since { f"x}GP-converges to x*, then Proposition 1.6 yields that

Gp(x",x",x%) = lim G (x", f"x, f"x) = lim G, (f"x, x",x"). (2.16)
We obtain that
Sy = Gp(x", x*,x") = lim Gy (x*, f"x, f"x) (2.17)
= lim Gy (f"x,x",x") = lim Gp(f"x, f™x, f™x). (2.18)
Foralln e N

Gy (x", fx", ) < Gy, "%, %) + Gy (f"x, f°, ) = Gy (", f'x, %) (219)
By taking the limit as n — oo in the above inequality, we get
Gy (x*, fx*, fx*) < ,}EI;OGP (f"x, fx*, fx*). (2.20)
On the other hand, from (2.2), we have
rnli_l)r;oGp (f1x, x*, x*),
nggoGp(f"x,fx*,fx*) < max T}i_l)rgoGp (f"x, frlx, frlx), ¢ = Gp(x*, x*, x%).  (2.21)
Gp(x*, x*, x*)
Thus, Gp(x*, fx*, fx*) < Gp(x*, x*, x*). By (GP2), we deduce that

Gy (x*, fx*, fx*) = Gp(x*, x*, x¥). (2.22)

Now we show that Xg, is nonempty. Let Q = inf,exG,(y,y,y). For all k € N, pike xx € X
with G, (x, xx, xx) < Q +1/k. Define x;, = f"x* for all n > 1. Let us show that

lim Gp(x;, x;,, x,) = Q. (2.23)

m,n— oo

Given e > 0, put ng := [3/e(1 —r)] + 1. If k > ng, then we have

1
Q< Gp(fxy, fxi, fxg) <Gp(xy, x5, X)) = Sxp < Gp(xg, xp, xx) < Q + P
1 3
Q+ —<Q+ ———
< +n0< +€(1_r) (2.24)

3
< Gp(fxp, fxi, fxp) + Ao
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Therefore, we have

* * * * * * 3
Ty := Gp (k, Xk, %) = Gp (fxk, fx3, f) < ed-r) (2.25)

On the other hand, if k > ny, then G, (x}, x3, x}) = Sy, <€+ 1/ny. It follows that

3

Gp(x;, x;;,x;) <Q+ m

(2.26)

By (GP4), (2.22), and (2.25), we can obtain

Gp (X, X3, X3) < Gp (33, fx3, fx3) + Gp(fxy, X, X3) = Gp(fxy, f3,, f3,)
=T+ Gp(fx;, x5, X5,),
G (F i X ) < ([ f £) + ([ X X0 = G ()
= Gy (f X fX) + T

(2.27)

Thus

Gp (x5 X3, X3) < T + T + Gp (f x5, 5, fX7,) (228)
< T + T + max{rG, (x};, x5, X3,), Gp (x5, X35, %), G (X35, X, Xi,) |-

Now, by (2.25) and (2.26), we have

2 2
Q < Gp(xy, x5, x,) < max{ €, =

e 261+ Gyl 5,0, 31 1)+ Gyl 3333 |

Smax{%e,9+e(1 —r)} <Q+e,
(2.29)

that is, (2.23) holds. Again, Since (X, G,) is GP-complete, then there exists y € X such that
Gp (v y,y) = lim Gy (y, X3, %) = lim Gy (x5, y,y) = lim Gp(x;, x5, %) = Q. (2.30)

This leads that y € X, so Xg, is nonempty.
Let x € X. By (2.22), we get

Q< Gy (fx*, fx*, fx*) < Gp(x*, fx*, fx*) = Gp(x*, x*,x*) = S, = Q. (2.31)
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From (GP1), it follows that x* = fx*. By (2.17), we have

lim D¢, (f"x,x*) = lim G, (f"x, x*, x*) + lim G, (x*, f"x, f"x)

- 7IIEI(}OGP (f"x, f"x, f"x) = Gp(x*, x*, x*) (2.32)
=0.
Therefore, for all x € Xp the sequence {f"x} converges with respect to the metric Dg, to x*.
The uniqueness of the fixed point follows easily from (2.2). O
We illustrate Theorem 2.2 by the following examples.

