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In this paper we prove the equivalence and the strong convergence of an explicit Mann iterative
process and a modified implicit iterative process for asymptotically ¢-strongly pseudocontractive
mappings in a uniformly smooth Banach space.

1. Introduction

Let X be a Banach space and X* the dual space of X. Let J denote the normalized duality
mapping form X into 2X" given by J(x) = {f € X* : (x, f) = ||x||* = || f||*} for all x € X, where
(+,+) denotes the generalized duality pairing.

In 1972, Goebel and Kirk [1] introduced the class of asymptotically nonexpansive map-
pings as follows.

Definition 1.1. Let K be a subset of a Banach space X. A mapping T : K — K is said
asymptotically nonexpansive if, for each x, y € K,

|T"x = T"y|| < knl|x -y, (1.1)

where {k,}, C [1,00) is a sequence of real numbers converging to 1.

Their scope was to extend the well-known Browder’s fixed point theorem [2] to this
class of mappings.
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This class is really more general than the class of nonexpansive mappings (see [1]).
In 1991, Schu [3] introduced the class of asymptotically pseudocontractive mappings.

Definition 1.2 (see [3]). Let X be a normed space, K C X, and {k,},, C [1,00). A mapping
T : K — K is said to be asymptotically pseudocontractive with the sequence {k,}, if and
only if lim, _, -k, = 1 and, for all n € Nand all x, y € K, there exists j(x — y) € J(x - y) such
that

2 (1.2)

(T =T, j(x - y)) < Kallx - y

where ] is the normalized duality mapping.

Obviously every asymptotically nonexpansive mapping is asymptotically pseudocon-
tractive but the converse is not valid: it is well known that T : [0,1] — [0,1] defined by

Tx=(1-x% 3)3/2 is not Lipschitz but asymptotically pseudocontractive [4].
In [3], Schu proved the following.

Theorem 1.3 (see [3]). Let H be a Hilbert space and A C H closed and convex; L>0;,T: A — A
completely continuous, uniformly L-Lipschitzian and asymptotically pseudocontractive with sequence
{kn}, € [1,00); gn:=2k,—1foralln eN; Zn(q% -1) <oo; {an}, (Pu},€[0,1];e<a, <P <b
foralln € N, some € > 0 and some b € (0, L2[v1 + L2 - 1]); x1 € A; for all n € N define

zp = B,T"(xn) + (1 = Pu) xn,

(1.3)
Xpi1 = oy T (zy) + (1 — ay) xy.

Then, {x,}, converges strongly to some fixed point of T.

From 1991 to 2009, no fixed point theorem for asymptotically pseudocontractive
mappings had been proved. First Zhou, in [5], completed this lack in the setting of Hilbert
spaces proving (1) a fixed-point theorem for an asymptotically pseudocontractive mapping
that is also uniformly L-Lipschitzian and uniformly asymptotically regular; (2) that the set of
fixed points of T is closed and convex; (3) the strong convergence of a CQ-iterative method.
The literature on asymptotical-type mappings is wide (see e.g., [6-11]).

In 1974, Deimling [12], studying the zeros of accretive operators, introduced the class
of (-strongly accretive operators.

Definition 1.4. An operator A defined on a subset K of a Banach space X is called ¢-strongly
accretive if

(Ax = Ay, j(x-y)) 2 o(|lx-y[DIIx -yl (1.4)

where ¢ : R* — R* is a strictly increasing function such that ¢(0) =0 and j(x -y) € J(x - y).

Note that, in the special case in which ¢(t) = kt, k € (0,1), we obtain a strongly
accretive operator.

Since an operator A is a strongly accretive operators if and only if (I — A) is a strongly
pseudocontractive mappings (i.e., ((I - A)x—(I-A)y, j(x—vy)) < kl|lx-y|? k < 1), taking in
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account Definition 1.4, it is natural to study the class of ¢-pseudocontractive mappings, that
is, the maps such that

(1.5)

7

(Tx =Ty, j(x=y) <llx =yl ~o(lx - yDllx -y

where ¢ : R* — R* is a strictly increasing function such that ¢(0) = 0. Of course the set of
fixed points for this mappings contains, at most, only one point.

Here our attention is on the class of the asymptotically ¢-strongly pseudocontractions
define as follows.

