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Of concern is a class of nonlinear neutral fractional integrodifferential inclusions with infinite
delay in Banach spaces. A theorem about the existence of mild solutions to the fractional
integrodifferential inclusions is obtained based on Martelli’s fixed point theorem. An example is
given to illustrate the existence result.

1. Introduction

As have been seen, the field of the application of fractional calculus is very broad. For
instance, we can see it in the study of the memorial materials, earthquake analysis,
robots, electric fractal network, fractional sine oscillator, electrolysis chemical, fractional
capacitance theory, electrode electrolyte interface description, fractal theory, especially in
the dynamic process description of porous structure, fractional controller design, vibration
control of viscoelastic system and pliable structure objects, fractional biological neurons, and
probability theory. The mathematical modeling and simulation of systems and processes,
based on the description of their properties in terms of fractional derivatives, naturally leads
to differential equations of fractional-order. The main feature of fractional order differential
equation is containing the noninteger order derivative. It can effectively describe the memory
and transmissibility of many natural phenomena. These differential equations have been
studied by many researchers (cf., e.g., [1-11] and references therein).

As an generalization of differential equations, differential inclusions have also been
investigated (cf., e.g., [1, 7,12, 13] and references therein). Moreover, equations with delay are
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often more useful to describe concrete systems than those without delay. So the study of these
equations has been attracted so much attention (cf., e.g., [1, 4, 8, 12, 14-21] and references
therein).

In this paper, we pay our attention to the investigation of the existence of mild
solutions to the following fractional integrodifferential inclusions of neutral type with infinite
delay in a Banach space X:

DI (x(t) - g(t, xt)) € A(x(t) — g(t, x1)) + I;K(t, s)F(s,x(s), xs)ds, te€][0,T],

XO=¢ED,

(1.1)

where 0 < g < 1, the fractional derivative is understood in the Caputo sense ([2], see
Definition 2.3 in Section 2), /) is an admissible phase space, x; : (—o0,0] — X defined by

x(0) = x(t+0), for 0 € (-0, 0], (1.2)

T>0,9:[0T] xp — X, A generates a compact and uniformly bounded semigroup S(-) on
X which implies that there exists M > 1 such that

ISHI <M, Vt>0, (1.3)

K :[0,T] x[0,T] — R, ¢ belongs to P with

$(0) =0, (1.4)

and F is a multivalued map to be specified later.

2. Preliminaries

Throughout this paper, X is a Banach space with norm || - ||, L(X) is the Banach space of all
linear continuous operators on X, J := [0,T], and C(J, X) (C([0, o), X)) is the space of all
X-valued continuous functions on J ([0, c0)).

Moreover, we abbreviate ||[u||r1(j, g+) as |[ul|r1, for any u € L(J, R").

We use the notation B(X) to denote the family of all nonempty subsets of X.
Let Bpa(X), Ba(X), Bep(X), Bev(X), and Bepev(X) denote, respectively, the family of all
nonempty bounded, closed, compact, convex, and compact-convex subsets of X.

See the following definition about admissible phase space according to [8, 14-21].

Definition 2.1. A linear space [0 consisting of functions from R~ into X with norm || - ||p is
called an admissible phase space if 0 has the following properties.
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(H1) For any tp € Rand a > 0, if x : (—oo,ty + ah] — X is continuous on [ty, ty + a] and
Xt, € P, then x; € P, x; is continuous in t € [y, ¢y + a], and

Ix(®)]l < Clixellp, (2.1)

for a positive constant C.

(H2) There exists a continuous function C; (t) > 0 and a locally bounded function C,(t) >
0in t > 0 such that

<Ci(t-t Co(t—t
xellp < Ci (= to) max flx(s)ll + Calt ~ fo)llxn | p (2.2)

for t € [to, to + a] and x as in (H1).
(H3) The space (D, || - ||p) is complete.
Remark 2.2. (H1) is equivalent to that for any tp € Rand a > 0, if x : (-oo,fp + a] — X is
continuous on [ty, tp + a] and xy, € P, then x; € D, x; is continuous in t € [ty, to + a], and

e <Cligll,, Voep (2.3)

for a positive constant C.

Now we recall some very basic concepts in the fractional calculus theory. For more
details see, for example, [2, 9, 11].
We set for f > 0,

Ltﬂ-l £>0,

gt =31 ' (2.4)
0, t<0,

and go(t) = 0, where I'(-) is the Gamma function.