Example 2.3. Let X = [0, c0) and define G,(x,y,z) = max{x,y,z}, for all x,y,z € X. Then
(X, Gp) is a complete GP-metric space. Clearly, (X, G) is not a G-metric space. Consider f :
X — X defined by fx = x?/(1 + x). Without loss of generality, take x < y < z. We have

2

1+z

Gp(fx fy, fz) =

< z=max{G,(x,x,x),G,(v,v,y),Gp(2,2,2)}

(2.33)
= max{rG,(x,y,2),Gp(x,x,x),Gp(y,y,v),Gp(z,2,2)},

for all r € [0,1). So, (2.2) holds. Here, u = 0 is the unique fixed point of f.

Example 2.4. Let X = [0, o0). Define G, : X*> — [0,00) by G,(x,y, z) = max{x,y, z}. Clearly,
(X, Gp) is a GP-metric space. Define f : X — X by

.
1
2 <x< =
x°, O_x_3
(1-x) 1 1
= —_ <— .
fx 5 3<*¥<3 (2.34)
1 >1
(2x +1) 2

Then, the inequality (2.2) of Theorem 2.2 holds. Here, u = 0 is the unique fixed point
of f.

Proof. Clearly, M(x,y, z) := max{rGy(x,y,z),Gp(x,x,x),Gy(y,y,y),Gp(z,2,2)} =max {x, y,
z}, for all r € (0,1). We have the following cases.
Case 1 (0< x,y,z<1/3).

Consider the following:

G,(fx, fy, fz) = max{xz,yz,zz} <max{x,y,z} = M(x,y,z). (2.35)
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Case 2 (1/3 <x,y,z2<1/2).
Consider the following:

1-x) (1-y) (1-2)

Gp(fx,fy,fz)=max{ R I }gmax{x,y,z}=M(x,y,z).

Case 3 (x,y,z > 1/2).
Consider the following:

1 1

1
Gp(fx/fy/fz) =max{ Gox+1)’ (2y+1), (2z+1)} <M(x,y,z).

Case 4 (0<x<1/3,1/3<y<1/2and z>1/2).
Consider the following:

1-
Gy(fx, fy, fz) = max{xz, ( 2]/), (221+ 1)} <M(x,y,z).

Case 5(0<x,y<1/3,1/3<z<1/2).
Consider the following:

(- X)

Gp(fx, fy, fz) = max{ x%, 7, } <M(x,y,z).

Case 6 (0<x,y<1/3,z>1/2).
Consider the following:

Gp(fx,fy,fz) :max{ ,y " ox 1+ 1)} M(x y,z)

Case 7 (1/3<x,y<1/2,0<z<1/3).
Consider the following:

Gy (fx, fy, fz) = max{(lzx) (12y) }<M(x,y,z)

Case 8 (1/3<x,y<1/2,z>1/2).
Consider the following:

— 1-
GP(fx/fy/fz) = max{ (1 2X)/ ( zy)/ (221+ 1)} < M(x,y,z).

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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Case 9 (x,y>1/2,0<2z<1/3).
Consider the following:

_ 1 1 2
Gp(fx fy, fz) = max{ x+1)" 2y + 1)'Z } <M(x,y,z). (2.43)
Case 10 (x,y >1/2,1/3 <z <1/2).
Consider the following:
~ 1 1 (1-2)
Gy(fx, fy, fz) = max{ @+ 1) (2y+1) 2 } <M(x,y,z). (2.44)

Thus, the inequality (2.2) holds. Applying Theorem 2.2, we get u = 0 is the unique
point fixed point of f. O

Also, Ili¢ et al. [44] proved the following result.

Theorem 2.5 (see [44]). Let (X, P) be a complete partial metric space. Let f be a self~mapping on X.
Suppose that for all x,y,z € X the following condition holds:

(2.45)

p(x,x) +p(y,y
p(fx fy) SmaX{ap(x,y), 5 ( )},
where 0 < a < 1. Then

(i) the set Xp = {y € X : p(x, x) = inf,exp(y, y)} is nonempty;
(ii) there is a unique x* € Xp such that fx* = x*;
(iii) for all x € Xp, the sequence { f"x} converges to x* with respect to the metric d,.