Definition 1.5. If X is a Banach space and K is a subset of X, a mapping T : K — K is said
asymptotically ¢-strongly pseudocontraction if

n n : 2
(T"x =T"y,j(x ~y)) < kullx = yI" = ¢([lx - y[]), (1.6)
where j(x —y) € J(x —vy), {ku},, C [1,00) is converging to one and ¢ : [0,00) — [0,00) is
strictly increasing and such that ¢(0) = 0.
One can note that if T has fixed points then it is unique. In fact if x, z are fixed points
for T, then, for every n € N,
x - z|)* = (T"x = T"z, j(x - 2)) < kn|x - y||2 —d(||x-y|)- (1.7)
so, passing n to +oo, it results
e = 21 < = 21 = ([l - y])) = ~g(llx - y]]) 20. (18)
Since ¢ : [0,00) — [0, o0) is strictly increasing and ¢(0) = 0, then x = z.
We now give two examples.

Example 1.6. The mapping Tx = x/(x + 1), where x € [0,1], is asymptotically ¢-strongly
pseudocontraction with k, = 1, for all n € N and ¢(t) = £2/(1 + ). However, T is not strongly
pseudocontractive, see [13].

Example 1.7. The mapping Tx = x/(1 + ax), where x € [0,1] and a is closing to zero,
is asymptotically ¢-strongly pseudocontraction with k, = 1+ 1/an, for all n € N and
$(x) = x*/(1 + x). However, T is not strongly pseudocontractive and nor is the ¢-strongly
pseudocontraction.

Proof. First we prove that T is not strongly pseudocontractive. For arbitrary k < 1, there exists
x,y € [0,1], such that

1
(1+ax)(1+ay) g

k. (1.9)
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So we have

. 1
(Tx =Ty i =) = o ey & y) > k|lx-y|* (1.10)

Next we prove that T is not ¢-strongly pseudocontractive. Taking vy = 0, we have, for all
x €[0,1],

2

(Tx~Ty,j(x~y)) = ————
(““2’“) (1.11)
2 X
=yl - gl -yl =

Therefore, T is not ¢-strongly pseudocontractive. Finally, we prove that T is asymptotically
¢-strongly pseudocontraction.
For arbitrary x, y € [0, 1], without loss of generality, let x > y. Then,

n n,, i (x_y)2
T -T s - = s
(T yi(x=y)) (1+ anx)(1 + any)
1 (x-y)’
kallx = ylI* = ¢(llx - wl) = <1+ E)(x—y)z—“(x—_y)
(1.12)
1 (x-y) 2
S D S VAN POV
[+an 1+(x—y)](x v)
1+1/an+1/an(x -
+(x-y)
We only need to prove that
1 1
1+x-y < (1+anx)(1+any) 1+E+E(x—y) . (1.13)
Using x > y, this is easy. O

Let us consider the well-known Mann iterative process defined as follows: for any given
zo € X, the sequence {z,},, defined by

Zpi1 = (1 —ay)zy +a,T"z,, n>0. (1.14)
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We can also introduce a modified implicit iterative process as follows: suppose T is con-
tinuous, (w;,),, is bounded, and let z;, be an initial point. Thus, we define

zy=1-an—yn)z, |+, T"z + yw,, n>1, (1.15)

where {a,}, is a real sequence in [0, 1] satisfying a,k, <1 foralln > 1.

The algorithm is well defined. In fact, if T is a continuous asymptotically strongly ¢-
pseudocontraction, for every fixed n, the mapping S, defined by S,x = (1 — a, — yn)zp—1 +
a,T"x + y,w, is such that

(Swx =Sy, j(x=y)) = (T"x = T"y,j(x - y)) < aukalx -y, (1.16)

that is, S, is a continuous strongly pseudocontraction, for every fixed n. Then (see
Theorem 13.1 in [14]), there exists a unique fixed-point of S,, for each n.

This modified implicit method is inspired to a wide literature.

In 1995, Liu [15] introduced the following modified Ishikawa method:

Yn = (1= Pun)xn + BT xy + Uy,

1.17
Xne1 = (1= an)xp + a0, "y +u,, n>0, ( )

and he called it Ischikawa iteration process with errors (obviously posing B, = 0, he obtains
the Mann iteration process with errors). This new class of methods with errors was studied,
among the others, also by Chang in [16] in 2001, Chang et. al [17] in 2006, Gu in [18], Huang
in [19], and Huang and Bu in 2007 [20].