Definition 2.3. Let f € L'(0, o0; X) and a > 0. Then the expression
t
I7f(t) := (gla} = f)(t) = ﬁj‘ (t—s)""f(s)ds, t>0,a>0 (2.5)
0

with IOf(t) = f(¢) is called Riemann-Liouville integral of order a of f.



4 Journal of Applied Mathematics

Definition 2.4. Let f(t) € C™ ([0, 00); X), g{m-a}xf e W™ ([, X) (m €N, 0<m-1<a<m).
The Caputo fractional derivative of order « of f is defined by

m-1
D*f(t) = D"I"™™* <f H->f (i)(O)gi+1(t)>, (2.6)

i=0
where D™ := d™ /dt™.

The following concepts are also very basic, which will be used later.
A multivalued map G : X — B(X) is convex (closed) valued if G(x) is convex
(closed) for all x € X. G is bounded on bounded sets if

G(B) = | G(x) 2.7)

xeB

is bounded in X for all B € B,4(X), that is,

sglr;{sup{ vl -y € G(x)}} < 0. (2.8)

A multivalued map G : | — Bq(X) is said to be measurable if for each x € X the
function Y : | — R defined by

Y(t) = d(x,G(t)) = inf{||x - z|| : z € G(t)) (2.9)

is measurable.

If for each x € X, the set G(x) is a nonempty, closed subset of X, and for each open set
B of X containing G(x), there exists an open neighborhood V of x such that G(V) C B, then
G is called upper semicontinuous (u.s.c.) on X.

If for every B € Bpq(X), G(B) is relatively compact, then G is said to be completely
continuous.

If the multivalued map G is completely continuous with nonempty compact values,
then G is u.s.c. if and only if G has a closed graph, that is,

Xn — Xy, Y, — Yx Y, € G(x,) imply v, € G(x). (2.10)

We say that G has a fixed point if there is some x € X such that x € G(x).
For more details on multivalued maps we refer to the book by Deimling [22].
The following is the multivalued version of the fixed-point theorem due to Martelli

[23].

Lemma 2.5. Let X be a Banach space and let N : X — Bp v (X) be an upper semicontinuous is
bounded; then N has a fixed point and completely continuous multivalued map. If the set

Q:={yeX:\lye Ny forsome \>1} (2.11)

is bounded, then N has a fixed point.



Journal of Applied Mathematics

Following Liang and Xiao [14, 15], let PI%7] be the set defined by
PO = {x: (~00,T] — X : x|; € C(J,X), x0€ P}
Let || - |7 be the norm of PI®T] defined by
lvllz = llyoll, + max{[ly(s)[ : 0<s <T},  yepOTl.

Based on the work in [7, 11], we set

Q) = f:o £,(0)S(190)do,

R(t) = qj ot17¢,(0)S(H10)do,
0
and ¢, is a probability density function defined on (0, o) (see [7]) such that
_ 1 -1-1/q -1/q
gq(o) = 50' @, <o > >0,

where

wq(o) Z( l)n 1 oM 1F(nq+1)

Remark 2.6. 1t is not difficult to verify that for v € [0,1],

r'a+o)

fo 0 (0)do = Io o my(o)do = r(1+ qv)'

Then, we can see

qM
IR#)] < F—tq‘l, t>0.

(1+9)

We define the mild solution to problem (1.1) as follows.

Definition 2.7. A function x € PI97] satisfying the equation

d(t), t € (—oo,
t ps
-Q(t)g(0,9) + g(t, x1) + IOIOR(t - s)K(s,7)f(T)dr ds, te]J,

x(t) =

sin(nrq), o€ (0,00).

0l,

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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is called a mild solution of problem (1.1), where
feESEy= {f e LY(J,X) : f(t) € F(t,x(t),x;) for a.e. te ]}. (2.20)

Remark 2.8. (1) Since we only consider the following case:
$(0) =0, (2.21)

we define the mild solution to problem (1.1) in the way as mentioned before.

(2) For general ¢(0), one can define the mild solution to problem (1.1) similarly and
obtain the same conclusion by the similar arguments given in this paper. So we only pay
attention to the essential case:

$(0) = 0. (2.22)

3. Results and Proofs

We will require the following assumptions.