The analog of Theorem 2.5 in GP-metric spaces is stated as follows.

Theorem 2.6. Let (X, G,) be a GP-complete GP-metric space. Let f be a self-mapping on X. Suppose
that for all x,y,z € X the following condition holds:

Gy(fx,fy, fz) < max{rGP (x,y,2), Gl %0 + Gy (yé yy) + Gplz 2 2) }, (2.46)

where 0 <r < 1. Then
(R1) theset Xp = {y € X : Gp(x, x,x) = inf,exG,(y, y, y) } is nonempty;
(R2) there is a unique x* € Xp such that fx* = x*;

(R3) for all x € Xg,, the sequence { f"x} converges to x* with respect to the metric D,
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Proof. Since

Gy(x,x,x),G,(v,y,y),Gp(z,2,2)
g g b (2.47)
<max{rG,(x,y,z),Gy(x,x,x),Gp(v,v,v),Gp(z,2,2)},

then
Gp(x,%,%) + Gp(y,y,v) + Gp(2, 2, 2)
3 (2.48)
<max{rG,(x,y,z),Gp(x,x,x),Gp(y,y,v),Gp(z,2,2)}.
Thus

Gy (fx, fy, fz) <max{rG,(x,y,z),Gp(x,x,x),Gp(v,y,y),Gp(z,2,2) }. (2.49)

Then, the conditions of Theorem 2.1 hold. Hence, it follows that (R1), (R2), and (R3) hold. [
Example 2.7. Let X = [0,1] and define G,(x,y, z) = max{x,y, z}, for all x,y,z € X. We have

(X, Gp) is a complete GP-metric space. Take fx = x2/2and r = 1/2. For all x < y <z, we
have

ZZ
Gp(fx,fy,fZ) =7
<1Gy(x,7,2) (2.50)

<max{rG,(x,y,z),Gy(x,x,x),Gp(y,y,v),Gp(z,2,2)},

that is, (2.2) holds. Here, u = 0 is the unique fixed point of f.
Similarly, we have the following.

Theorem 2.8. Let (X, Gp) be a GP-complete GP-metric space. Let f be a self-mapping on X. Suppose
that for all x,y,z € X the following condition holds:

Gp(fx, fy, f2)’ <1Gyp(x,%,%)Gy (1,4, ¥) G (2,2, 2), (2.51)

where 0 <r < 1. Then

(N1) the set Xg, = {y € X : Gp(x, x,x) = infyexGp(y, y,y) } is nonempty;
(N2) there is a unique x* € Xg, such that fx* = x*;

(N3) for all x € Xg,, the sequence { f"x} converges with respect to the metric Dg, to x*.

The following lemma is useful.
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Lemma 2.9. Let (X, Gp) be a GP-metric space and {x,} be a sequence in X. Assume that {x,}GP
converges to a point x € X with Gp(x,x,x) = 0. Then limy, . ,.G,(xn, y,y) = Gp(x,y,y) for all

y € X. Moreover, limy, ;- 100 Gp (X0, X, x) = 0.

Proof. By (GP4), we have

Gy(x,v,y) = Gp(x, Xp, Xn) < Gp(xn, ¥, y) < Gp(x, X, X) + Gy (x,y,y), (2.52)

and so limy, . .Gy (X, ¥, y) = P(x,y,y). Again by (GP4), we get

Gp (2, X, x) < Gp(xn,x, x) + Gp(x, X, Xm), (2.53)

and hence limy; » -+ Gp (x4, Xm, x) = 0. =

Theorem 2.10. Let (X,Gy) be a 0-GP-complete GP-metric space and f be a self-mapping on X.
Assume that (1/3)Gp(x, fx, fx) < Gp(x,y,y) implies

Gy (fx, fy, fy) <aGp(x,y,y) + PGy(x, fx, fx) +YGp (Y, fy, f) (2.54)

forall x,y € X, where a, B,y > 0 with a + p+y < 1. Then f has a unique fixed point.