In 2001, Chidume and Osilike [21] proved the strong convergence of the iterative
method

Yn = AnXp + by Sxy + Chlty,
(1.18)
! ! !
Xp+1 = Ay Xy + b, SYuc,vp,

where a, +b, + ¢, = a, +b), +c, =1, Sx =x-Tx+ f (T a ¢-strongly accretive operator), and
f € X, to a solution of the equation Tx = f. Note that Chidume and Osilike did not use term
with errors to indicate their methods.

In 2003, Chidume and Zegeye [22] studied the following iterative method:

Xp1 = (1 —ap)x, + a,Tx, — a,0,(x, — x1), (1.19)

where T is a Lipschitzian pseudocontractive map with fixed points. The authors proved the
strong convergence of the method to a fixed point of T under opportune hypotheses on the
control sequences (0,,),,, (An),.

If we pose w, = zp in (1.14) and y, = a,0,, the modified Mann iterative process
coincides with the Chideme and Zegeye’s iterative method.

In this paper, we prove the equivalence between the implicit and the explicit modified
Mann iterative method which involves an asymptotically ¢-strongly pseudocontractive

mapping.
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2. Preliminaries

Throughout this paper, we will assume that X is a uniformly smooth Banach space. It is well
known that, if X is uniformly smooth, then the duality mapping ] is single-valued and is
norm to norm uniformly continuous on any bounded subset of X. In the sequel, we shall
denote the single-valued duality mapping by j.

For the sake of completeness, we recall some definitions and conclusions.

Definition 2.1. An X is said to be a uniformly smooth Banach space if the smooth module of
X,

1
@) = sup{ S (- vl + o+ 1) - 15l < 1, ol <1, 1)

satisfies lim;_,o(px () /t) = 0.
Lemma 2.2 (see [23]). Let X be a Banach space, and let ] : X — 2% be the normalized duality
mapping. Then, for any x,y € X, we have

lc+ I <llxl? +2(y, j(x +y)),  Vi(x+y) € J(x+y). (2.2)

Next lemma is a key for our proofs.

Lemma 2.3 (see [19]). Let ¢ : [0,00) — [0, 00) be a strictly increasing function with ¢(0) = 0,
and let {a,},, {bn},, {cn},, and {e,}, be nonnegative real sequences such that

ns

limb, =0, cp=0(by),  D.bu=o0, lim e, = 0. (2.3)
=) n— oo

n— oo

Suppose that there exists an integer N1 > 0 such that

a’ < ai —2b,p(|ans1 —€nl) +cn, YR >Ny, (2.4)

n+1

then lim,, _, xa, = 0.
Proof. The proof is the same as in [19] but changing, in (2.4), (an+1 — e,) with |a, —e,|. O

Lemma 2.4 (see [24]). Let {su},, {cn}, C Ry, {an}, C (0,1), and {b,}, C R be sequences such
that

Sn+1 S (1 - an)sn + bn + Cn, (25)

foralln > 0. Assume that 3, ¢, < oo. Then, the following results hold.

(1) If b, < Pay, (where p > 0), then {s,},, is a bounded sequence.

(2) If we have 3}, a, = oo and limsup,,(b,/a,) <0, then s, — 0asn — oo.
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Remark 2.5. If, in Lemma 2.3, we choose e, = 0, for all n, ¢(t) = kt? (k < 1), then the inequality
(2.4) becomes

a> < ak-2byka’  +cn =

n+l — n

1 c 2b, k c (2.6)
2 < 2 n < __cnr 2, mn
Tt S T k™ P T 2mk <1 1+2bnk>a"+1+2bnk’

where a,, := 2b,k/(1+2b,k) and B, := ¢,/ (1+2b,k). In the hypotheses of Lemma 2.3, &, — 0
asn — oo, >, a, = oo and limsup,, (B,/a,) = 0. So we reobtain Lemma 2.4 in the case ¢, = 0.

3. Main Results

The ideas of the proofs of our main theorems take in account the papers of Chang and
Chidume et al. [16, 21, 25].