(A) F: Jx X x ) — B, v(X); (t,v,w) — F(t,v,w) is measurable with respect to ¢
for each (v, w) € X x P; for every t € ], themap F(t,-, -) : X x ) — B (X) is
u.s.c., and the set

S o= {f e LY(J, X): f(t) € F(t,0(t),v,) for ae. t € ]} (3.1)

is nonempty.

(A2) There exist two functions y; € L1(J,R*) (i = 1,2) such that

|E(t, v, w)| :=sup{||f]l : f € F(t, v, w)}

(3.2)
Sl +p®lwly, (¢ v, w) e JxXxP.
(A3) There exist positive constants a and b such that
gt @)l <allgll, +b, forte], pep. (33)
(A4) For each t € J, K(t,-) is measurable on [0,t] and
K(t) = ess sup{|K(t,s)|, 0<s<t) (3.4)

isbounded on J. The map t — K(t, *) is continuous from J to L*(J,R).
The following lemma will be used in the proof of our main result.
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Lemma 3.1 (see [24]). Let I be a compact real interval and let E be a Banach space. Let F
be a multivalued map satisfying hypothesis (A1) and let Y be a linear continuous mapping from
LY(I,E) — C(I,E). Then,

YoSp:C(IE) — Bepe (C(I, E)), x+— (Yo Sp)(x) = Y(Skx) (3.5)

is a closed graph operator in C(I,E) x C(I, E).

To prove the main result, we consider the multivalued map A : pl0T1 — B (plOTl)

defined by

(i)(t)r te (_Oor O]/
W)W = { pepT:p) = { QNSO §) + 8t x) . (6)
+I J R(t-s)K(s,7)f(T)dTrds, te€],
0J0
where f € Sf .
It is clear that the fixed points of /U are mild solutions to problem (1.1).
For ¢ € P, we define the function
¢(t), t € (-0, 0],
t) = 3.7
y(®) { 0, tel (3.7)

then y € plOT1.
Set x(t) = u(t) + y(t), t € (oo, T].
It is obvious that x satisfies (2.19) if and only if u satisfies uy = 0 and for t € J,

t ps
u(t) =-Qt)g(0,¢) + g(t, ur+yi) + f J R(t-s)K(s,7)f(r)dr ds, (3.8)
070
where
feSru={feLl'UX): f(t) € F(tu(t) +y(t),ui +y1) for ae. te]}. (3.9)
Let
plo - {u e ploTl . 4 = 0}. (3.10)

Forany u € [)([)O’T]

7

[ully = lluollp + max{[ju(s)|[: 0 <'s <T} = max{llu(s)l| : 0 <s <T}. (3.11)

Thus (D(EO’T], Il - ll7) is @ Banach space.
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Set

B, = {u € [)([)O’T] Hlully £ r}, for r > 0.

For u € B,, from Definition 2.1, we have

[l + el p < Nesllp + [l vell

< Citmax|u(m)ll + C2(B)lluollp + CrOmax|ly (@) + SO ol

<Cir+Gllgll, =7

where

Ci=supCi(t) (i=1,2).
te]

Define the operator

M) () = {h e P n(t) = -Q(t)g(0,9) + g(t, wi + 1)

t ps
+f I R(t - s)K (s, ) f(T)dTds, te]},
0Jo

where f € Sg .

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

We can see that if /U has a fixed point in IJ(EO’T], then WV has a fixed point in p [0T] which

is a mild solution of problem (1.1).
Assume the following.

(A5) The function g : | x p — X is completely continuous, and for every bounded set

Be ﬁ([)O'T], the set {t — g(t,u;) : u € B} is equicontinuous in X.

Then we can deduce that U has a fixed point under the assumptions (A1)—-(A5). For this
purpose, we will show that the multivalued operator N is completely continuous, u.s.c.
with convex values. The proof of this conclusion will be given by proving the following six

propositions.

Proposition 3.2. N is convex foreachu € p(go,r].
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Proof. For hy(t), hy(t) € ./Tu, there exist f1, f» € Sr,,, such that for each t € ] we have
t s
hi(t) =-Q(t)g(0,¢) + g(t, u +yr) +I f R(t-s)K(s,7)fi(r)drds, i=1,2. (3.17)
0Jo

Let g € [0,1]. Then for each t € |, we get

phai(t) + (1 - p)ha(t)
=-Q)g(0,¢) +g(t, ur+yi) + fo Jj R(t-s)K(s, ) (Bf1(T) + (1 = P) fo(7))dT ds.