Proof. If x = fx, then x is a fixed point for f. Assume that x # fx. So by Lemma 1.10, it follows
that G, (x, fx, fx) > 0. Therefore, (1/3)Gp(x, fx, fx) < Gp(x, fx, fx) and so from (2.54), we
have

Gy <fx,f2x,f2x> <rGy(x, fx, fx) forall xeX,r= <1. (2.55)

Let xg € X and define a sequence {x,} by x, = f"x for all n € N. Now by (2.55), we can
obtain that

G, <f"x0,f"+1x0,f"”x0> <rG, (f”flxo,f”xo,f”x0> <o <1"Gy(x0, fx0, fx0).  (2.56)
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Then, for any m > n, by (2.56), we get

Gp(f"x0, f™"x0, f"%0) < Gy <f"xO,f"”xo,f"”xo> +Gp <f”+1xo,fmxo,fmxo>
<G, ( Fxo, fx, fn+1x0> +G, < F™xo, fx,, fn+zx0>
+G, <fn+2x0,fmx0,fmx0>
<G, <f"xo,f"+1xo,f"+1xo> +G, <fn+1xo,fn+2xo,f"+2xo>
+G, < F*2x0, F3xq, fn+3xO> ++G, ( %0, Fx0, f”‘xo>

Tn
< EGP (XOIfxOI fxo)-
(2.57)

It implies that limy,, , — o Gp(f"x0, f" X0, f"x0) = 0; that is, {x,} is a 0-GP-Cauchy sequence.
Since X is 0-GP-complete, so {x,} GP converges to some point z € X with G,(z,z,z) = 0,
that is,

lim Gp(xn,z,2z) = lim G,(xy, x4, 2) = Gp(z, 2,2) = 0. (2.58)

n— +oo

Now, we suppose that the following inequality holds:
1 1
3G (%, fx, fx) 2 Gp(x,y,y), §Gp<fx,f2x,f2x> > Gp(fx, v, v), (2.59)

for some x, y € X. Then, by Proposition 1.3 (iii) and (2.55), we have

Gp(x, fx, fx) < Gp(x,y,y) +2Gp(fx,y,y)
< %Gp(x, fx, fx) + gcp ( fx, fx, f2x> (2.60)

< 3Gy (x, 1, f3) + 2 Gy (v, f3) < Gy (3, fx, f)

which is a contradiction. Thus, for all x, y € X, either

G fr fx) <Goryy) or 3G (fx 3 fx) <Gy(fxyy) (26D

holds. Therefore, either

1 1
§Gp(x2n,x2n+1,x2n+1) < Gp(xn, z,2z) or gcp(x2n+1/x2n+2/x2n+2) < Gp(xone1,2,2z)  (2.62)

holds for every n € N.
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On the other hand, by (2.54), it follows that

Gp(x2n41, f2, f2) < aGy(%Xan, 2, 2) + PGp(X2n, Xons1, X2ns1) +YGp(2, f2, f2), 2.6
Gy (x2n42, f2, f2) < aGp (X241, 2, Z) + PGp(X2ns1, Xons2, X2ns2) + YGp(2, f2, f2).

If we take the limit as n — oo in each of these inequalities, having in mind (2.58), (2.62), and
applying Lemma 2.9, then we get (1 - y)G,(z, fz, fz) <0, thatis, z = fz. The uniqueness of
the fixed point follows easily from (2.54).

As a consequence of Theorem 2.10, we may state the following corollaries. O

Corollary 2.11. Let (X, Gp) be a 0-GP-complete GP-metric space and f be a self-mapping on X.
Assume that

%GP (x, fx, fx) <Gp(x,y,y) implies G,(fx, fy, fy) <rGp(x, fx, fx) (2.64)

forall x,y € X, where 0 < r < 1. Then f has a unique fixed point.

Corollary 2.12. Let (X, Gy) be a 0-GP-complete GP-metric space and f be a self-mapping on X.
Assume that

1 L
3G (% fx, fx) <Gp(x,y,y) implies Gy (fx, fy, fy) <7Gp(y, fy, fy) (2.65)

forall x,y € X, where 0 < r < 1. Then f has a unique fixed point.

3. Conclusion

In [43], Zand and Nezhad initiated the notion of a GP-metric space. Also, they studied fully
its topology. Based on this new space, in this paper we present some fixed point results for self
mappings involving different contractive conditions. They are illustrated by some examples.
The presented theorems are the first results in fixed point theory on GP-metric spaces.
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