Theorem 3.1. Let X be a uniformly smooth Banach space, and let T : X — X be asymptotically
¢-strongly pseudocontractive mapping with fixed point x* and bounded range.
Let {v,},, be the sequence defined by

vy € X,
(3.1)
Upy1 = (1 - ay)v, + 2, T"v,, n>0,

where {ay}, C [0,1] satisfies

(i) limy, _ a,, =0,
(ii) X2y ap = oo

Then, for any initial point vy € X, the sequence {vy,},, strongly converges to x*.

Proof. By the boundedness of the range of T and by Lemma 2.4, we have that {v,}, is
bounded.
By Lemma 2.2, we observe that

[on1 = < (1= @) [[on = x*|* + 20, (T"05 = X7, j (Ons1 = x7))
< (1= ap)? |on = x*|* + 200 (Tyvp = x°, j(Ope1 = x°) = j (05 — x*))
+ 20, (Tyvn — X*, j(vy — x7))
< (1 -ap)? || —x*|* + 20, (Tyvn = X*, j(Vni1 — x*) = j (v, — x¥))
+ 2kl — | 200 — 271 (52
= (1 +ad - Zan> o - x*|1* + 20, (Tyvy — X*, j(Upe1 — X*) = j(vn — x*))
+ 2,k [[0n = x*|* = 2an([l0n - x°|))

= [lon = x| + (@ = 20 + 2k, ) [0 = I = 20 (I[0 = x°1)) + 20 fin,
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where p,, := (T, v, — x*, j (Vg1 — X*) — j(v, — x*)). Let
M := max{sup”vn - x*||, sup||T"v, — x*|| } (3.3)
n n
We have

w1 = %1 < flow = 1 + (@2 + 2 (K = 1)) M = 2 ([0 = 2°[]) + 200t

= an - X*HZ - “n¢(||vn - x*”) —an [d’(”vn - X*”) - 2/411 —(an + z(kn - 1))M]/

(3.4)
so we can observe the following.
(1) g — Oasn — co. In fact from the inequality
l[ons1 = x7[ = llon = X"|I| < [|ons1 = vl < @M — 0, as n— oo, (3.5)
and, since j is norm to norm uniformly continuous, then
jon =7 = j(llon = x7[) — 0, as n— co. (3-6)

(2) inf,(lon — x*||) = 0. In fact, if we suppose that o := inf,(||v, — x*||) > 0, by the
monotonicity of ¢,

P(llon - x7|)) 2 Pp(0) > 0. (3.7)

Thus, by (1) and by the hypotheses on a,, and k,,, the value —a,, [ (||v,, —x*||) = 2, —
(an+2(k,—1)) M] is definitively negative. In this case, we conclude that there exists
N > 0 such that, for every n > N,

[0t = x°|* < low = x7I* = and(lon = x*|) < l|on = x*[* ~ anp(0)

(3.8)
and so
2, (0) < |[on = x| = g — 7| ¥n > N. (3.9)
In the same manner, we obtain that
$(©@) X < ) [lvi = x' 1 = loga = 1] = lfow = %17 = o - I (3.10)

i=N i=N

By the hypothesis >, a, = oo, the previous is a contradiction and it follows that
inf,(||o, - x*[|) = 0.
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Then, there exists a subsequence {vy, }; of {v,}, that strongly converges to x*. This
implies that, for every e > 0, there exists an index ny () such that, for all j > ny(), ||U-,lj -x*|| <e.

Now, we will prove that the entire sequence {v,}, converges to x*. Since the sequences
in (3.4) are null sequences but };, a, = oo, then, for every € > 0, there exists an index 7(e)
such that, for all n > 7(e), it results that

2 2 2
] < ﬁmin{e, ‘i’(z/ )}, Ik, — 1] < 4’;\//{ ) ] < @ 3.11)

So, fixing € > 0, let n* > max(nk),n(e)) with n* = n; for a certain n;. We will prove, by
induction, that ||v,:4; — x*|| < € for every i € N. Let i = 1, if not, it results that ||v,-.1 — x*|| > €.
Thus,

€ €
€ < |lvpa1 — X*|| € o — XF|| + ps < ||Op — x| + mM = |lop — x*|| + X (3.12)

that is, ||v,» — x*|| > €/2. By the strict increasing of ¢, then ¢(||v,- — x*||) > ¢(e/2). By (3.4), it
results

Vg1 = x*|* < € = e p([ne = x*)) = e [P0 = X7|]) = 24t = (@ + 2(kie = 1)) M].