(3.18)

Since F has convex values, Sr, ,, is convex, we see that
Bhi(t) + (1= B)hay(t) € M. (3.19)
O

Proposition 3.3. N maps bounded sets into bounded sets in IJéO’T].

Proof. Letu € B,. If he ﬁu, then there exists f € Sr ,, such that
_ t ps
h(t) = -Q()g(0, ) + g(t, us +y;) +f f R(t-s)K(s,7)f(r)drds, forte].  (3.20)
0Jo

In view of (A3) and (3.13),
lg(t, us+yi)| < ar' +b. (3.21)

Hence from (A2), (A3), and (3.13), it follows that

)| < - © @) + gt w+vo]

+ Fq(fl\/fi) j; (t—s)7" f: [ﬂl(T)Hu(T) +y(7) || + pa () || + yTllp] drds
< M<a||<]>||,J + b) +ar' +b+ %(rﬂmﬂy +7 ||l ) JZ (t-s)7'ds (3.22)
< M<a||¢||,J +b)+ar' +b+ %(rnmuy w7 leall,)
= w,
where
K* =sup K(t). (323)

te]
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Therefore, for each h € jlf(Br), we have

“E“T < w. (3.24)

Proposition 3.4. /U’ maps bounded sets into equicontinuous sets in D([)O’T].

Proof. Let h € Nuforu e B,,and let 0 < t, < t; < T. Then we have

|k (t1) — h(t2)|]
<N1Qt) = Q)N - |0, @) || + |g (b1, wey + yr,) = g (2, s, +y1,) ||

fips f s (3.25)
+ j f R(t; — s)K(s,T) f(T)drds —I ’[ R(t; - s)K (s, T) f(T) drds
0 Jo 0o Jo
= Il + Iz + I3.
It follows from the continuity of S(¢) in the uniform operator topology for t > 0 that
I; tends to 0, ast, — t;. (3.26)
The equicontinuity of g ensures that
I, tends to 0, as t, — t;. (3.27)

For I3, we obtain

ty ps t1 ps
Iz SK*I I ||R(t1—s)—R(tz—s)||||f(T)||des+K*j f IRt = s)|l|| f (7)||d7 ds
0 Jo tJo

t £]M t
< K*r* I IR(t; — s) — R(t, — s)||ds + (t1 - s)q_lds>
0 F(l + q) t

< gr*K* J:Z J:o o” [(t1 —s)T 1 —(t, - s)q_l]gq(o)S((h -s)1o) ”do ds

+qr*K* J: J:o o(t2 = 8)7"¢,(0)||S((t - 8)70) = S((t2 - 5)70) ||do ds
gMr*K* (4

72 (h-s)Tds
F(1+q) 53 '
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Mr*K* ty
e | CRD IR CED L L
F(l + q) 0
tz [oe)
+qr*K* f J‘ o(tr —8)7"¢,(0)||S((t - 8)70) = S((t2 - 5)70) ||do ds
0Jo
Mr*K*
— (1 - 1)7,
+ T(i+ q)( 1-t)
(3.28)
where
=l el @29

Clearly, the first term and third term on the right-hand side of (3.28) tend to 0 as t; — t;. The
second term on the right-hand side of (3.28) tends to 0 as f, — #; as a consequence of the
continuity of S(t) in the uniform operator topology for t > 0.

Thus the set {_u : u € B, } is equicontinuous. O

Proposition 3.5. (ﬁBr)(t) is relatively compact for each t € J, where
(ﬁB,)(t) - { h(t) : h e (B, } (3.30)
Proof. Fix t € (0, T]. For arbitrary 0 < ¢ < t and arbitrary 6 > 0, write
hes(t) = -Q(0)g(0,9) + (¢, ur+y1)
+q J-;_E (t—s)1™ f: 0¢4(0)S((t-s)%0) J: K(s,7)f(r)drdods
=-Q1)g(0, ¢) +8(t, ur+yi)
+qS(£76) Jjg (t-s)T" Jj 0¢5(0)S((t-5)T 0 —€76) Jj K(s,7)f(r)drdods,
(3.31)
where f € Sg, . Since S(t) is compact for each t € (0, T] and (A5), the set
Ues = {hes(t) : h e (B, (3.32)

is relatively compact. Moreover,
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t—e Io) s
() - hes(B)] Sqf <t—s>q-1f 08,()S((t - 5)° o)f K(s,7)f(r)dr do ds
0 0 0
t

+q (t—s)! J:D 0¢4(0)S((t-5)"0) J: K(s,7)f(r)drdo ds

t—e
Mr*K*el

6
SMK*r*TqI oé,(0)do + ———,
PO T 1)

which implies that (]UVB,) (t) is relatively compact.