(3.13)
We can note that
2ty + (e +2(kne = 1))M < ¢(€4/2) + <¢i€]\/42) + 4’;6]\/42) >M, (3.14)
s0
Bl = 1) =2t~ (e + 200 - )M 2 §(5) - 22 5 (3.15)
Moreover, ¢(|[v,: — x°[|) > d(e/2)/2 > 0, it results that
[Onea1 = x*|1* < €% (3.16)

This is absurd. Thus, |[v,«41 — x*|| < €.
In the same manner, by induction, one obtains that, for every i > 1, ||v,-4; — x*|| < €. So
[|o, = x*|| — O. O

Remark 3.2. Our result is similar to Schu’s theorem. However, our results hold in a more gen-
eral setting of uniformly smooth Banach spaces, while the Schu’s result holds for completely
continuous, uniformly Lipschitzian mappings which are asymptotically pseudocontractive.
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Theorem 3.3. Let X be a uniformly smooth Banach space, and let T : X — X be a continuous and
asymptotically ¢-strongly pseudocontractive mapping with fixed point x* and bounded range.

Let {z,} and {z,} be the sequences defined by (1.14) and (1.15), respectively, where
{an}, {yn} C [0, 1] are null sequences satisfying

(H1) limy, —, ot = 0 and y,, = o(ay,),

(H2) 352 an = oo,

and such that a,k, <1, for every n € N.
Let us suppose moreover that the sequences {wy},{w),} are bounded in X.
Then, for any initial point z;, zo € X, the following two assertions are equivalent.

(i) The Mann iteration sequence (1.14) converges to the fixed point x*.
(ii) The modified implicit iteration sequence (1.15) converges to the fixed point x*.

Proof. By the boundedness of the range of T and by Lemma 2.4, one obtains that our schemes
are bounded. Let us define

Tz, —=T"Z ||, IT"zn — zul||, |T"2,, — .||, ||T"Z), -2 _
M:sup{” n n” “ n Tl” || n n” || n n 1” } (317)
n

lzni1 =zl ||w0h =z, 4 ||, Nl
By the iteration schemes (1.14) and (1.15), we have

Izt = 201 < 10 = @n) (20 = 2py) + @0 (T"20 = T"2,) + Y (Zhy =3 |
< (U= Jlzn = 2y P+ 20 (T2 = T723) + Y2y ~ 0}, (2~ 24)
< (1= a)?||zn = 24 ||” + 200(T" 20 = T2, j (20 - 2,))
+ 20, (T" 2 = T"Z}y, j(2ns1 — 2)y) = j (20 — Zp) ) + 2yuM?
< (U= )20 = 2y |+ 2k 20— 23

= 2a,¢(||zn — 2, ||) +2en Moy, + 2y, M?,
(3.18)

where 0, = ||j(zu+1 — 2,) — j(zn — 2,,)||- By (1.14), we have

| (zne1 = 23) = (zn = 2Z) || = llzwe = 2all = | (T" 20 = 2a)|| < @, M. (3.19)
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It follows from (H1) that ||(z+1 — 2,) — (zn — 2},)|| = 0asn — oo, which implies that g, — 0
asn — oo. Moreover, for alln >0,

20 = Zul1” < (120 = Za | + 1200 = 20l
< (Nzn = Zps | + | T2 = 2y || + yalley = 24 1)
< llzn = Zpoall + (@ + 1) M (3.20)
= Nz = 2 I+ (1) [2M 2 = 2y + (0 73) M)

< flzn = 2 I+ 3t + ) M.
Again by the boundedness of all components, we have that
12 = Zpall = llaa(T"21 = 230) + v (s, = 20| < (@ + ) M, (3.21)
and so
st = 2l = 12 = 20) + (2 = Zas) = @n(E = Zp) + 80 (720 = T720) + i 2y — )|
< Nza =zl + 20 = Zpa | + @nllzn =z || + @al| 7720 =T 25| + vl 250 = 2]
< ||zn =z || + 3(an + yn) M.