Now, it follows from Propositions 3.3-3.5 and the Ascoli-Arzela theorem that
A= pPT — (P

is completely continuous.
Proposition 3.6. N has a closed graph.

Proof. Suppose that
Uy — Uy, h, € ]Uvun with h,, — h,.
We claim that

h, € Nu,.
In fact, the assumption h,, € ﬁun implies that there exists f, € Sf, 4, such that
t ps
ha(t) = -Q(t)g(0, ) + g(t, tnt + yi) +’[ j R(t-s)K(s,T)fu(T)drds, te].
0Jo
We will show that there exists f. € Sr, ,, such that
t ps
he(t) = -Q(t)g(0, ¢) + g(t, wu + 1) +J f R(t-s)K(s,7)fu(T)drds, te].
0Jo

Obviously, as 1 — oo, we have

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

| (ha(8) + Q1) (0, @) = g(t, wnt + 1)) — (hu(t) + Q(H)Z(0, ¢) — g(t, tut + y1))|| — O.

(3.39)
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Consider the following linear continuous operator:
Y:L'(J, X) — C(J, X),

t pas (340)
f—Y(f)t) = fo -[0 R(t-s)K(s, T)f(r)drds.

By virtue of Lemma 3.1, we know that Y o Sr is a closed graph operator. Moreover, we get
ha(t) +Q(t)g(0, ¢) — g(t, un +yi) € Y(SF u,)- (341)

Since u,, — u, and h,, — h,, it follows from Lemma 3.1 that
t ps
ho(t) +Q(1)g(0, ¢) —g(t, uu+y) = f f R(t-s)K(s, ) f«(r)drds, (3.42)
0Jo

for some f. € Sf, 4, O

Now, we can conclude that /Uis a completely continuous multivalued map, u.s.c. with
convex values. Next, we give the existence result of problem (1.1).

Theorem 3.7. Assume that (A1)-(A5) are satisfied; then there exists a mild solution of (1.1) on
(=00, T] provided that aC} < 1.

Proof. Define

Q= {u € ﬁ(go’ﬂ : \u € Mu, for some A > 1}. (3.43)

Then, according to the previous propositions and discussions, we see that we only need to
prove that the set Q is bounded.
Take u € Q. Then there exists f € Sf, , such that

t ps
u(t) = A1 <—Q(t)g(0, ) +g(t, w+y) + fo Jo R(t-s)K(s, 7)f(r)dr ds>. (3.44)
It follows from Definition 2.1 and (A2) that

)l < M(allpll, +b) +a( Cimaxlu(m)l + G314l ) +b

aM_ L
Fir gy ot [ DIl lar s

<M+ aCnggggllu(T)ll

+

qMK* t
F(l +q) 0
< My + aCimax]lu(7)]|

. = [ @l + v el el s
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gMK*

"T(1+q)

t s
<f (t—s)7 j i (O] dr ds
0 0
t S
+ fo (t- sy fo o () 1ty | pdr dis

t s
+C; J‘o (t-s)1" J; 2 (T) ||¢||pd7' ds>

gMK*

t
# J =9 maxtuceas

< *
<6+ aclgrslgéllu(T)ll + rQ

MK* 1C* t
MK lpeoll 1, G f (- )7 max|u(r)|ds
F(l + q) 0 0<7<s

t
= 01 + aCimax||u(7)| + 92.[ (t — s)7 max||u(t)|ds,
0<T<t 0 0<7<s

(3.45)
where
M = M(al|g|, +b) +aC3[|¢] , + P,
MK*
6 =M+ —— ,CoT1 ,
1 1+ 1—'(1 +q) ”nuz”L 2 ”¢| P (346)
o, . MK (il + Cillpell.)
o T(1+q) '
Denote
K(t) = g;g;;llu(S)ll, (3.47)
and letf € [0, t] such that x(t) = ||u(t)|. Then, by (3.45), we get
t
K(t) < 6 +aC}x(t) + ezf (t—s)T  x(s)ds. (3.48)
0
Furthermore,
01 0> ! 1
< —5)7 ) 4
K(t)_l—aC{+1—aC; Io(t s)17" k(s)ds (3.49)

It is known from [25, Lemma 7.1.1] that, for any continuous functions v,w : | — [0,+00), if
w(-) is nondecreasing and there are constants a > 0 and 0 < & < 1 such that

o(t) <w(t)+a f t (t-s)v(s)ds, (3.50)
0
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then there exists a constant k = k(a) such that

v(t) <w(t) + ka ft (t—s)w(s)ds, foreachte]. (3.51)
0

By virtue of this general fact and (3.49), we see that there exists a constant k= E(q) such that

r(t) < 1- aC*I (t- aC* T-ac s
< 04 1+ k62Tq (3.52)
1-aCy q(1-aCy)
= C

Therefore ||u||r < ¢. This means that the set Q is bounded.
Thus, it follows from Lemma 2.5 that A has a fixed point in /)([)O’T]. Then WV has a fixed
point which gives rise to a mild solution to problem (1.1). O

Example 3.8. Set X = L*([0, ], R) and define A by

D(A) = H*(0,r) N H, (0, ),

3.53
Au=1u". (3:53)

Then A generates a compact, analytic semigroup S(-) of uniformly bounded linear operators,
and ||S(t)]| <1 (see [26] for more related information).
Consider the following Cauchy problem for a fractional integrodifferential conclusion:

(0, =1L y(s -0, 9as) & 2 (ot 0~ [, y(s -0, Hds)
+[ot=9) [ (s, T =5, HH(s, o(z, §)drds, te0,1],
o(t, 0) - [, y(s—t)v(s, 0)ds =0, (3.54)
ot, ) - ['_ y(s-t)v(s, x)ds =0,
(6, §) =w(6, §), -0<0<0,

where 0 < g < 1,¢ € [0, o], vy : (—o0,0] x [0,5r] — R is a continuous function and H :
[0,1] xR — B(R) is a u.s.c. multivalued map with compact convex values.
Let w < 0, define the space

p = {lp € C((-00,0],X) : QEerewew(G) exists in X} (3.55)
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endowed with the norm

= su e |0 .
el mgso{ [l )”LZ} (3.56)

Clearly, we can see that [ is an admissible phase space which satisfies (H1)-(H3) with

Ci(t) = max{1,e™"}, Cy(t) = e™". (3.57)
Forte [0, 1],¢ € [0, o], and ¢ € D, let

x(£)(¢) = v(t, &),
$(0)(¢) =208, §), 6 € (-0, 0],

0
st0)®= [ rEpE @, (59)

K(t, s)=t-s,
0
PG, x(0, ) = [ (e, 6, DH(, p(©)(@)de.

Then problem (3.54) can be written in the abstract form (1.1).

Furthermore, we assume the following.

(1) The function y : (—oo, 0] — R is continuous and
1 (0 1/2
M, := <_%I y2(6)d6> < 0. (3.59)

(2) There exists a continuous function v; (t) such that

[H(t 9)| <o1()|l9©)]] - (3.60)

(3) The function 7(t, 0, ¢) > 0 is continuous in [0, 1] x (-o0,0] x [0, o] and

fo n(t,0, & e @90 = p(t, &) < co. (3.61)
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I )
- 2 1/2

f f n(t, 9, é)vz(t)llw(9)||L2d9> dé)

0

- 2 1/2
<f0 f 1t 6, Hoa(h) eweew9||<p(9)||L2d9> d§> (3.62)

Then, we can obtain

IEG, x(1), ¢)]l,s = f n(t, 6, HH(L, p(0)(@))do

0

i 5 o\ 12
fo f 0, 6, g)e-w9d9> d§> o2(0)- Lol

1/2
p 2, é)d§> 020 o]l
(t)UZ(t)”(P”p’

where p(t) = ||p(t, )ll,--
Moreover,

T 0 2 12
It = (fo (f y<9>q)<9><g>d9> d§>

< <J‘:<J‘io y2(9)d9> ) <Jio ‘PZ(Q)(é)d6>d§>l/2
f f ¢*(6)(¢)de d§>1/2

1/2
2

0 1/2
J‘ e—2w962w6”q)(9)”izde>

1/2 0 2 1/2
<f 20 [ sup ew9||(P(9)||L2:| d9>
- —00<0<0
1/2 0 1/2
([ ea0) o,

S

Therefore, by virtue of Theorem 3.7, problem (3.54) has a mild solution when e™ M, < 1.
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