(3.22)

Hence, we have that ||z, — z},|| > ||zu+1 — Z,,|| — €, where e, = 3(ay, + y,) M. Note thate, — 0
asn — oo. As in proof of Theorem 3.1, we distinguish two cases:

(i) the set of index for which ||z,+1 — z},|| — e, < 0 contains infinite terms,

(ii) the set of index for which ||z,41 — 2, || — e, < 0 contains finite terms.

In the first case (i), we can extract a subsequence such that ||z, — z, || — 0,ask — oo.
Substituting (3.20) in (3.18), we have that

||zne1 — z’n”2 < <1 +at - 2an> |zn — 2,4 ||2 + 20,k || 20 — z’n_1||2 +6(aty + yn) M?ayky
—2a,¢(||zn — 2, ||) +2en Moy, + 2y, M?
<|\zn - 2,4 ||2 + <zx$l + 20, (ky, — 1)> |zn — 2,4 ||2 +6(a, + yn)Mzzan
—2a,¢(||zn — 2, ||) +2en Moy, + 2y, M?
<z = Zs 1" = np (|20 = 23 1) + 27 M
—an[p(ll2n — 2, ])) - @ M? = 2M(ky = 1) = 6(atn + o) MK — 2Mo
= |lzn = 2 |I* = @np ||z = Z4]|) +2pu M

— [ p(|20 = 2, |) - 7heara M2 = 2M?(k, ~ 1) = 6y, Mk —2Mo |,
(3.23)
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where k = sup, k,. Again by (3.20), for every e > 0, there exists an index [ such that, if j > [,

Zn; — 2, < 2e. (3.24)

!
71]'—1 an - an

|<e

By hypotheses on the control sequence, with the same € > 0, there exists an index N such that
definitively

e 9(e/2) }

|an| < mm{m, m

$(e/2)
4aM2 7

Tn

an

<

. e Pe/2)
lyx| < mm{m,—%MZE},
P(e/2)
16M2 7
P(e/2)
lonl < Fgar

(3.25)

lkn = 1] <

So take n* > max{n;, N} with n* = n; for a certain j.
We can prove that ||z,+1 — z,|| — 0asn — oo proving that, for every i > 0 it results
|znsi = 241l <€

Let i = 1. If we suppose that ||z,-+1 — 2),.|| > €, it results that

e < [|zua = Zoe [l 2w = 20 |+ 3 + )M < ||z = 20 [ + 2, (3.26)
SO ||zp — 2z, || > €/2. In consequence of this, ¢(||z,- — z/.||) > p(e/2).
In (3.23), we note that
7kay M2 + 2M? (ke — 1) + 6Y,- M2k + 2Moy,e
_ 2 2 —(e/2 2
<7im2 272 o pp /D) @) 9Er2) (3:27)
56 M2k 16 M2 A8 M2k 16 M .
_Pe/2), _ 9(e/2)
-8 2
SO
_ —_ 2
3 (||zn = Zie||) = TRty M2 = 2MP (Kye 1) = 67, M?K — 2Moe > 4’(62/ ), (3.28)

Hence, in (3.23), remains

2t = 2ol < € = (|2 = 2o ) + 200 M2 (329)
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In the same manner,

! Yn+ 2 € (;b(G/Z)
¢ (|2 — 2o |]) -2, M >¢(§> -5 >0, (3.30)
SO
l|zns1 = 25 ||* < €2 (3.31)

This is absurd. By the same idea and by using the induction method, we obtain that
|zn+i = Z,.,; 11l < €, for every i > 0. This assure that [|z,41 — z,|| — 0. In the second case
(ii), definitively, ||z,+1 — 2,|| — ex > 0, then, from the strict increasing function ¢, we have

¢llzn = zull) 2 p(llzner =zl - €n)- (3.32)
Substituting (3.32) and (3.20) into (3.18) and simplifying, we have

2t = 21 < iz = 21" + @il 2 = 2 |+ 2000 Gk = D)l 20 - 2, |

+ 6tk (ot + Yu) M? = 20, (|| zne1 — 2, || — €n) + 2a,0u M + 2y, M?

) (3.33)
<lzn =z all” - 200 ([l 201 = 2, || - €n) + .M
+ 20, (kn — 1) M? + 60,k (ay + ¥ ) M? + 22,0, M + 2y, M>.
By virtue of Lemma 2.3, we obtain that lim,, . .||z, — z,_,|| = 0. O
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